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PREFACE TO THE NINTH EDITION 

In preparing a new edition of this book for publication, attention 

Crmbridi'rt t mathematical studies in 

Camtedge that began with the abolition of the order of merit in 

aL exit, f " ^'^bject which all candidates 

subiecrand l?“l^’. blind-alley 

subjects, and it is clearly not profitable for the average student to 

devote very much of his , time either to the subject-matter or to 
working elaborate prpblems. In the interests of the averase 

reduced andtla;!' substantialfy 

the book, while a few from recent Tripos papers have been Ilrtod 

1925. 


unaltered ’ ^lie book is 

A. S. R. 


May 1929. 
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HYDEOSTATICS 


CHAPTER I 

1. We learn from common experience that such substances as 
air and water are characterised by the ease with which portions of 
their mass can be removed, and by their extreme divisibility. I'hese 
properties are illustrated by various common facts ; if, for instance, 
we consider the ease with which fluids can be made to permeate 
each other, the extreme tenuity to which one fluid can be reduced 
by mixture with a large portion of another fluid, the rarefaction of 
air which can be effected by means of an air-pump, and other facts 
of a similar kind, it is clear that, practically, the divisibility of fluid 
is unlimited : we find, moreover, that in separating portions of fluids 
from each other, the resistance offered to the division is very slight, 
and in general almost inappreciable. By a generalisation from such 
observations, the conception naturally arises of a substance pos¬ 
sessing in the highest degree these properties, -which exist, in a 
greater or less degree, in every fluid with which we are acquainted, 
and hence we are led to the following 

Definition of a Perfect Fluid 

2, A perfect fluid is an aggregation of particles which yield 
at once to the slightest efl^ort made to separate than from each 
other. 

If then an indefinitely thin plane be made to di-vide such a fluid 
in any direction, no resistance will be offered to the division, and 
the pressure exerted by the fluid on the plane will be entirely normal 
to it; that is, a perfect fluid is assumed to have no “ viscosity,’^ 
no property of the nature of friction. 

The following fundamental property of a fluid is therefore ob¬ 
tained from the above definition. 




definition of a fluid 
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r f lim’d is always normal to any surface 
The pressure of a perfect fluid is am j 

with which it is in contact. resistance 

As a matter of fact, a m ^ ^ jg 

to separation or ^.^g in nature which only change 

obtained from the observation of bodms m ^ 

form slightly on the app ica ion ^ substances which 

perfect fluid obtained rom oi separability and 

possess the characteristics of extrem y y 

effort made to separate them from each other, ij 

"IL it follows that, in a viscous fluid at rest, 
tangential action, or shearing stress, and therefore, as m 

^nflfcsTrt’of a fluid at rest is always normal to any surface 
Thttll propositionfin Hydrostatics are true for all fluids what- 

it will be found that the equations of motmn 
are considerably modified by taking account of the viscosity 

fluid. 

3 Fluids are di^'ided into Liquids and Gases ; the former, such 
as water and mercury, are not sensibly compressible except under 
very great pressures ; the latter are easily compressible, and expand 

freely if permitted to do so. . , . j i.i i + 4 -^,. 

Hence the former are sometimes called inelastic, and the latte 

elastic fluids. 


4. Fluids are acted upon by the force of gravity in the same 
way as solids ; with regard to liquids this is obvious ; and that air 
has weight can be shown directly by weighing a closed vessel, 
exhausted as far as possible : moreover, the phenomena of the tid^ 
show that fluids are subject to the attractive forces of the sun and 
moon as well as of the earth, and it is assumed, from these and other 
similar facts, that fluids of all kinds are subject to the law of gravita¬ 
tion, that is, that they attract, and are attracted by, all other 
portions of matter, in accordance with that law. 
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Measure ol the Pressure of Fluids 

fori "Td t: ^ n, -y 

action of 1 fl H to the 

is required to^''^^’ ^ n'l’^ whicli 

required to counterbalance the action of the fluid upon A. If 

the action of the fluid upon A be uniform, then | is the pressure 

OD 6flcll imit of tll6 3 .rPQ y4 T*f 4 ‘\\rx 1 

•re. A. .nd ,f o be the fore. „„ , ^ 

.re. .bent . gi,,, p.fo,, ,b,„ f .pprorim.lel, .„p,„, 
of pre»„. over Wb.. . j. 

^ iillim.(.ly _p, the. p i, eiebeed to be the mea.ui. of the pte.«u,e 
.nd the ^Tifrptt'e'oSS ““ 

. J«*; r; 7r:i:z: *‘t * ^ 

m.t.ly ib eompi X Z wlr.t 7 7 ' 

vanishes. ^ consequently pa) 

AilX “» •f»'‘ « « •. «o i. 

.oil?,°b t »' • 

in lb. following ni.nn.r ‘ <""<i"ment.l property of , Sofo 

ob.."vrr.nsv‘:.r r-'*'™»' “"iO'" 

Its mass form a system of equilibrating fLes ^ 

the ^X7“ZXZu?Zl7 7 ““ "V » 

vuie. .. the enb. of one of *,t llTlfoh '1""'^ 

fore, v.nfoie.t''^’^; • ^ ! ’V. . .imil.r fo,„, the l.tt., 

a..e pr..e„.. eont.qL.;,; fo 0^?“,"“ ” ““ i ““ 

in equilibrium. ^ ^ themselves a system of forces 



measure oe the pressure of fluids 


[chap. 1 


* — 

1 ., ,, le ..,e r«.» «1 .Ue J,e»™ » tte I.m ABO.^ 

BCD. .nd »ol™ ^th.^ the .™. ABC, iiCB 

on a plane perpendicular to AD are 
same (cLb equal to a suppose) ^ve have ulti 

mately, 



pa=p ct, 

!nd similarly it Ly be shown ^ that the 
pressures on the other two its faLs in any 

.hterr.1 "m— 

It 

D’Alemberts Innciple tb balance the 

irustct forces are of the same order 

with the pressures. 

Transmission oi Fluid Pressure 

7 Any pressure, or addUwual pressure, applied to 
or to any other part of a Uquid at rest, ^s transmuted equally 

of liquids is a direct result of experim^t. and, 
as such, is sometimes assumed. It is, however, deducible from the 

'^*^^Let°P be a point in the surface of a liquid at rest, and Q any 
other point in the liquid ; about the straight line PQ ^ 

cylinder, of very small radius, bounded by the surface at P and by 

• rct‘::rX . ..e ..ai.,«„.Uo,ee » 

the cvhnder, resolved in the direction of its axis, is pa, a bemg the 
area of the section of the cylinder perpendicular to its axis, and 
this must be counteracted by an equal force pa at Q in the direction 
QP, since the pressure of the liquid on the curved surface is per¬ 
pendicular to the axis. The pressure at Q is therefore increased 

If the straight line PQ do not lie entirely in the liquid. P and 
Q can be connected by a number of straight lines, all lying in the 
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liquid, and a repetition of the above reasoning will show that the 
pressure p is transmitted, unchanged, to the point Q. 

8. In consequence of this property, a mass of liquid can be 
used as a machine ” for the purpose of multiplying power. 

ihus, if in a closed vessel full of water two apertures be made 
and pistons A, A' fitted m them, any force P applied to one piston 
pst be counteracted by a force P' on the other piston, such that 
P . P in the ratio of the area A' : A, for the increased rate of pressure 
every POint of A is transmitted to every point of A', and the 
orce upon ^^ depends therefore upon its area.* 

The action between the two is analogous to the action of a lever 
and It is clear that by increasing A' and diminishing A, we can 
make the ratio P' : P as large as we please. 

itse? temperature, as well as upon the nature of the fluid 

When the temperature is constant, experiment shows that the 

that is! 

This law was first stated by Boyle, but it is a consequence of 
the more general law that the pressure of a mixture of Les that 
do not act chemically on each other is the sum of the pressures the 

fordorbbnVtT' '' T -P-tely 

pressure a double the 

plac Tor’ any otheT T ““"te change of pressure would take 

place lor any other change of quantity. 

flniT^“T "®'tain quantity of a gaseous 

.. th.'ptX':”'’F»u,e p, ..d .i. ™,„„, 

jpv^p'v', 

or fv IS constant for a given temperature. 

10. The Elasticity of a fluid is measured by the ratio of a 

• Bramah, press is an instance of the practical use of this property of liquids. 
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.„11 of P— •» •'>' 

it • A 

■ If . be the volume, the small cubical compression rs and 


the measure of the elasticity is 


dp 

'dv 


I„ .1. cs. »I . 6.. At tcmp...t«r. p. is o.RSfRt. 


and 


.'.p-^v 




dv 


, Fsf tlie elasticity is equal to that of the pressure. 

" t:,: sr" 

„e .a. dsdsce ,U. r™ 7', a'd “ iol. 

For instance, if we can imagine the existence 
the elasticity is double the pressure, we have 

from which it follows that pv^ is constant. 

Measures ot Weight, Mass, and Density 
11. The weight, mass, and density of a fluid are measured in 

thp same way as for solid bodies. 

If IF be the weight of a mass U of fluid, then, in accordance 

with the usual conventions which define the units of mass and force, 

W=Mg. 

If F be the volume of the mass M of fluid of density p, then 

il/=pF, 

and ••• ^y=9py- 

For the standard substance, p=l, and therefore the unit of 
mass is the mass of the unit of volume of the standard substance. 

If the unit of mass is a pound, the equation, W=Mg, shows 

that the action of gravity on a pound is equivalent to g units of 
force. The unit of force is therefore, roughly, equal to the weight 
of half an ounce, and it is called the Poundal. 

12. In the previous articles no aceount has been taken of fluids 
in which the density is variable; but it is easy to conceive the 
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de^ity of a mass of liquid varying continuously from point to point 

tw, and having a constant temperature 

throughout. IS necessarily heterogeneous : the density at a point 

a flmd must therefore be measured in the same way as the mes- 
ure at a point, or any other continuously varying quLtity. ^ 

Measure of the density at any point of a heterogeneous fluid. 
noin^t'‘'rrl^ ^ a given 

rlts ofTvdl" " Homogeneous fluidLh^that 

me mass ot a volume is equal to w, or such that 

m=pv\ 

•» ‘‘e point, i. .pj 

exaiviples 

(I. tb.. ”• - • ~to » 

that the pressure at any point of CD is where a^AB 

If .he a h.ved point, and AH. AD h.ed in direction.'and if AR=. and 

^^~y> the pressure at (7=---— 

dxdy 

find the unit of time. substance contains 13500 ounces ; 

standard substaLe^atiThe^i^roTforce hl2Tlb the 

time and length. ^ "w^eight; find the units of 

that expressing its vSimT^^^h of Thlt^*^ ^ rath of 

number expresLg the ZrL done L WwlTfoof ' Wath^of t,1 

mass, and time. g it 1 foot. Emd the units of length, 

of water the 8tandarVS^,^4^d th’^^atf^^^ 


8 


examples 
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water. , , o^ntained in a cone having its axis 

9 . The density at any point o a Uqui , 

and vertex downwards, c, ^j^at the density oi the 

quantity varjnng as uniform wll bo that of the Uquid originaUy at 

. the .n. 

/t M uSd of denr; o. If this operation be repeated ta 

tool find the 7"’‘;fif;ttserotvohreV. originally filled wi^ liqmd rf 

dens^tyratr V of liquid of density a has dnpped rnto it by tn 

finitesiinal drops. 


CHAPTER II 

THE CONDITIONS OF THE EQUILIBRIUM OF FLUIDS 

under the action of given fofcTs^ a^dTet rest 

the conditions of equilibrium and the * ^ required to determine 

Let a: « , he tTl ?■’ ^ ^ Pressure at any point. 

any point P in the fluid, and let O Te f "f^ngular axes, of 
that PQ is parallel to the axis of x. 

. criLLtrZaM r t “ ■ re tecribe 

- e.a 

.m,llnei ^ *’“■ diSereace bemg ot . bigber order of 

Si..dl.rly the three, on the pl.ne end .. « a.., be taken to be 

(P+Sj3)a. 

pm, rSw, ZSm be the components of thp ^ axis, if 

Sm of fluid at the point (x, y, 2 ). ^ particle 

Hence, for the equilibrium of P§, 


or 


(p -f S^) a -_pa= Xpahx, 

^p=pxhx. 


2, 

d t Seit; s p,iud :fobtat’ " 


5a; 


9 


2 
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By a similar process, 


^J^pY, 

dz 


=pZ. 


But 


• • 


(lp=p(Xdx+Yclij-\-Zdz) 


( 1 ) 


,h. «»■“»“ ““ S , h, . 

• lor what condition must be, satisfied by a 

14. We now consider capable of mam- 

given distribution of force m ^ function 

Lining a fluid in equilibrium The pres 

of the independent variables x, y, and z, 

gzp 8^-p 

^ 


Hence we obtain from the preceding equations, 

a I 




( 2 ) 


Performing the operations indicated we have 


ar ^ 

sy 


7?P_y?P=pf— - 
^dy ^dz \8z 

^dz \dx dz) 




dX dY\ 




dx 


dij \dij dxj 


as 


Multiplying by X, Y, 2, and adding, we obtain 

„/ar »z\, -—Vo. 

VS'S) Hs V) ^1 

a necessary condition of equibbrium. 


. ( 3 ) 


13-16] 


equilibritjm 


11 


of fo,™ «t this equation is that the li„«, 

^_dy_dz 
X. Y — 

can be intersected orthogonally by a system of surfaces. 

15. Homogeneous Liquids. If the flniet u i, 
incompressible, p is constant , ® ^°“°geneous and 

S7si“n.,°and rtei'crb'." ‘ «v.tiv. 

of a potential function. represented by the space-variations 

We then have, if V be the potential function, 

dp=~pdV, 

t+r~c. 

P 

twTertxS of 

and ■'■ ^dy+Zdz=S4,[r)dr, 

In this case, since Q^mdr. 


dX 


i-tvf- 


x— ay—h 
r 


and 




r Y 


?)• 


dy' 

dr ( 

it is obvious that the eouation /^\ ,■« .i ^ 

that the equilibrium of a heterogeneo'^^flmri f 

system of forces. ^ “ ^^'''ays possible with such a 

When the density is constant, the equations (2) become 

ex er 

^ ^ Sz’ ~Fy = ^> 

of a 

that l^TraXn ", 1 ^ We-^^ed, 

» 2 , the conditions to be 
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• „ riktribution of force, represented by 

satisfied in order that a give are tbe equations (2). 

X.r.Z,maym».«. 

17. Elastic Ms. WU J 

condition is introduced, for, as 
temperature be constant, , 

_._^J-(Xdx+Ydy+Zdz) . 

If tUe toces are <'«“ * '’°7“ “ 

Xdx-\-Ydy+Zdz 

be a perfect differential -dV, 

lM=-dV, 




P 


.■.k\og^=-y’ 

_v ^ C -I 

or p=Ce I, and p= f ‘• 

When the forces tend to fixed centres and are functions of the 
distances. Art. 15, this equation takes the form 

k^J=i:<l>{r)dr, 

V 

”‘\frt.»FS»c «»'"■»» !'“• 

density, and temperature is found to be 

j)=A'p(l + a-0t 

, is tl. lcmr.-.t-c, by a Centigrade thesme 

meter, and a= 003G65. 

From this we obtain 


where 


K=ka, and 


T is called the absolute temperature, the zero of which is 

dr, Xdx+Ydu+Zdz 

jr Sr ’ 

and therefore T must be a function of x, f/, 2. 

I. r, .1 these ease, 11 the at any partrfa, point be 

given, the constant can bo determined. 


In this case 
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In the case of elastic fluids, if the mass of fluid and the space 
within which it is contained be given, the constant is determined. 


18. The equation for determining p may also be obtained in the following 
manner. 

Let PQ be the axis of a very small cylinder bounded by planes perpen¬ 
dicular to PQ. 

Let p and p-\-8p be the pressures at P and Q, a the areal section, and Ss 
the length of PQ. Then, if Sdm be the component, in the direction PQ^ of the 
forces acting on an element 6m, 


{P'\~6p)a-~pa=QaSds, 
and therefore, proceeding to the limit, 

dp= QSds. 

That is, the rate of increase of the pressure in any direction is equal to the 
product of the density and the resolved part of the force in that direction. 

If X, y, z bo the co-ordinates of P, and X, Y, Z the components of S parallel 


to the axes. 


^dx dy dz 

ds ds ds 


aiid dp=Q{Xdx-{-Ydy-\-Zdz) as in Art. 13. 

If the position of P be given by the cylindrical co-ordinates r, 0, and z, and 
fl T, 2 be the components of 8 in the directions of r, 0, z, 

ds ds ' ds* 


and the equation for p becomes 

dp— Q{Pdr-\-TrdQ-\-Zdz}. 

Again, if the position of P be given by the ordinary polar co-ordinates r, 0, 
<t>, and if the components of the force be R, N, and T, in the directions of rl of 
the perpendicular to the plane of the angle 0, and of the line perpendicular to r 
in that plane, it will be found that 


~^=Rdr-{-Nr sin $d<f>-\-Trdd. 


In a similar manner the expression for dp may be obtained for any other 
system of co-ordinates. 


19. Surfaces of Equal Pressure. In all cases, in which the 
equilibrium of the fluid is possible, we obtain by integration 

p=<j>{x, y, z). 

If p be constant, <f>{x,y,z)=p . , . . ( 5 ) 

is the equation to a surface at all points of which the pressure is 
constant, and by giving different values to p we obtain a series of 
surfaces of equal pressure, and the external surface, or free surface. 
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SURFACES OF EQUAL PRESSURE 


is obtained by making p equal to the pressure external to the 
the external pressure be zero, the free surface is therefore 

y, z)=o. 

■c4> H 

The quantities 

which are proportional to the direction-cosines of the normal at the 
point (x, y, z) of the surface (5), are equal to 

dp dp ^ 
dx dy dz' 


respectively, f.e. to pX, pY, pZ, and are therefore proportional to 

X Y Z 

Hence the resultant force at any point is in direction of the 
normal to the surface of equal pressure passing through the point. 
The surfaces of equal pressure are therefore the surfaces intersectiv^ 

orthogonally the lines of force. 

It follows from this result that a necQgsary condition of equili¬ 
brium is the existence of a system of surfaces orthogonal to the 
lines of force, a conclusion derivable also from the equation (3) of 
Art. 14, for that equation is the known analytical condition reqmsite 

for the existence of such a system. 


20. If the fluid be a homogeneous liquid, that is, if p is con¬ 
stant, Xdx-\-Ydy^Zdz must be a perfect difierential, or in other 
words, the system of forces must be a conservative system. 

In* general, when the force-system is conservative, p must be a 

function of the potential F. 

For dp=~pdV, and, dp being a perfect differential, p must be 
a function of V ; hence F, and therefore />, is a function of p, and 
surfaces of equal pressure are equipotential surfaces, and are also 

surfaces of equal density.* 


* These results may also bo obtained in the following manner: 

Consider two consecutive surfaces of equal pressure, containing between them a 
stratum of 0uid, and let a small circle be described about a point P in one surface, 
and a portion of the fluid cut out by normals through the circumference. The 
portion of fluid is kept at rest by the impressed force, and by the pressures on its 
ends and on its circumference. Being very nearly a small cylinder, and the 
pressures at all points of its circumference being equal, the difference of the pressures 
on its two faces must be due to the foree, which must therefore act in the same 
direction as these pressures, i.e. in direction of the normal at P. 

If the forces are derivable from a potential, the resulting force is perpendicular 
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ID 


If the fluid be elastic and the temperature variable 

p~ KT‘ 

If howevi xSrziL z r" 

"ill not i« geoerd these 

p:.Ltrsr„r ^ ““ 

tively by the equations teepee- 

dp=0, dp=0, 

^dx+Fdp+Zdz=0\ 

• • . ( 6 ) 

These then are the differenfinl ..• 

their intersections determine curves of e^ouaT 

From (6) we obtain ^ ^ pressure and density. 

% dz 

(7) 


or 





■D . . c/a; C 7 ?/ 

ut from the conditions of equilibrium we have 


P~+X^f 

dz' 


^8x^^8x’ 

f^+^-P 

8y dy’ 


(8) 


8x dx Pdz ^^dz’ 

and therefore the equations (7) become 

dz 

^__d^^dY dX • 

tn 

the differential equations of the curv« tnf 

to the equipotentia, surfaces and the 7 

■dentical with the equipotentirf surfa^s. “o therefore 

'mnit. MtT® faCaTto thVifff noting 

^tance between the surfaces of equal nreu^® . Po'^atials divided by th! 

t follows C r “ 
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Jg PEESSUKE of fluids 

4- tlie fundamental pressure 

21. We shall now show how to obto ^ th 

equation by considering t ^ fluid, and I m, n tbe 

Let 5 be any closed surface u 

direction-cosines of the norma a any p g 

conditions of t:tt pressures on the 

are summarised m the statemen 

,y »«.. to •»« - - 

throughout the mass, i 7 
act three equations of the type 

fflpdS=!l!pXdo:dy(h 

a„d by taking momenta obo.rt tUe nw «• get ‘to» «>*>>» 

Now by Green’s Theorem,* we have 


and 




so that (9) and (10) become 


and 



2/1 


dp 

dz 


-pZj-z^^-py)|di%(?2=0; 


and there are two other pairs 

and su^cmnt conditions 

of equilibrium are 


?£- 
dx 


=pX, ^I^pY, 


sy 


^l^pZ. 

dz ^ 


It i. to be noted tl,.t since . perfect Bmd .s me.p.ble »' ''^”8 

by taking momenta about the am will of "““^l wSr«t 

whenever the equations obtained by resolving pa 

• Vide any Cour. d'Analyse. e,g. de la VaU6e Poussin, t. i. p. 381 (4th ed.). 
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are satisfied. For in equilibrium the latter equations are true for 
any portion of the fluid finite or infinitesimal, and this balancing 
of forces ensures that the equations of moments are true also. 

22. We can also prove that p(Xdx^- Ydy+Zdz) must be a perfect 

differential, by condensing the equilibrium of a spherical element 
01 nuid. 

For the pressures of the fluid on the surface of the element are 

all in direction of its centre, and therefore the moment of the acting 
forces about the centre must vanish. 

Let X, y, z be co-ordinates of the centre, and x+a, y-\-B e+v 
of any point inside the small sphere. ^ t / 






of gravity of the volume. Jff^ydadpdy=.0, etc., and, if dr^dad^dy, 

///a2dT=///^2dT=///y2dT = J///(a2 + ^2 + y2)(iT 


. ^i-nr'*dr'=^ 


^ ^v5 


p.w»'„414 

and, in order that this may be evanescent, we must have 

23. Fluid at rest under the action of gravity. 

Taking the axis of z vertical, and measuring e downwards, 

Z=0, F=0, Z=g, 
and the equation (1) of Art. 13 becomes 

dp=gpdz, 

an equation which may also be obtained directly by considering 

the eqmhbrium of a small vertical cylinder. ^ 
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Ill tlie case of liomogeneous liquid, 

j}=gpz-\^0, 

„„,"“„;uXr;„I.ce, l. ».x...... p.e--e. 

P=gpz + ll. 

If there be no pressure on the free surface, 

T=gp^> 

, , mv, voint is proportional to the depth below the 

or the pressure at any pomi is yi i 

o. of h.>e.08.nc„,.> liqm.l, th. .quatio. 

dp=gpdz 

As an example, let />cc ^ , 

r,n <-1 


then 




)i-\~ 1 


+11. 


24. Elastic fluid at rest under the action o£ gravity. 


In this case, 


and 


p=hp, 

-- 

]) k 


Iqit 2 and p=Ce^\ 

^ C k 


The surfaces of equal pressure are in this case also hori 
planes, and the constant C must be determined by a knowledge of 
Sie pressure for a given value of z, or by some other fact in con¬ 
nection with the particular case. 

Exampck. -4 closeA cylinder, the aHs of rchich is vertical, contains a given 
mass of air. 

Measuring z from the top of the cylinaor, 


V 

it ’ 


.-. if M bo tho given mass, a the radius, and h the height of the cylinder, 

ch C — 

M= *•■-!), 

Jo y 

whonco C is dotorminod. 
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25. Illustrations of the use of the general equation, 

(1) Let a given volume V of liquid be acted upon by forces 


ux 


a 


a 


53» 


uz 


.a» 


respectively parallel to the axes • 


then 




and 


The surfaces of equal pressure are therefore similar ellipsoids, and the 
equation to the free surface is ^ ® 


20 


-4.^.1 i'-tr 


/ 

assuming that there is no external pressure. 


and 


C=^ ( 

2 ' \^7iabc) ' 


/orce. to o fixed point m the plane, varying as the distance. '' 

pointt”® tlie pressure at any 

P=0-hpe{x^+i/+zi)=C-\,,Qr\ 

where r is the distance from the origin ; and if lna= bo the given volume the 

free surface is a hemisphere of radius o, and en volume, the 

P=ilXQ{a^-r^). 

therefore Thfr ^ ^ and 

luereiore the pressure upon it 

= ry pr dd dr 
Jo Jo 

= in/nQa*, 

mlilr^af r , ! * be condensed into a 

matenal particle at its centre of gravity, and might in fact have been at once 

cen^rof ?Jrce“and tf® 'Z ‘be 

centre of force and the reaction of the plane. 

nxZnnir'^ of a force to a 

Jixed point varying as the distance from that point ^ 

Take the fixed point as origin, and measure z verticaUy downwards , 

^hen Y~ ..r,. \r 1 /T 

^-and Z=g~pz ; 

^=e{--lixdx~pydy+{g-pz)iz}. 


20 


and 


botating FLXnDS 


Q 
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. ^ .V. inheres and the free surface, supposing 

The surfaces of equal P-." 

the external pressure zeio, is gi ^ 2g 20 


The volume of this sphere is 




Rotating Fluids. 

r-r fl.nrl rpvolve uniformlv and without any 
26. If a quantity „ . j.igs (v c. as if rigid) about a fixed 

relative displacement o i s p to determine the pres- 

. ^ a ucl tlie nature of the surfaces of equal pressure, 
sure at any point, an ‘ onuilibrium every particle of tlie 

F«., in «>■ »“’1'*“" 3 fl" of tk. onte.n.l 

forces .cling »" arris. » being 

upon It. must be equal to a ^ 

Ltie.1 egnilibrinm, to which the eqnations of the pievions att.cles 

a<L, . ,.r<.cnl oxi*; ««"■>«'< '» *“»»“ 

at any point, and the surfaces of equal pressure. 

Ske the vertical axis as the axis of e ; then, resolving the force 

,„cu^r parallel to the axes, its components are mco x and moi-y, and 

the general equation of fluid equilibrium becomes 

dp = p{a)^xdx+whjdy—gd ^), 

and therefore p=p{ia)V+y"-)-Si:}+C- , , -p, 

The surfaces of equal pressure are therefore paraboloids o 

revolution, and if the vessel be open at the top, the free suifac 
given by the equation ^ 

a>V+!/”)-2ff‘ + y=—■ 

where 11 is the external pressure. , , , . f v 

The constant must be determined by help of the data of each 

particular case. 
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fill *°p be just 

filled mth hqmd and let n=0 ; then, taking the origin at the 

£tL7 ^ ' *berefore 

P=p{W{x^-+y^)~gz}. 

27. Ne^ consider the case of elastic fluid enclosed in a vessel 
which rotates about a vertical axis j 

as before ^P=p{<^Hxdx+ydy)-gdz}, 

“<1 p=kp; 

■■•ifclogp=|a;2(a:2-H2/2)-^j + C, 

Let the" rff paraboloids. 

Let the containing vessel be a cylinder rotating about its axis 

and suppose the whole mass of fluid given ; then, to determine the 

constant consider the fluid arranged in elementary horizonta 

rings each of uniform density: let r be the radius of one of these 

rings at a height z 8r its horizontal and Sz its vertical thickness h 
the height, and a the radius of the cylinder ; ’ 

the mass of the ring=2vprS)-Sz, 

and the whole mass {31) of the fluid =|'j“27rprdzdr, 

the origin being taken at the base of the cylinder.” 


Now 


p=^'^ ,e~~^ 


and 


gw 


_9jt; 


an equation by which C is determined. 

28. In general the equation of equilibrium for a fluid revolving 
1 ormly and acted upon by forces of any kind is ® 

dp=p{Xdx-\- Ydy-\-Zdz-\-(iP{xdx-\-ydy)} 

possible InlaT* always 

sCfaci'of eafa ^ tie 

axis of rotation. symmetrical with respect to the 
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EXAMPLES 

E-rr's... 

tivcly, inove that 

ri(f? 2 —£?3) + ^2(e3 0^ the forces tend to 6xed centres 

^2 Find the surfaces of equal pressure when the forces ten 

and vary as the distances from those cen res. ^ 

3. Prove that if the forces per unit of mass at y, P 

y{a- 2 ), x(a-z), xy, 

o,......™ ° 

■■E-bs 

the radius of the solid “ j ,; vary as the distance : prove 

tl^su!^^: P^:;:^ S^eres concentric ivith the solid sphere. 

will keep a mass of liquid at rest, if the density « from the plane 

j. + ,,+s=0 ; and the curves of equal pressure and density will be circles. 

• 1 1 fiih.,! witli liniiid the mean pressure at a point in the 

.r ;S.u i; T. SEVst.. • pE .«»■ •>” '-■> 

^ n \ a r^f fluid rests uiion a plane subject to a central attractive force 

CL^hS/^: air ^the mdi^sy^h^ fi:::5eH:^ rrrhUti^ 

show that the pressure on the piano 

= ;Tp//(a—c)Va> 

8 Find the surfaces of equal pressure for homogeneous fluid acted upon 
by two forces which vary as tlic inverse square of the distance from two faxed 

that if the surface of no pressure be a sphere, the loci of pointe at 
which tlie pressure varies inversely as the distance from one of the centi'cs of 

force are also spheres. 

v/' 9. If the components parallel to tho axes of the forces acting on an clement 
of Iluid at {X, y, z) be proportional to 

,f-\-‘2?.yz+z\ z^+^/izx+x', x'+2rxy+y\ 

show that if equilibrium bo possible we must havb 

2A=2/i=2i'=l. 

10 A fluid is in equilibrium under a given system of forces ; if g,= <#>(*, y. *) 
0 =Mx y z) be two possible values of tho density at any point, show that the 
equations of the surfaces of equal pressure in cither case arc given by 

</>(r, y, 2 ) + Ai/'(a:, y. 2 )= 0 , 

where X is an arbitrary parameter. 

11. A hollow sphoro of radius a, just fuU of homogeneous liquid of unit 
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external centres of attractive force «Vr» an,! 
thft'^cpnt^‘**^“* apart in such a position that the attractions due to them at 
the centre are equal and opposite. Prove that the pressure at any pdnt is 

square of the depth ; find the shape oTtle new tssel 

zre l‘d‘':ttrp:i;ttrh-—:: tt 

of the sphere thr^^HL" otot. 

dimensions that it maj^be julre^fiied 
is auLtdtl‘;iT(°oVS^^^ 

aiiixr -- 

=: i^tn^Sn tiiS -- 

distance from the point O. of the fluid vanishes at an infinite 

the whole mass of the fljd beinH ven finTthe™'^’'”® “ 
placed ivith its centre at the centre of foree 

velociiyt^aTdTs acted on bvlnVte "‘r® “f """ ""'f”™ ^^gul.r 

to ^ ti^es’the distance"; beYng grear L^^ " ^<1-' 

surface of equal density ^ is ^ ^ equation of a 

IQ A . ^*-871^ p2A:3/* 

of atteactirbi^ttfouL^^^^^^^^^^^ 

throughout any sphere of the lioniH ^ r ’ mean pressure 

pressure at its into ’ ^y inpV^ than the 

19. A fluid is slightly compressible according to the law 

(e—eci)/eo=i3(p—p„)/p„, 

its own gravitatior^th a^ externa! preslure'^*''^ 

«ate radius a(l-,^.,.^tv^:rrerf 

and^^t fa^Tototfai^tf 2 ) uniform temperature is diffused through all space 

-%, -C2. "Th“e^^4f.;2jand%Tn"i?ra^^^^^^ "Z’ 

Prove that origin are and respectively, 

ito axis veSl.™ TL°ih‘^is“r;trw to re|‘r“ ‘‘ “'°xu cylinder with 

tt. p„„.. SSZTi'T:£T 
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•. _f Prnvfi that, if the fluid 

pressure at the highest points of its curred^sji^^^ be 

were absoluU-ly at rest, the air is taken into account. 

(j)—P)/{^og p—log -P}» under the action of 

22. A mass of gas at any boundary conditions. At 

forces of potential ^ at “"yf^„d the insity g o- The is now 

removed from the loss of intrinsic potential energy by the 

a uniform density ^o- } 

gas, duo to the expansion, is ^ 

23. A uniform spherical mass ® ^ density q and external radius 

p J.,. i” “ “ “t , 


24. A uniform spherical incompr^sTble flmd.' ot density o and 

radius a, is surrou^e ^ j equilibrium under its gravitation, but 

external radius b. The total flu mto a 

■ic‘rSrcS;S aS-cr Ksscond case hy 

s^ 1 y \ / /l\ / 


8 


-7rff(p-u)a\l 




25. The boundary of a fs° a'^’qulntitrs^o small 

mass M, is the surface r surrounded by a mass M' of 

^«Sfy p. Shorn that th. cn.tl.n » the lr«. .mf.« i. 

approximately ,=6{l + f3P„(cos 6)}. 

^ m ^ r s. 


where 


3 (M' , M 


and 


g= 3(0- e)«" + >a/{( 2 n- 2 )eM+( 2 n+1) (o- e)a»)b". 

^ . tr • _ii 


I p=o\^ — \>r' '-/'V- . . 1 

•i!«. flivM ia r»f mass itf in gravitational units, 
26. A uniform incompressible fluid ^ ^ , under the influence of its 

iractU^^\^“ 

n 


6). (n>l), 


.tor. , 1. mmmnrcd fnsm “’a 

hquid, and the squares of quantities of the t)pe can b 

that the equation of the free surface la 
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of flr cubic foot of the substancft nf i 

feet. uostance of the Earth and a is the Earth’s radius in 

increases .^formly at 

.3 e. and the mean density is Prove that the at the c^etris 

, . . ^™“noe(e-e„)+3e„=}. 

In a gravitating fluid sphere of radiuQ n t 

arypheres concentric with the boundary, and^ U,e“dts> 

surface to centre according to any law PrL^Tt, V f, “'='eases from 

is greater than it would be if the density werrunifmm hr““‘'" 

§7tyJ (Q'>-Q^)rdr, 

S: rr'' "r—.. 

of gravitation. and ia the consent 


3 


CHAPTER III 

THE EESULMT PBESSUEE OF FLUIDS OH SUEFACE3 

.Fe p,ec.di.g a«F.er - ^ 

gate the pressure at any point o ^gtermine the resultants of the 

contact. j ^ plane surfaces, 

surfaces. 

Fluid Pressures on Plane Surfaces 

Tl,« ™.«r.s at an poiuls ol a plane being “ i*; 

.„d in .be same db.etion, tbe .ea.ltant preaenre ,a equal to tie 

“T.n»! a Kab. incompreesible and acted upon by gravity 

only, the resultant pressure on a plane 

= EgpzdAt 

,U„,e a E the depth ol a small element dA ol the a.c. of the plane 

=gpzA, 

where A is the whole area and z the depth of ite centroid. 

In ceneral if the fluid be of any kind, and at rest mder 
aetion of any' given lorees, take the aves of a and y m the plane, 

and let p be the pressure at the point (x, y). 

The pressure on an element of area oxoy—p ^ y • 

/. the resultant pressure=//p(?x(?2/, 

the integration extending over the whole of the area considered. 

If poTar co-ordinates be used, the resultant pressure is given by 

the expression 

26 
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30 . Def. The centre of nrpccnm «« 

direction of the sinqle force whirh ' ■ ? ^ at which the 

j single jorce, which is equivalent to the fluid vtcs^utp, 
on the plane surface, meets the surface ^ pressures 

M . c.„,d S„„..e is „„t “2: 

In the cue ot a he.vj a„a, it i, dear that the eentre of presaure 

it its c«,°oa P"“»" » P»i»t of whieh is tlie .am., 

+ f * Since pressure increases with the depth thp 

»* ^“»■ »>• ■.o,i..ntai!‘'i.‘‘:it t 

of »/p~ 

a.e.”'i!,’’,h‘'.' ‘i' “ ““ <’’■ »>• ’olonoi to teetangula, 

;ZC ' ■ ““ •' » .1j«cen“ 

y, co-ordinates of the centre of pressure. 



— I^pSySx . y 

=npyiydx ; 

ii^ SSyydydx 
Ilpdydx ’ 


and similarly Ilpxdydx 

Ifpdydx’ 


the integrals being taken so as to include the 


area considered. 
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tlie equations ,, 0 t/rJ 0 


x= 


y 


jj'prdrdd 


31 . „ .,„ naU be bomegeueou. ..<1 in-l-fe »<> “ 
tlie only force in action, ^^gph, 

„b„e H i. tb. Oepbb .1 «.. point P 1*" tbe sntibc.; and .. 

obtain ^ ^Oadydx . . ■ W 

^~'jjhdydx’ iihdydx 

fnl to take for one of the axes the line of 
It is sometimes useful to te 

intersection of the plane wi inclination of the plane to 

this line for the axis of x, and 0 as tne in 

the horizon, p=9Py s>n 9, and therefore 

ffa-j/dydx -__ /J.V^^?/^ , . . (2) 


jjydydx ’ 


4 -’ o (o\ it aRDears that the position of 
From these last inclination of the plane 

to the horizon so that d a P ,be surface as a 

then turned 3^3 ,,01 remain unchanged. 

fixed axis, the cent p constant, that is, if we sup- 

If in the eq^uations ( ) co-ordinates of the centroid 

pose the plane honzonta , y . ^ equations 

olthe...b,..e.«lli»beco.d.»c.«rtb^t3». b«^ 4 

(2), tbe „!«« of * b.d } ... ■*7'“'^^!. .pp“l .«om.ly is 

noaSected by the *™“'“\owevei small » be taken, the portion 

explained by considering , surface of the fluid is always 

wedge-like ,n f.m, and tbe p« in „tios 

"e’-bar^r Whiob they beat to on. 

“nt e^ilfofto rol* may also be obtained by the follow- 

‘“^ihtontKbe bound.., line of the plan. a.e. draw 

to the surface enclosing a mass of fluid ; then e ^ gV ^ i^ioi, 

plane, resolved vertically, i. equal to the weight of the flmd, wh.eb 
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or 


cc 


30 32J I ; h: IM'I’W it' _ 

29 

!,u.«„T ‘“ “•'“* “ P“"'* »' «"= pi™ “ given by tt. 

cos 6(Jj^ ,-^ff9P^ cos Odifdx 

Jjgph cos edi/dx^ 

‘-m 

::SSSS3=“ - 

Ah^=jjyHxdy, Aa^=jjxHxdy, 
and the equation of the momental ellipse is 

W2 

‘l + ~ = f, 

tb‘‘r“ '’'7 “■■ ■’"“f*' •' “■« eeniveii 

1-et :o. y be lb. co-ord„.les cl tbe cento „f p,e 3 e„,^ „d 

X cos 0-l~y sin d=p 

the equation to the line in the surface ; 

then -F— ffly—i^cos d~ysin ^2 


and similarly, 


62 . 

y= -sm^: 

p 


•*• y) is the pole of the line 

a; cos 0+ysin d=^^p 
with respect to the momental ellipse. 
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v/ n\ A quadrant of a ci>cieju 

liquid. With one edge in the 

If Ox, the edge in the surface, bo tno 

jjj/dxdu 

1/dxdq 


homogeneous 


Tia 

j!,/dxd!/= ’J(a’-2:=)idj:= '> 

3 - ^ . 

••• 5=8“’ ;'=T6-'' 

H- »-r ““ ” 

should have p^ffQr Bin 0, and 




cos 0 sin ddrdO 


sin* Bdrdd 

J'* _ _ 

= -a. and y^-TT - 16 

8 


i i sin OdrdB 

. . r* sin OdrdB J J 

j . n is unmersed- with Us plane vertical and its 

V (2) A circular area, radius a, 

centre at a depth c. ... tiio vertical downwards from the centre 

p=^gQ{c-\-r cos u)t \ 

and the depth below the centre of the centre of pressure 

ta Ct ysv V tA 


[V cos 0(c+r cos B)drdB 


a 




Ac 


> 


j ' V'' i • - 

It will be seen that this result is at onee given by the tbeorenr of Art. 32^ 
;:M «pos^ .e n.ioa 0/ .e ..os^ere of a — 

'^'n'^the atmospheric pressure at the base of the rectangle, the pressure 

at a height . is ne-’i Art. 24. and if b denote the breadth, the pressure upon 
a horizontal strip of the rectangle 

= ne~^60z, 

the resultant pressure, if a be the height, 

at UL / 
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a 


<7« 


ze K'dz 





e kdz 


k 

9 


a 

ffa 

e^ — 1 


„/, iu ^ '*• W -xi li< 



I. For one of the upper faces A BCD, 

and horizontal distances 


then 


-^iojh^+gz, 

. ^-\-y 


^ 3 , projecting the broken line ANP on AE, 


•. the pressure (P) on ABCD= I / . 


Jo 


pdydx 


= Q 



(CO 


^ 3 ^i^'^'^:^(^-\~y}^dydx 




9 


)■ 


rm, ’ V3 . 

The centre of pressure is given by the equations 


xP=yP=Q 


a fa 


CO 


' 0/0 


3 (^‘+y^-xy)+~{x+y)^dydx 


■. x=y=a ■ 

36^d“6-Y/3co*a’ 
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II. For one of the lower faces ECm, 
take EF, EC as axes, then, for a point Q, 

z=ay/6- 

pressure I therefore given by the equations 

io .'0-^ and y= 



x= 


I ^y'dxdy 



or, in polar co-ordinates. 


("I r> si 
Jo Jn 


5 in* 0 cos OdrdO 


x= 



sin^ Odrdd 


, and j/= 


j'r^ sin® OdrdO 


r® sin* OdrdO 



and it will be found that 


16a ^ - 32a 


34 Lrt (J b. the cent.. «I Sr^tr *”<> « »' P^”' 

same amount jpli and tbe reaultant pleasure .a Iketeloie >“"“"1 

jp J Ihiel. acta at C, a. that the new c.nt.e ol pteaaute C .a on 

G'C' and divides it so that 

G'C ": G'C'=z:z+h, 

If a given plane area turn in its own plane about a feed point 
the centre of pressure changes its position and describes a curve 

on intersection of the plane area with the sur¬ 
face, the distance of the centre of pressure J® mdependen 

of the inclination of the area to the vertical (Ait 31). 

We may therefore take the area to be vertical. 
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Let h be the depth of the fixed point 0, and let Ox, Oy be axes 
fixed in the area. 



Then, if 0 is the inclination of Ox to the horizontal, 

'p=gp{li—x sin 0—y cos 6), 

• sin 6-^c cos B 

ffpdxdy d-\-esmd-\-fcos 6* 

. . sin 0-1-c'cos 0 

and ?/=-1__ 

(^+esin 0-|-/cos 6 ’ 

a, b, d, etc,, being known constants, and the elimination of 9 gives 
a conic section as the locus of the centre of pressure. 

Resultant Pressures on Curved Surfaces 

35. To find the resultant vertical pressure on any surface of a 
homogeneous liquid at rest wider the action of gravity. 

PQ being a surface exposed to the action of a heavy liquid, let 
AB be the projection of PQ on the 
surface of the liquid. 

The mass AQ is supported by the 
horizontal pressure of the liquid and 
by the reaction of PQ ; this reaction 
resolved vertically must be equal to 
the weight of AQ^ and conversely, the 
vertical pressure on PQ is equal to the 
weight of AQ^ and acts through its 
centre of mass. 

If PQ be pressed upwards by the 
liquid as in the next figure, produce the surface, project PQ on 
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pressure on a stjreacb 

it .. beta., .f >I'“« '<« “ '!• “'“if ““ 

Ib.. tb. P..S....S at .11 aiteotio., 

/ and since the vertical pressure 

_B ■* _-- iu this hypothetical case is 

^ /EEE^ equal to the weight of AQ, it 

/—-• follows that in the actual case, 

/ the resultant vertical pressure 

upwards is equal to the weight 

of AQ. 

T jf the surface be pressed 

partially upwards and partially 
downwards, draw through P, the 

1 • 1 . f int of the portion of surface considered, a vertical plane 

M fw ACB b. th. projection of PSO on the soxi.ce of tb. 



Then the resultant vertical pressure on PSP 

=the weight of the liquid in P5P, 

and on .. 

and the whole vertical pressure=the weight of the liquid in Q+ 

the weight of the liquid in PSR. 

This^might also have been deduced from the two previous cases, 
for PR can be divided by the line of contact of vertical tangent 
planes into two portions PS, SR, on which the pressures are re¬ 
spectively upwards and downwards ; and since 

pressure on PiS=weight of liquid APS, 
and. SR= . ^SR, 

the difference of these, t.e. the vertical pressure on PSi2=weight of 

fluid PSP. 
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Id Of siuulB^r nicinncr otlicr cds6s iUciy' b© cliscuss6(i 
It will be observed that this investigation applies also to the 
case of a heterogeneous liquid (in which the density must be a func¬ 
tion of the depth, since surfaces of equal pressure are surfaces of 

equal density), provided we consider that the hypothetical extension 
of the liquid follows the same law of density. 

36. To find the resultant horizontal -pressure, in a given direction, 
on a surface PQ. 

Project PQ on a vertical plane perpendicular to the given direc- 
tion, and let pq be the projection. 

Then the mass Pq is kept at rest by the pressure on pq, the 

resultant horizontal pressure on PQ, and forces in vertical planes 
parallel to the plane pq. 



Hence the horizontal pressure on PQ is equal to that on pq, and 

acts in the same straight line, i.e. through the centre of pressure of pq 

Hence, in general, to determine the resultant fluid pressure on 

any surface, find the vertical pressure, and the resultant horizontal 

pressures in two directions at right angles to each other. These 

three forces may in some cases be compounded into a single force, the 

condition for which may be determined by the usual methods of 
Statics. 

ExAi^ffLE. A hemisphere is filled with homogeneous liquid : required to find 
e res^tani action on one of the four portions into which it is divided by two 
vertical planes through its centre at right angles to each other. 

Taking the centre 0 as origin, the bounding horizontal radii as axes of 
a: and y, and the vertical radius as the axis of z, the pressure parallel to a: is 
equal to the pressure on the quadrant yOz, which is the projection, on a plane 
perpendicular to Ox^ of the curved surface. 

Therefore, the pressure parallel to Ox 




36 


PRESSURE ON A SOLID 


[chap, in 


and the co-ordinates of its point of action are 

(0, la, ^ ’ 

.nil,.I to 0!/=^<7PO^ and acts through tho point 
similarly, the pressure parallel to Vtj m - 

(^a. 0, A^ro)- 

The resultant vertical pressure=the weight of the liquid = i 9 ,na^ and 

acts in the direction of the line x^y 

The directions of the three forces all pass through the point 

(5a, 5a. 

and they are therefore equivalent to a single force 


in the line 


3 3 2/3 
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a straight line through the centre as must obmou J be^the^case, mn^e aU the 

37. To find the resultant pressure on the surface of a solid either 

wholly or partially immersed in a heavy liquid. . , on j -.i. 

Suppose the solid removed, and the space it occupied filled -th 

liquid of the same kind ; the resultant pressure upon it will be the 

same as upon the original solid. But the liquid mass is at rest under 

the action of its own weight, and the pressure o the hqmd smround- 

ing it: the resultant pressure is therefore equal to the weight of the 

liquid displaced, and acts in a vertical line through its centre of mass. 

The same reasoning e^ddently shows that the resultant pressme 

of an elastic fluid on any solid is equal to the weight of the elastic 

fluid displaced by the solid. , * . ok ^ qc 

This result may also be obtained by means of Arts. 35 and 3b, 
as follows * Draw parallel horizontal lines touching the surface, 
and forming a cylinder which encloses it; the curve of contact 
divides the surface into two parts, on which the resultant horizontal 
pressures, parallel to the axis of the cylinder, are equal and opposite ; 
the horizontal pressures on the solid therefore balance each other 
and the resultant is wholly vertical. To determine the amount of 
the resultant vertical pressure, draw parallel vertical lines touching 
the surface, and dividing it into two portions on one of which the 
resultant vertical pressure acts upwards, and on the other down¬ 
wards ; the difference of the two is evidently the weight of the flmd 

displaced by the solid. 
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38. If a solid of given volume (F) be completely immersed in 
a eapr iquid, and if the surface of the solid consist partly of a 
curved surface and partly of kno™ plane areas, the resulting 
pressure on the curved surface can be determined. 

ml position, we can 

calcdate the resultant horizontal and the resultant vertical pressure, 

X and y, upon those areas ; and, since the resulting pressure on the 

the resultant horizontal and vertical pressures on the curved surface 
are respectively equal to X and gpV~~Y 

In this case, 

, X=gQ7m^k-a sin 0) sin 0, 

x=gg7m\h~h cos 0-i-asin 0 cos 0). 

39. To find the residlant fressure on any surface of a m 
rest under the action of any given forces. ^ ^ 

Let p be the pressure, determined as in Chanter TT 
point (X y z) of a surface, S, exposed to the action of a fluid Let 

’ Let SS h the normal at the point (x, y z) 

Let 85 be an element of the surface about the same ^int 

The pressures on this element, parallel to the axes, are ^ 

IpBS, mpSS, -npSSj 

tliP f resultant pressures parallel to 

the axes, and the resultant couples, respectively, ^ 

^=||fpd5, Y^^^mpdS, Z=jjMpd5, 


L= 


~'inz)dSy 


M=^^p{lz-nx)dS, 

^=^\p{mx-ly)dS, 

These resultants are equivalent to a single force if 

XL+ YMd-ZN=0. 
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40 Th. . 0 H.C. may b. <lraa«i into elem.nte in tta« d.iioren 

„y?by P»liel b.oo..,d....e 

Tlinc; SxSv^projcction of 8 jS on xy—wo'J » rr i j 

„a »a .Wintiy, 

l=j(p{ydxdy-zdzdx) 

= (jp{ydy — zdz)dXf 

31 =fj p(zdz — xdx)dyy 
j\T=jjp(a:dx—ydy)dz. 

41 Tf the fluid be at rest under the action of gravity only, 
JL"; vCicai, p i. n .unction o. c, * W .«PP«.., .«a 

therefore X==S!cl>{z)d>jdz, 

11 . 1 , is evidently the expression for the pressure, parallel to x, 
:“t ” ^Sn Oi Z g-on ..rinc. » the pUn. ; n.d 

similar y q incompressible and acted upon by gravity 

oniyTn* i“ 

belwcL si nnO its proicction on tb. snif.ce of th. fivnd 

... Z. or ifpdnhj, is the weight of the superinc^bent fluid. 

These results accord with those previously obtained, Arts, 
and 36. 

42 Mlien the surface S is closed, as for example the surface of a 
Bolirbodrit is sometimes convenient to use Green’s Theorem to 
transform^ the surface integrals of Art. 39 into volume 
through the space bounded by S. The forces and couples then 

become 


■\\\f/xdydz, 


and two similar equations, and 

A A ^ j 




and two similar equations; when f is the value of the pressme 
function at the point (x, y, of the enclosed space supposed to con¬ 
tain fluid with the same law of pressure as the surrounding fluid. 

43 If a solid body be wholly or partially immersed in any 
fluid which is at rest under the action of given forces, the residtant 
fluid pressure on the body will be equal to the resultant of the forces 

which would act on the displaced fluid. 
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For we can imagme le solid removed and the gap filled up 

i^th the flmd which will be in equilibrium under the action 

the forces and the pressure of the surrounding fluid • and the 

resultant pressure must be equal and opposite to the resultant of 
the forces. 

I. ailtog .p the with add, the 1.W „( density „„.t be 

n.ml.,ned h.t ,s the surfaces of «,«! density „„st be eon- 
tmuous with those of the surrounding fluid. 

EXAJIPLES 

1. A heavy thick rope, the density of which is donhl^ a . 

is suspended by one end, outside the water, so as to be of water, 

the tension of the rope at the middle of th; imme^^ed pS 

2. A hoUow sphere of radius a is just filled with water • find m u 

vertical pressures on the two portions of the surface divided’h “ ^ i* 
c below the centre. divided by a plane at depth 

3. A vessel in the form of a reimlar pvramid wliece inow« • i 

of n sides, is placed with its axis vertic^and vertex do^ ‘‘"'i 

with fluid. Each side of the vessel is nmvall , hn f is filled 

and is kept in its place by a string fastened to the vertex, 

whole weight of the fl^uid"^^ 1 io n siA 2a wWe 

to t^horizon. inclination of each side 

an area is bounded by two concentric semicircles with fliAir 

Mia+bKa‘+b‘)/{a^-i-b^^ab), 

where a and b are the radii. 

"ITS ir" s “ r;,"' -■ “• ■“ 

the two portions may be equal. Prove that if this^rM^*^^ pressures on 

c„.™ „ , ,b:'r 

vertical, so that tbl^eirtlr^mity !“ Plane 

the diameter makes with the surface 

centreofpressureandfitheanglet:trnia\e^^^^^^^^^^^ ^ 

fl_ .3?r+16tana 
16-f-l57r tan a 

centretf"iT4ra^w'ryrm%tetm"“l“T^ its 

given vertical, and (2) ^at if a a4-h ^^niptote of which is the 

any positions, y, y+i y+i' + r’ t*'® C-O- iu 

positions, then °f Pressure in the same 

A, h{k — h) 

K h\ h\k'-h') 

h\ r{r~r)\ 
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uTa .ighi I. «•“ j ‘"“'■p'* j: CiT S»""' r™”” °“ ‘“ 

Si"‘ss *"s: <“ - “ “• 

- i: A -ts.s ‘ 5 ““' k:‘.~ 

■ rr« ”■”• "■“ ” ^ 

"■ \f A .ow .pu.» —-'pC 

in a liquid. It is Prove that if Q be the density of the 

SX7SS.. .A. P.«. 

"^Ln "p UP -"r “p “• 

a 37W“hl6o 
(r-a) cos 0=& 4* 3.-i6+4a' 

the asymptote being in the surface and the plane of the eurve vertical. 

“ "i’lhat tre^lX of presswi'^te^ stStUhreTn the plane. 

A send is formed hy turning a " L^L^Md 

-^^ctum, about the latus rectum thrush an ang^^^ ^„ri,ontal. Prove that 

r": inc"^^^ 0^ ‘ 

surface of the solid, « «« 

3 sin* 0 tan «/>==6 sin 0-3 sin 0 cos 0-20. 

,5. A gi..P .™> 1. 

constructed OP It M AiipP'^ „„ tbo curved surface is constant, and 

the vertex when the results p tuning the cone round the honzontal 

SrurntroCerrc^n"-itp ofV bass parpondionla. «■ 

^rAToTln tb. for. of an cilipti. P-rab.lold, ,1... -f. i- a.«o-. 

and aquation |+g-|. » di"" '••« 
principal pl.nl InH ■»• ”‘“a‘rtron 

ri;"raiS:,^crrsr o, a. ..ttor,» p- 

through the point {^%a, ^h). 

o{ i=ra?o:nK p=rsr 
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be the angle between the planes, prove that the anfrl« 

pressure on the surface makes with the vertical ^ resultant 


Ian 


-i/sin a' 


a 


19. A volume iTza^ of fluid of densitv n j /> , 

b and is attracted to a point at a distance cf<b) fr ^ ®P^®re of radius 

per unit ma.s; supposing the externafpresstfirfinftr"'" ^ 

on the fixed sphere. ^ resultant pressure 

20. A vessel in the form of a surfaeo ni i a- i 

property; if it be placed with its axis vertical anfl'*‘°“ following 

be poured into it, the resultant vertical pressure has a of water 

resultant horizontal pressure on either oUhn nnrt“ constant ratio to the 

i. t,, p,„. f iu7ktz'‘X’Jzir 

the centre of pressure may bisect the ‘o^est, 

verttliToSin^^^^^^ -i^uid with its plane 

the density is a linear function of The pressur the^^^^^ 

pressure is ^ depth of the centre of 

where a is the length of the vertical ri’Ha xu •. 

bottom of the area, and ' densities at the top and 

^ ffi=Iog (qJq^), 

onX. :j^-z “ th^ 

extremity of this edge vertical If it bp ® diagonal through one 

angular velocity cu, show t^CL ordfr that no ^ 

not be less than be spilled, W nmst 

1 co^a 




9 


IP. 


if IF' is the weight of the water in the box. 

^ypVnu";2ltnltjLn1f ^ P-sure ^ 

that the components of the couple which^tef^Wmrk'^^f ^ ^ 
centre of gravity of its volume are ^ ^ ^ <^be 

dz^_ 




dydz 


-E^+F^ 

dydx^ dzdx* 


and two similar expressions, where A B C D P jp 

products of inertia of the volume of the ^ ® moments and 

centre of gravity. respect to axes through the 

'p.£w r.‘ “r t*' i.~ .i... 

surfaces of equipressure are elliosoids^ rectangular co-ordinates, so that the 
held immersed in the liquid the resultant th *^t *’ u ^ 

along the normal to the of !oni “ ''“‘"“c- directed 

me surtace of eqmpressure through G. together with a 

4 
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ft HM 1^1 . *4.^^ 

42 

on... —» «' “• “>■ “ “ ‘'” '“““ 

^/ 5c--a» 

^ 27 A vessel full of water is in the Thn^ c is vertieal, 

VeJa". c, —it t^e J» ^ that the resultant fluid 

peessureontheeurved 

28. A hollow ellipsoid is ^xis ToU’S 

an angle a with ^ e ofeither side of the vertieal plane through the 

Sr.—ttwrenehofpiteh 


3c sin a cos a 


6» 


^ 4c-+9((i’^ a+fc* cos* a) 

-^29. The angular points of a *"‘'‘"|ttpe?tivcly holow the surf^^^^ 
varies as the depth are at d.^tanees « ^ rcspeet.v y 

that the eentrc of pressure is at a depth 

3 (a+/?+r)(a!+_^!±Z!li^. 

I' a*+P+y*+«^+^>^+>'“ ... 

30. A plane area eonipl^.y ^ 

rotates about a fixed hon/.onta , he eaual to A-s, and if the area be symmetncal 
the density of the fluid at de^ ^acting at the point of intersection of the 

I'S'S'So".™. ...A. 1~- >" »■ ““ 

Pessure is an ellipse with its centre at a depth 

where it. and it. are the radii of gyration of the area with respect to the axes 
of symmetry and the atmospheric pressure is 

31. Show that '^^uple^about an axis in 

reduced to a force at ^ jg couple is perpendicular to the 

fa^g^rat ^ 

centroid. 



chapter IV 

the EQUILIBEIUJl OF FLOATING BODIES 
the conditions of equilibriin>7 nf n ,■ 7 , 

We shall suppose that the flLd is a rlt 

gravity only, and that the body, under the Tr "" 1 

force, is floating freely in the fluid 'I’Iip 1 t 
on the body a'e its weight and the u ^ 

fluid, and in order that equilibrium m<arex?t Gie^" 

pressure must be equal to the weight oi the bodv n T 
a vertical direction. must act in 

fluid on the SMfTcetfrsohd^ii! of a heavy 

is equal to the weight of the Wd d^ "i ° ^ “ partially immersed, 
line through its ceutr. rf ml ‘“ “ “ ''««! 

.h.'i::::t:,tei «>■»». e,., .o 

-My, aud 0 , the dmd S.spS.Xlri^ Lr.11el 

These conditions are necessnrv ar,ri ixi • 
equilibrium, whatever be tl>e 7 conditions of 

body is floating ll it be bet the 

be looked upon as following must 

rounding fluid • in 0^1 J the sur- 

same kind as, and continuous wilh th“b'^ 

density, in which the particles of the*" uniform 

sarily arranged. ^ ^ ^ surrounding fluid are neces- 

its w^ght'CilfbTeqlTto^^^^ immersed, 

with the weight of the air displ'fced^ 

r.sir r ir “r f 

«P« it. ow, weight, aud upou thim’ .111111 
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bqui.:brium o. a i^^oatino boby . 

^ay bo further explained by 

” :/”;9 ? 

pressure. 

45 W. »o» p..».<l <" i"—*' ‘'‘“ -'"’“f “ °‘ ““ “'”™ 

JLl,a,L»... - 

„f:s'.w" :r.».~ «.•« ■■ •- 

position of equilibrium. generating parabola, h its height, and 

Taking 4o as the latus rectun g the portion 

. the depth of its vertex ,„a if P, u he the densities of 

irrA.";-oh -i.««' “ 

Q.2nah^=a.2nax'‘i 

-'*■ 

satisfied. 

• ,7 tn and the positions of equilibrium of a square 
► Exaiuple 2. It ts required to fi ^ P acnstfi/. 

lamina floating with its plane uer i , « g^tisfied if the lamina float half 

The conditions of equilibrium a diagonal vertical, 

or with two sides vertical. 

To examine whether there is any 
other position of equihbrium let the 
lamina bo held with the lino DOC m the 
surface, in which case the flrst condition 

is satisfied. , -x o 

But, if the angle COA^O, and if 2a 
be the side of the square, the moment 
about 0 of the fluid pressure, which is 
the same as the difference between the 
moments of the rectangle AK, and of 
twice the triangle GBD, is proportional to 




or to 


2o». io sin 0-0* tan 0 • J(o see 0+o cos 0), 

sin 6(1—tan* 6)» 


and this vanishes only when 0=0 or Jn. 

Hence there is no other position of equilibrium. 
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‘""“W «.Ml a. 

‘‘ ‘ '■>' • p'... i,. 

P^is the line of flotation and H the centre 
of gravity of the Hquid displaced. When 
there is equihbrium the area APQ is to ABC 
in the ratio of the density of the prism to the 
density of the liquid, and therefore for all 
possible positions of PQ the area APQ is 
constant; hence PQ always touches, at its 
middle point, an hyperbola of which AB, AC 
are the asjunptotes. 

Also HO must be perpendicular to PQ, 
and therefore since 

AH:HB=AO:OF, 

FE must be perpendicular to PQ, that is 
PE is the normal at E to the hyperbola! 

The problem is therefore reduced to that of 
dra\mg normals from F to the curve. 

be the equation of the curve referred to AB, AC as axes, and let 

BAC^e, AB= 2 a, AC= 2 b 

^ yco8 0—ar 

^cos 

And if this pass through F, the co-ordinates of which are a, 6, 

(b~y){x cos e-y)=(a~x}(y cos 0 ~x}, 

cos 6 )x=y^-(a cos 0 +b)y’. 

tangentsT wMch 111 be'hnestfto7aL'“ “'o 

.»a. XtLZ 'e ^ ‘PP-w- 

To find Xy we have 

^'-(a+b cos e)x^+[a cos 6 +b)c-x-c '=0 

“SSSiStr f”- ™“' 

area PAQ pnsm be q and a, we have, since the 

= iA.P. AQ sin 6=2xy sin 0=20® sin Q, 

2ec2sin0=2oraf>sin0, 
from which c is determined. ^ 


or 
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... Ki... -» - 

^4_c<_n(l-fcosO)(*’-c'x)=0 ; 

...... rr " 

obvious position of equilibrium, and also 

i„..L p.- ...1“• 

a cos® ^0>c ; 

and since ec'=(raS this is equivalent to 

COS* 10 > 

46 If a solid float under constraint, the conditions of equi- 
libriL depend on the nature of the constraining circumstances 
i in aty case the resultant of the constraining forces runs act 
in a vertical direction, since the other forces, the weight of 

hndv and the fluid pressure, are vertical. 

K for instance one point of a solid be fixed, the conMmn o 
equilibrium is that the weight of the body and the weight of the 
fliid displaced should have equal moments about the ’ 

this condition being satisfied, the solid ^vill be at rest, and the 
stress on the fixed point will be the difference of the two weighte. 

As an additional illustration, consider the case of a solid floating 
in water and supported by a string fastened to a a^ove the 

surface • in the position of equilibrium the string will be vertical 
and th^ tension'^of the string, together with the resultant Amd 
pressure, which is equal to the weight of the displaced flmd, wi 
Lunterbalance the weight of the body; the tension is thereto e 
equal to the difference of the weights, and the weights are inversely 
in the ratio of the distances of their lines of action from the line of 
the string, these three lines being in the same vertical plane. 

47. For subsequent investigations, the following geometrical 

propositions will be found important. 

If a solid be cut by a plane, and this plane be made to turn through 

a very small angle about a straight line in itself, the volume cut off 

will remain the same, provided the straight line pass through t e 

centroid of the area of the plane section. 

To prove this, consider a right cylinder of any kind cut by 

a plane making with its base an angle 6. 

Let z be the distance from the base of the centroid of the section 
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/ X 

/ ^ 

V / 



.r'- 


V t 

J ■ ) 


A, SA an element of the arpn nf i.- 

between the planes. Then ^ ^ volume 

. PN) ^ 

'a * 

.. A cos 0z=2^(SA cos 0 . PiV)= F 
^=^(aTea of base). 

Now the centroid of the arpp >4 io «i ai. 
made by planes passing through it a' nrly bTs 

the sections on the base of the cylinder; it follows 

therefore, that z being the same for all such 
sections, the volumes cut off are the same 

In the case of any solid, if the cutting plane 

be turned through a very small angle about the 

centroid of its section, the surface near the curves 

of section may be considered, without sensible 

error cylmdrmal and the above proposition is 
therefore established. 

In other words, the difference between the 
volime lost and the volume gained by the chancre 

“...d S “Z' ““““'r •»*ll com. 

48. Definitions, If a body flont i‘n « u 

pi™ i. ,bich .be b.a,, “b; rsr:,‘;r?' 

IS the plane of flotation. ^ surtace of the hqmd 

..nte 01 to™;"* ““ »' •*“ “’“O ■'“Plcced, is tie 

^llfpld^rerei™:, a ™‘r 

si? 

In other w2 the t! / f 

of flotation, and af he ® ^-^ce 

buoyancy, are paraUel to onraTother 
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48 kq,«JILibrii;>i 

T.„,p.>.» “5 

into the position aCh, the volumes of the ^Nedg 



Let G and G' be the centroids of these wedges. 

In GH produced take a point E such that 

eh ; HG :; Volume .4Ca : Volume aDB. 

Join EG' and take //' such that 

Eir : H'G' ;: Volume BCb : Volume aDB, 

then H' is the centroid of aDb ; 

EH : HG :: EH' :HG, 

definitely diminished, Ann- 

HH' is parallel to ALB , 
and HH' is a tangent at H to the locus of H 

H is parallel to the plane ACB. 

50. lie of «/ • «!/ “2, 

p J. « b.i.g P».ne. .0 tb. PU«. ol ao«>o«, bonzonUl, 

wrcotditiir of equilibrium are then satisfied, and a 

^“trp"!:: w "upg»dc—g .o. p»i. 
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tions of equilibrium of a heavy body, bounded by the surface of 
buoyancy, resting on a horizontal plane. 


51. Particular cases of curves of buoyancy. 

For a triangular prism, as in Art. 45, the curve of flotation is 

the envelope of PQ, which is an hyperbola having AB, AC for 

asymptotes; and, since AH=IAE, the curve of buoyancy is a 
similar hyperbola. 

If the body be a plane lamina bounded by a parabola, the curves 
of flotation and buoyancy are equal parabolas. 


If the boundary be an elliptic arc, the 
and similarly situated concentric ellipses. 

If the immersed portion of a lamina 
(or prism) be a rectangle, the curve 
of flotation is clearly a single point; 
and the curve of buoyancy is a 
parabola. 

To prove the last statement, let H, IP 
be positions of the centroid corresponding 
to the positions ACB, A'CB' of the line 
of flotation. 

Then, if AC=CB=a, BB'=^, CH=c, 

and ^S=the area cut of[, 


curves are arcs of similar 



2a 


2a\ 


Sy=S . 


and 


Sx=S. HN 

Sy^=-^a^x. 




In the case of Ex. (2), Art. 45, S=:2a'^, and the curve of buoyancy 
is the parabola, 3y^=2ax. 

The radius of curvature at the vertex, H, of this parabola is \a, 
which is less than HG. 

Hence it will be seen that three normals can be drawn to the 
curve of buoyancy, giving the three positions of equilibrium. 

52. In the case of a right circular cone floating with its vertex 
beneath the surface, the surfaces of flotation and buoyancy are 
hyperboloids of revolution. 
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50 equMBRIDAI of a - 

1 APTi the maior axis of a section, 

If y is tLe vertex 01 the J 1 ^ 

and I A'11-1-n.encl.cular upon 

yVK . y^AB . {AV . BV sm^ a}*. 


yii\AB=VA . FA sin 2a, 


1/ A R ' tllPTcforC^ til© VO 1 UIH 6 
each expression being J f .IB is constant, 

being constant, it ollows tlia therefore a 

Tlie locus of C'Mie three-fourths of FC, the 

surface of buoyancy is a similar hyperboloid. 

« Surfaces of buoyancy and flotation for an ellipsoid. 

If the ellipsoid have the sphere ! 

2 =cC reduce the pro ellipsoid, V/ahe denotes the cor- 

.„d a I dmol. u» “"'“i'j, itol ita pi™ '•ttk "« *“• 

:r fri"—•< '■ ““ 

\{\-x')dx=V labc, 

J^(l-rP( 2 -Pr)=r/a 6 c. 

L the centroid of the volume cut off lies on a sphere of radius A. where 

Rj\{l-x‘)dx= nx(\-x^)dx 

J?=|(l-Pr)V(2+rt. 

Returning to the original problem, we see that the surface of flotation is a 

Bimilar eUipsoid of semiaxes ra, rb, rc, where 

(1—r)2(2+r)=3yA'ra6c . • • • V / 

.„d , 1 . .u,™ «■ fPJ-J 1 * 

Fc, where j(l+r)V(2-t-r) . • • • 1^) 

Similar results hold good for a hyperboloid of two sheets. 

54. EUiptic Paraboloid. 

Tu.»»«. bd d.d.o.d .b. «u„. ■“ XXlto 

d...... .bd«»;«..d b.o,„d, ™ d,.,a 

“rid sirr........ d..™ .b... 

given paraboloid are the limiting values of c(l-r) and c(l-JJ). 

But from Art. 53 (1), we see that 

c*(l—r)*—^2-[-r)7ia6 JiVaj3’ 


or 
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a 


so that the intercept on the axis between the given paraboloid and the surface 
of flotation is y, where 

Similarly, from Art. 53 (2), 

C(W^) 

’ 4(2+r) 

thus determining the corresponding intercept for the surface of buoyancy. 

55. Cylinder of any section. 

The surface of flotation is a point on the line of centroids Oz, given by Ac=V 
where A is the cross-section and V the volume 
immersed. 

Let z=lx-\-my-\-c be the equation of the 
cutting plane, the origin being in the base. 

The co-ordinates (5, y, z) of the centre of 
buoyancy are given by 

Vx=jjzzd<i:dy integrated over the base 
= JJa:( c + fa: + my)dxdy 
=al-\-hm. 

Similarly 

^y—Wy^^dy 
=hl-\-hm; 

Vz= iJfz^dxdy 


and 



where 


a~ffz^dzdy, /t=Jfxydzdy, b=f[y^dzdy. 


aJ. aTd"*^ - -es of . and y, we have 

Vz=al, Vy=bm, F(z-Jc)= 

Therefore the equation of the surface of buoyancy is 

y* 2z~c 
a‘^b~' V ‘ 


examples 

con^;ctraUhrertl:st;rd"lhf * "T “gH 

base of a vessel • wX i, tCfn f horizontal 

tude of the upper cone be treb“eSrof the°l ’’i®''”"' 

the spindle four-sevenths that of the water iwm cfnnjnon density of 

when the water reaches to the level of itl upper eld 

ssrHES" - —- 

^ Sf.s "t 
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, f i - • to the surface ; show that the weight of the 

r ;r s„,„».0.,.,...... 

: : 4%/2—5 : iW'^- 

4 . A solid cone is ’I'''” *'"°thrvcrtex‘^; "thrsystem teing placed in 

the pads are connected hy ^show that, if it Boat w th- 

watcr trUh its the lenK**^ °f immersed is greater than 

out separation 01 tlic p , ^ . ^^rtical angle. 

, a, A being the neight of f- oi^e a 

L i- •;» •"'■•“ ‘ r”" “■“ 

is 4/7 of the height of the cyhnde. ^ eylindrical basin of water. 

^nd's hftXSoTt;"^^^^ " 

]V(ll— )♦ 

, ^ 71 „ +up rlenth of the vertox below the sur- 

toto.d,.pl..«i ky ^ 

7. If a given quantity of^ . , “, jex downwards, the square of 

«' ““ *■'" ■” 

proportional to the latus rectum. 

base.- i!V« with its'int slrilmir^afIn^ liquid gr^Xr density, 
totanct rbTneMh tl^slffLe o^THq^d I'lT^Jfth its base 

just out of the liquid if ,n, Ml 

<Tc‘ cos= a cos e=gh' [cos (0-a) cos (0 + a)]!. 
where o and p are the densities of the liquid and cone, and 0 is given by the 

eauation c COS a=A COS (0+a). 

10. A right circular cylinder. Hg" 

liquid, the density o w^mh varies as I ^ 

P -f r:s. «;■ A’.'-” P 

- P -I- “ »“ «■ 

axis of the cone. . ,. 

11 A solid cone, of height A, vertical angle 2a, and density p, 

prove that ^ 0=5gA* {cos (6 +a) cos (0— a)}i. 

12 A hollow paraboloidal vessel floats in water >vith a heavy sphere lying 
in i There being an opening at the vertex, the water occupies the whole of 

he space between^he vessel and the sphere. If the P^ffat 

sphere be equal to half the weight of the water which would fill it, show that 
tL depth ot the centre of the sphere below the surface of the water is 4a /3c, 
where t is thelatus rectum of the paraboloid, and c the distance of the plane 

of contact from tho vertex. 
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13. A right-angled triangular prism doats in a fluid of whioh flip 

varies as the depth the right angle immersed and the edges homonU^ 
show that the curve of buoyancy is of the form ^ Aiuu^uniai, 

sin^ 6 cos^ 6~c^. 

14 A life-belt in the form of an anchor-ring generated by a circle of radius 

a floats m water with its equatorial plane horizontal; show that r the dei th 
immersed, is given by the equations acjitu 

2=a(l—cos ^), 

2jis={2p~sm 2P ); 

where 5 is the specific gravity of the material of the belt. 

15. An indefinitely small piece of ice, the shape of which mav ho f.i * 

be that of a right circular cyhnder, is floating in water with its axis a" 

The part immersed receives deposits of ice in such a manner as to cent, ue 
cylindrical, the radius and axis recei\nnfy pm.Qi ;_ ^ - eunimuo 

Find the ultimate shape of the part not immersed 

St f™’” ■*■"*“ " <«■■« ky .u. 

Te. A solid bounded by the planes j:= ±a, «= and r-c fl t • 

water with the base z=0 wholly immersed. Show that for dispLcments uch 
that the volume F immersed remains constant and the base is enri eW unTe 

r» »■"" "»•»"“»« »i Ki" 

* A . _ 

1 
3' 

t cross-section of any shape floats with a 

length 2c of its axis immersed when the axis is vertical. Prove that the 
equation of the surface of buoyancy is a:VoHyV6^=c/c; where the origin is 
taken at the middle point of the portion of the axis immersed for the upright 
position, the axis of z is vertically upwards, and the axes of ar, y parallel to the 
principal axes of moments of inertia of the plane of flotation for the upright 

position through its centre of gravity, and b, a are the radii of gyration fm 
those axes of the plane of flotation. fej'-iuon lor 


^ Sabz 
3F 




CHArTER V 

the STABIJ.1TY OE THE EQmLIBRHBI OF 

floating bodies 

nr 1 ndv be displaced it 'will in general 

s <0, t...t d„ec.i,n o. 

displacement. nknUcemcnt; it is clear that, if 

C„n.kl.. tet . Tuomog.«»»s add, .. 

the body be floating par u y partially in a heterogeneous 

be immersed, either wholly or parLalty 

a„id o< ...,e —=d^tS Id »; tae 

Will increase the tendency of the 

an elevation will diminu , position of rest, and 

fluid pressure is to vertical displacements, 

the equilibrium is stable wi o ^ 

and angular changea in t e supposed to be the case, the 

" rS: rr oV: rr: 

dency to raise or depress the centre of mass of the body. 

VI A solid floating at rest in a homogeneous hqmd ts made 
u. t ; 1 « / ’a^la« a../. - « yAen rertieal vla^. ; to « 
JZI Z/aid pressure mill t.rd to restore U to ^ts or.grnal pomUon 

or not. 


64 




CH. V, 66-67] EQUILIBRIUM OF A FLOATING BODY 55 

Suppose that the body is turned through a small an^le d about 

an axis Oy in the plane of flotation AOB ; Oy being at right angles to 
the plane of the paper, Ox ° 

in the plane of flotation 
and Oz vertical in the 
original position ; and as 
the body is turned let the 
axes be carried with it. 

If dxdy denotes an 
element of area on the 
plane of flotation AOB, 
the volume of an ele¬ 
mentary column PQ is 

My, where 2; denotes the length PQ. In the displaced position 

the length of the corresponding column P'Q is z+xdand its volume 

is (zpxe)dxdy. Hence the volume V of liquid displaced will be 
the same in both cases if 

Mz+x9)dxdy=V ^llzdxdy, 

where the integrations are over the section of the body made bv 
the plane of flotation in the original position. 

This reduces to llxdxdy=Q, which means that the centre of 

gravity of the surface section must lie on Oy, as was i)roved in 
Art. 47. 

Assume that this condition is satisfied. In the original position 

the centre of gravity G and centre of buoyancy H are in the same 

vertical, and we may denote the co-ordinates of the latter by {x, y, z) 

and note that G will have the same [x, y). In the displaced position 

there is a new centre of buoyancy H' whose co-ordinates referred 
to the original axes are y\ 2'), 

Vx=l\xzdxdy, Vy=ilyzdxdy, Vz^^SjizMy. 

These integrals being written down by taking the elementary 

column PQ of volume zdxdy with its centre of gravity at the middle 
point of its length. 

• poshion the corresponding elementary column 

IS P Q of length z+xd ; its centre of gravity is at a distance liz+xd) 

from F, and therefore at a distance from P, so that we 

have 

=!jx[z-{’xd)dxdy, yy' ~lly{z-\-xO)dxdy, 
y^' = —xd}{z -\-x6)dxdy. 
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and opposite paralle orce buoyancy vertically up- 

dowmvards tLrougli ^ couple and the plane of 

wards tlirough // . ’ , rotation if, and 

this couple will be at ng i ang perpendicular to 

only if, tlie points (r, U are lu ^ 

Oy, i.e. if y =9’ 


or 


This reduces to . . i • 

„,,e„ ..»s«... tu. 

of inertia of the section of the is satisfied the 

vertical through W intersects the line 
UG in a point ili called the meta¬ 
centre. The couple acting on the body 
is ir GMd, and it tends to restore the 
body to its former position or to in¬ 
crease the displacement according as M 

is above or below G. 

Also, we have HM . e=HH’=x -x 

Ojix^dxdy 

= V ‘ 

mu f o NM-Ak'^IV where Ak^ denotes the moment of inertia 

I. .trbod, made by .be pU.e o. do.e.i.b about 

‘'■'^btc'ou'pttudi.b *0 

gp9V(HM-HG)=^gp6{Ak^-'^ ■ HG). 

58 Since there are two principal axes through the centre of 
gravity of the surface section of the body with ^ 

LmeL of inertia I. and 7. it follows 
either of these axes would set up a couple n the ^ 

placement tending to restore eqmlibrium if ^ 

< IJV. Hence these conditions are necessary for stability o 

equilibrium. 


jjy(z-j-x9)dxdy=iiy^^<^y' 

jjxydxdy=Oy 
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59. Work done in producing a displacement. Wlien tlie 
body has been displaced through a .small angle 6 about either 
principal axis through the centre of gravity of the surface section, 
the couple acting on the body is 

gp{Ak^~V. HG)e. 

Consequently the work that would have to be done by external 
agency in order to increase 0 by a small amount dO is 

gp{Ak^-V. HG)ed6, 

and, by integration, it follows that the work done in producing the 
angular displacement 9 is 

lgp{AB-V. HG)e\ 


60. Sufficiency of the conditions for stability. A small rotation 
about any axis in the plane of flotation through the centre 
of gravity of the water-section may be regarded as compounded of 
rotations dj, 9^ about the principal axes of the section. Each of 
these separately sets up a restoring couple, and the total work that 
would have to be done by external agency, or the gain in potential 
energy, in producing the displacement is * 

igp(Ii-V . ffG)9,^+yp(I^-V . HG)9,\ 

\Vhence it follows that the conditions HG < IJV and also <7/7 

are sufficient to ensure stability for displacements which do Lt 
alter the volume of liquid displaced. 


61. The question of stability may also be treated somewhat 
dmerently. 

Deling a melacentre as the point of intersection with the 
line HGoi the vertical line through the new centre of buoyancy 
after a slight displacement, we are led to the following theorem : 

A metacentre is a centre of curvature of the surface of buoyancy 
at the point in the same vertical line with G. 

This is at once obvious from the fact that the point M is the 
poi^ of intersection of consecutive normals to the surface. 

Hence it appears that for any displacement, consistent with the 

conditions for the existence of a metacentre, the direction of the 

uid pressure is always a vertical tangent to the evolute of the curve 
Of buoyancy. 


conto a" W "sTirJ” " displacement of this kind does not 

m a term may be proved as in Art. 66 foUowing. 


5 



fOHAP. ▼ 

metacentre 

ob 

»S'?-. - - -.tirj;.'..-;’-.’.-! 

L~a vIryTon" vessel, su^h as an Atlantic “ Uner,” it may be 



1 the ship can be divided symmetrically by a plane 

assumed that tl P the ship has two vertical 

.n,. ;o„»e,„c„«y .he ve«,c., hne HO p.ss«, 

The t^uTlo di^Slrthe cmverof buoyancy symme¬ 
trica^ ami the point // is a point of maximum or mimm^ 
f* Tn the first of these two cases the cusp of the 

Tolut?; pointed downwards ; in the second case it is pointed 

""^Thffigures at once show the effects of displacement 

In thf first case the righting moment, which is the statical 

measure of stability for a given angle of 

tional to GY the perpendicular from G on the tangent PQ, 
increases with an increase in the angle of displacement. 

In the second case the righting moment increases to a maximi^ 
value, and then diminishes, vanishing for the position given by 

*^®Th?isl^potition of equilibrium, but it is of unstable equili¬ 
brium, in accordance with the general mechanical law that positions 
of stable and unstable equilibrium occur alternately. 
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If the equation to the curve of buovancv hp j • . 

form p=/(^). (? being the origin, ^ ^ 

GY=dpld^^ 

and the righting moment is 

Wdp/d<f>, 

if W be the weight of the ship. 

In general the curve of buoyancy, for moderate displacements 
IS approximately an arc of an hyperbola ; in the case of a 

sided ship, that IS of a ship with the sides vertical near the watei 
line, the curve is an arc of a parabola 

In the case of a ship, if M is the metacentre for rolling the 
product W . GM is called the sGffness of the vessel. 

63. Dupin’s Theorem. In the case ef „ .t,- a 

-«»»ofrfxt; 

tan adsjA, 

ds being an element of the perimeter, and A the area, of the water- 

ection, and a the inclination of the side of the ship to the vertical • 

the axes of x and y being the longitudinal and transverse axes’ 
of the section of the vessel by 

the plane of flotation through its 
centroid G. 

To prove this let C, C be 
neighbouring points on the trans¬ 
verse section of the surface of 
flotation, the tangent plane at O' 
making a small angle 6 with the 

water-section APQB, and let 
afqb be the projection on the 
water-section of the section of 
the ship made by this tangent 

MO. Let FQ, pq be corresponding elements, and PQ=ds, then 

area PQpq=y$ tan ads ; 

• {^)=iy^0 tan ads, 

and, since CC'=r,0, and CE=CC' ultimately, it follows that 

tan ads, 


B 
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. . • t,v 0 DuT)in, iu a memoir presented to 

an expression first given )> - I ^ corresponding expression 

i*.i • 

-a s.o.io» o. the 

of buoyancy ; we know that ^ 

r=y and 

these quantities : 


rr=jp=«'+T^,-. .71/ 


I' m 


(iV ’ 

A o' paper is givo. >>7 f 

the Froceedmgs, tor io(o, oj u 
tution of 

Messe>,ger of Mathemaltcs, March 1872. 
The following is the first of the two 
W proofs which are given; it is retained 
here for its historic interest, but a more 
rigorous treatment is given in Art. 67 

following. 

Taking a section parallel to the water- 

section, and at a distance dz from it, 

dV=Adz. 

Let avnb be the projection of this new section upon the water- 
,.cin;”Ln i/«.e «' i.e.t.a of the „ee between 

apqb and APQB ■, , 2 :fdz . tan ads. 



and 


Hence 


- = J 1/2 tan ads. 
dz 

di 


1 di 

r, = -: 


^-Adz'dV^ 

di f V ^ ^ 

dv'V'^ dV\Y)' 

dr 


=r+V 


dr 


or 
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65. Surface of buoyancy in general. 

Let the origin be taken in the vertical through the centroid of 
the original water-line section. Then if 2 =--c hp i 

the plane in the slightly displaced position will be 

where I, m are small. ^=^+^^+^2/ 

If K 2 / 0 , zo) and (x, y, z) denote the co-ordinates of the centre 
of buoyancy in the two positions “ 

V(x — Xg) =ff (z— c)xdxdy=^ al+hm, 

^iy-yo)=SS (z - c)ydxdy=hl+hm, 

I'Cz-Zo) =/J-| {z^~d^)dxdy= 1 {aP-+21ihn + h 7 n\ 

where a=l\xHxdy, h=l\xydxdy, b=SSyZdxdy 

Hence 2iz-Zg)=l(x~Xg)+n>(7j-yg) 

is the approximate form of surface of buoyancy. Jf the original 

axes of a: and y are principal axes of the plane section, then 7^=0 

and if the origm be now moved to the centre of buoyancy in the 
first position, the surface becomes ^ 

2z=Vx'^la+Vif!b. 

If we now define the metacentres as the centres of curvature of 

the principal normal sections of the surface of buoyancy, the heights 

of the metacentres above the centre of buoyancy are the priS I 
radii of curvature ajV or bjV. J x i-nc princ^ial 

66. Condition for stability. 

is Jvt * I”»‘ (». 9. s) 
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JLJ — — * 

H.W h, A... 50 th. posHio™ o. "7 

of a heav7 body bounded by ^ the centre of 

ml be a mieim.m. TM. ,e,»e. that 

, 1 ^ nr the centre of gravity must be 

5 should be less than y and y or the centre g 

below both metacentres. 

67. Suiiace oi Flotation. f ®°7n“reased by a small 

Suppose that the from the second position 

amount 8F by depressing the solid 

u i; are the co-ordinates of the centre of gravity of the 
.bi. i. of volume Sr, ei.c. ul+ta-Aiffemuee of .-mom.uls 
volume displaced, therefore by Art. 6o, 

;Sa+w8A=|S7. 

Simflarly ,8F-lS»+«8b; 

^S7=t^(Z2Sa+2h»S/i-f?H25&). 

1 xT 1 c r.f the slice is diminished the point 
„ % ‘1* I'ctcU. mi.b .he com«.po„di»g pom. o. tb. 
itlel flotation, U the oeuttoM of the «at.,-hne me*. 

Hence on the surface of flotation we ave 

x' . dV=Wa+mdh 
y '. dV=-ldh+mdb 
t! . dV=l(l-da+2hndh+mHb), 

and its equation is 

o.t - _ {x'^db-2x'y'dliW^)- 

-dadb-(dhf 

In the special case in which dh==0, this becomes 

dd 1 

and the radii of curvature of the surface of flotation are ^ an 


dV 


as in Art. C4. 


We observe that the principal axes of two parallel sections of 
the Jolid are not necessarily parallel, so that .=0 does not irn^ 
that dhldV^O. The results of Art. 64 are thus seen to be true 
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only in the cases there implied in which there are vertical planes 
of symmetry which contain all principal axes of horiEontal secdons.* 

cente determination of the meta- 

“"'A a.is 

In this case the plane of flotation is a circular area, and 

Ak^=^\7ia ^; 

therefore, if h' be the length of the axis immersed, 

naW . HM=\7ia^^ or UM=a^l^h\ 
and the equilibrium is stable if 

^ h k' 

4A'^2~2‘ 

_ Example 2 A cylinder floating with its axis horizontal and in the surface 
IS displaced in the vertical plane through the axis. surface 

The plane of flotation is a rectangle, and 
A being the length of the cylinder, and a its radius ; 


and the equilibrium is stable, if 


TJUr 1 A* 

—; 
o na 

1_ A* 4a 
3 Tea ^ 


A > 2o. 

* Srth‘ f 

Let A be the length of the axis, 

z the portion of the axis immersed, 

2a the vertical angle of the cone. 
^A*=j7r24tan‘ a, 
y = Inz^ tan^ a ; 
tan* a; 

HG=ih-lz, 

and therefore the equiUbrium is stable or unstable, according as 

z tan* a >or< A—z, 
or 

2:>or<Acos* a. 

But if p, a be the densities of the fluid and cone, 



:s:Lsr “ “• '••• 
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64 

therefore the equilibrium is stable or urrstable as 

- >or< C03* CL 

B.,.™ .. A. - «• “■ — 

.«.b. •< 

■'^ru,••■" ” “ 

page 45. . aud y are given by the equations 
^ a;_|-y=2acos* *0, 

xy=c^’ 

TU. ol « -“V “ “ " 

2a, la, and lx, ly, 

uG^M-xY+(a-yf+n<i-^)(<^-y')'^°^ 

= 4 { 2 :“+y^+ 2 xy cos 0 - 2 a(l+cos 0)(2:+’/)+2oHl+co3 0)}, 
irom rvbiob.''by means of tbe above equations, we obtain 

H(J=-sin J0(a* co 340 -c*)‘- 

Tbe area PAQ^2c^ sin 0, and if M be the metaeentre. and f tbe length of 
tbe prism. 2;c4 sin 0 . • *. 

PQ^ 


But 


24^n 0' 
pQ>=4(i’+y’-22:y cos 0) 

= 16 eos> J0(o4 cos’J0-c>): 


and 
i.e. if 


cos’ J0(a’ cos’ i0-c’)!/c’ sin’ i0. 

o 

UM> IlG, if c* sin- J0<cos’» J0(a* cos* J0-c*). 

cos* J0>c/a. 

Next, consider the case in which the base is horizontal, and PQ therefore 

parallel to BC. 

The area PAQ=2c^ sin 0, 

AP=AQ-=2c, and PQ=4csm JO. 

Hence, //il/=^c8in’ P/cos |0, and HG=|o-c)co3 ^0, 

HM> no if cos’ |0<c/o. 

Now in the Art. before referred to. we have shown that there are three 

positions of equilibrium, or one only, according as 

COS* J0>or<c/a. 

Hence it follows, that when there are three positions of equilibrium, the 

intermediate one, in which CB is horizontal, 

librium, while in the other two positions the equihbnum stable. 
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1. .."bt” ” ». .,.ilibn.,b. 

It Will be a useful exercise for the student to 
vestigating the equation to the curve of buoyancy andT/*’"'’ 

position of its centre of curvature. ^ ^ determining the 

69 Me dlsptaeemente, U . . 

breed through any g„.„ aegle from it. J 

then, as before, the moment of the fluid pressure is rJ V ' 
not aceotdieg a. the point L at whieh th. vertical thtonglTh'™” 

» —"I 

It is not to be inferred that if L is nbnv*. +i, n i 

set free return to its original position and ofc’illat?rhrmM! il’'^ 
even that the original position is one of stable equilibrium"’ 7 
mg to our previous deflnition of stability • it is s “cord- 

mechanics that positions of stable and unstable eaufrr"'^ 
alternately, and the body may have beenrol ' erfr^^^'^^^^ 
position through other positions of equilibrium. 

As a particular example take the following. 

A solid cone, floating with its axis vertical and vertex dnum, j • 
through an angle 6 in a vertical plane, <Jownu,ards, is turned 

the volume of fluid displaced remaining 

the same ; to determine the direction of 

the moment of the fluid pres^re. 

Let AB be the major axis of the 

elliptic section made by the surface 

plane of the fluid, C its middle point, 

Aa, Bb, Cc lines at right angles to AB, 

and let the angle AVB^2a and 

VA=d, Then 

VAa=d—a, 


and 


VBb=7i—d—a. 


Vc=\(ra+Vb)J . 

^ I sin 0 

■ I (d—g) sin (0+a) 1 
cos (04-a) 6*in0 j 

dcos 0 



cos ( 04 -a)’ 


VL=~d 


cos 0 


4 cos ( 04 -a)' 


C6 
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.. .h. .".p- ^0 » . .»• P->P“— ““ 

pjlw.,. toi» J »"" «■' *”• 

jt Rina sin 2a 

= 2'^“cmT 0+^‘ \.co3(0 + a)J 

therefore the volume of the fluid displaced 

= 5 f/co 3 { 0 -a). (area of ellipse) 

[COS (0—c[)\^ 

\cos (0+a)J 

Henee if o. be the densities of the fluid and the cone, since the weight 
of t^ fluid displaced is equal to that of the cone, we have 

(a, 

Q »_//) I I 


= \nd} sin® a cos a 


or 


I —/I 

Qd^ sin= a cos «\c-^i 7 o+^)) 

’ a (cos (0 + a)\ 1_^ 

‘ =e\cos(0-a)/ cos’a 



And VL > VG if 


or if 


cos 0 , 

^cos(0-\-a} 

,la cosacos(0+a) /cosj^))» 

--\cos{0 + a)/ • 


- > 
Q 


cos 0 


let 


Supposing 0 indefinitely small, we obtain the condition of stability for an 
infinitesimal displacement, 

^- > cos* a ; as before. Ex. 3, Art. 68. 

Lot the equilihrinn! of the cone be neutral for small displacements, that is. 

(T=p COS* a, 

V , t fhe action of the fluid wll tend to restore 

then, after a finite displacement, the action oi 

the cone to its original position, if 

cos a . cos 0 > Vicos (0+a) • cos (0-a)}, 

bo characterised as stable for any finite displacement. 

70 Wlien liquid is contained in a vessel, tvhicli is slightly dis- 

toblcm in tact in this o»s. ss in the previous on., is the 

“Teiven voinme, the centroid oi which is H is cut Ir.rn . ^ 
JBC by . picne, .nd the line CH is perpend,oui.i to the pl.n., 



69 - 71 ] 


VESSEL CONTAINING LIQUID 


67 

the same volume being cut o0 by a plane making a very .mall 
angle wrth the plane AB, to determine the position of the strath 
Ime perpendicular to the second plane, and passing through the 

centroid of the volume cut off by it. ^ ^ ™ 

If the interior smface of the vessel is symmetrical with respect 

to the plane through // perpendicular to the line of intersection oJ 

the two plan(«, the line whose position is required will intersect 

Off in a point M the n^etacentre, the position of which is dete 
mined by our previous results. 

liquid. A hollow vessel contamng liquid 
floats in liquid; required to deter- ^ ’ 

mirw. the nature of the equilibrium, 
supposing that the body is sym¬ 
metrical with respect to the vertical 
plane of displacement through its 
centre of mass, and that the centres 
of mass of the body and of the liquid 
are in the same vertical line. 

Let M be the metacentre for 
the displaced fluid, and M' for the 
contained fluid, W, W, the weights 

of the displaced and contained 
fluid.* 

Taking moments about G, the centre of mass of the vessel the 

resultant flmd pressures will tend to restore equilibrium, or’ the 
reverse, according as 'i j oi tne 

W .GM~W\G]\r 



is positive or negative, i.e, as 


W 


GM' 




Example. 

vertical. 


A hollow cone containing water floats in water with its axis 


Let h 
h': 
z- 


=the length of the axis of the cone, 

the length of the axis in the contained fluid, 

^the length beneath the surface of the external fluid 


of a'leaS ^4.' pitching 
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Taking 2a aa the vertical angle of the cone, we have 

HM^iz tan* a. 
HG=lh-lz-, 

, or 

G3/=.52 8ec* a—ih» 
G3r=P'sec*a-p. 

Similarly 

IL-- ■ 


also 


therefore the equilibrium is stable if 

z \3 9/i' s ec* a—Sh 

k') ^ Ozsec* a—8A* 

z being given by the equation . , . , 

Ig__ W'^loQTt tan* a( 2 ^-^'^)=weigbt of cone. 

72 In tire case in which the centres of mass of the contained 
1 i the displaced fluid are not in the same vertical, suppose the 

srrofmi,^^^ 

“ S ae centre of mess of the bod,, H of the fl.id di.pl.ced 
^ H' of the contained fluid, and 

M, M\ the metacentres. 

' Also let G'NW be horizontal 

in the position of equilibrium, 

and GLV the horizontal line 

through G in the displaced 

position. 

Then TF, having the 
same meanings as before, and 

e being the angle of displacement, the equilibrium is stable or 
unstable, as ^ _GL> ox <W .GL' , 

or W{GN cos e+MN sin 0) > or < W‘(GN' cos e+M'N' sin 0), 

]y,GN=\r.GN\ 



i.e. since 


as 


TV M'N' 

—> or <-rrvr* 

\y' MN 


73. Constraints. Stability of the equilibrium of bodies floating 

""""^Si^idrtbe case in which a body is free to turn about a hori- 
zonXis fixed at a depth /f. Draw GO at nght angles to the 
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N'N 


axis, and, if the centre of buoyancy is not in fhp i ^ 

through <30, let H be ite jroieo.J . . ve 'J ! ^ 

C, L, N be the projections on the ^ 

plane of flotation of 0, G, H. _ _ ^ at-at 

Take an axis of y through C 1 

parallel to the axis of rotation 

and CLN as axis of x. Then if 

the body turns through a small 

angle 6 about the given axis so o L 

that G, H are displaced to G', H\ ^ 

the vertical displacement of C is ^ 

of order 6^, and it is easy to see \ \ 

that the restorative moment due ' 

to the change in the displaced ^ " 

liquid is correct to the first power of 0; where Ak^ is the 

moment of inertia of the surface section about Cy. Also the loss 
of moment due to the displacement of //is 

gpV . NN'=^gpV. HH' sin N'H'N=gpV(HN-h)e. 

Siimlarly there is a loss of moment of the weight of the body due 

to the displacement of G of amount W(GL-h)e. ^ 

Hence the condition for stability is that 

9pAk^-gpV(HN-h)-{-W(GL~h)e 

must be positive, with the condition 

W -CL^gpV .ON. 

Cor If a body, floating freely in homogeneous liquid has a 
plane o symmetry and is turned through a small angle I about 

Sn u : of inertia of the surface 

section about its intersection with the plane of symmetry. 

liguL 

of »' ““p+o- •!.« 

r rz:^:r7f 

oUheTod forces which support the'weight 

>up,«srf JiTuplri?*’ “““ f'' 


TWO liquids 
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Tike the case in which the body is symmetrical with regard to 

a vertical plane perpendicular to the plane of displacement s 

the centroids. G. H, H', of the body and of the masses pV, p 

../Si.! axis i the Jahe .1 tie ."«! — 

about G of the forces tending to -«tore equi ibnum is 

gp{Ak^-V . IlG)9+gp(A'k ^-V . H G) 6, 

or gpV .GM .e+gpV .GM' .6, 

in which the positive direction of GM, GM' is upwards 

The equilibrium is clearly stable if M and M are both above G , 

but if M' is below G, for stability we must have 

pV . GM>p’r . M'G, 

or p{Ak^-V . IIG)>p’(V . H'G-A'k'^). 

75. Heterogeneous liquid. 

The metacentric height in the case of heterogeneous liquid m^ 

be investigated by the method used for homogeneous liquid at the 

beginning of this chapter. Using the hgures and notation of Art 
5? let p=/(.) denote the density at depth where . is measured 
vertically. After the displacement the density at the point {x, y, z) 

of the liquid displaced is /(2+x0), or p+xe|, to the first power 
of e. The condition that the mass displaced remains constant is 

where the volume integrals are taken through the original volume 
displaced, and the surface integral over the surface section refers 
to the wedges at the surface, and p, is the value of p at the sur ace^ 
This condition will be satisfied if at all levels t.e. if the 

centroids of all horizontal sections in the original position are in 

Lain, if we suppose that the mass Mo of liquid dis^aced is con¬ 
stant, the co-ordinates of the centres of buoyancy H, H in the two 

positions are given by 

M^^\\\pxdxd„dz, M,y=\\\pydxdydz, M^^\\\pzdxdydz-, 


M^'= ^^PixWdxdy, 
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to the first order of d. 

The condition that the vertical thronal. w 
is y'=y, as in Art. 57, ^ ^ intersect IlG 


or 


\\\^^'^P\^y<lxdy=Q) 


• • ( 2 ) 

.eets hori^mal 
and (2) are bo'h satisfied itatt " (1) 

HM. e=HH'=x’~x 

the section at depth 


or, integrating by parts, 

= {p2.i2V-|^/>^(.4i=)E j 

where the sufiixes 1, 2 refer to t>io ^ i, ., 
is zero unless the body has a flat bottL “ ” ^ ^ 

An alternative method will be given in the next Article. 

denX^"^"^ a solid floating in a liquid of variable 

layers of different^de^isTtilst ^ to™ed of 
Let V rlon^f j-1, ^ Pv Pi^ • . pn in d&scending order 

..e 

in Art. 65 let 2 _c be the original water-line section, and 
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„ d-o.. tu. rl». i" * 

then we have +(p„-p„-iK}(*-*o) 

{pP,4(p.-Pi)«+(/’3-P^)*3+ ir4„_,)a„}l 

= {p]«i+(P2 Pi)®2+’ • ' 1 , 'sh 

“1, JaTe7k.tSXo,.nc, in the t«o ponitions, and <■„ i,. b. 

denote 


x^dxdy, ^^xydxdy, ^^y^dxdy 


“‘p" ::s:?r »— Md we 

M{y-yo)==Hl+Bni 


and 

where 


M^P 


,v,+\rdp 


)dv 


•1 


and 


= pdv, 

J n 


A—piO^ 


=Piai+[p«]"-j 
= Pn'^n +j^P'^®’ 


„d . id.. e.p.e.».n B, >. » 

bottom sections of the immersed ^ 

-rjrs.ru 
jrrrrr .r rr - e ju. 

becomes 2 z=MxVA+My^lB, 

and the metacentric heights are AjM and BjM. 

77. Solid floating wholly immersed. 

In this case we have similar equations, with 

M=\\dv, and .4=J"adp or (p„a„-p,a,)+\pda, 
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there being no displacement of the centrp 
immersed in homogeneous fluid. 

78. Examples. (I) Cone of semiangh a vertex downwards. 

H ^ is the distance of a section from the vertex 0, wo have 

a~lnx* tan* a, 
d/i~7u? tan* adx. 

^/jlf-/eda/Jp(fy=tan“ a\xgdvl\gdv 

~x tan^ a, 

(2) Faraholoid of Ulus rectum vertex downwards. 

“=W.*x^ .■.da=inl,‘xdx. 
dv=nl^xdx, so that da^ ^l^dv, 

. ^f^=lQd<il\Qdv=\l^, 

(3) Cylinder with axis vertical. 

Here a=constant, so that AfM=Q^^aJM. 

of energy and the subiert " principle 

''t St:: ^ 

neglecting the alUratioTiTtZ'Cdof S' *” J ’ 

caused by the insertion of the body. ^ disturbance 



.. ,hi.l a. «.. a. depth. 
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t sr 

„ Ik. a.pti, is insrcssed by . sm.ll amount ds, i. 

(p.,IS. o«s »,-p,dS. s«» djJs-lPi-r-'"!'*: 
T„„.fo.. 1 «ork aou. i. placiug tie ” “■« 1“'““ 

consideration - ' ' 


{dxdy(j'r,dz-\ndz'j^ 


( 1 ). 


JJJ , 

who,, tb. int.g,.ti.n .«as t, tie;*™ 

If the liquid be homogeueous f-gp^ and th 

M M ^ 


=gp^^^zdjc<lydz 


=9'pr2, 

where V is the volume of liquid displaced, and z the depth of its 

■S:r;;=;;ricsS;5 

apViz-l), or, when the body floats in equilibrium, gpV - H . 

80 To find the work done in turning a fioaling body through a 

the piano a«e 'onlain the centre of mass 0 J ^ 

centre of buoyancy//. Let the co-ordinates of >) 

l‘n initial position tbc potential energy due to tb. displaced 

=gpVz or Igpiiz^dxd^j. 

Turn the body about Oy through a small angle 0 and let the 
axes Ox. Oz move with the body. 

the body is at tbo level of the free surface of the liquid. 
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of its centre of mass is Hz+^e) cos t ); ther, 
the potential energy due to the displaced liquid 


therefore the increase in 
• ^ 


V « 

'i9P^ —\z^)dxdy-\-gpB xzdxdy. 

But the loss of potential energy due to displacement of the body 

-^pF(^COS sin S~i) = -lgpe^v^j^gpQy^ 

therefore the total gain in potential energy is 

m A _ _ 


■lgpe^(A¥- Vz-y Ff) 

=-hpnAk^-V. HG) . , 

tz c, »' “7 i i. its' 

dB 

jg=9pe(A¥-V. HG). 

The conditions previously obtained for the stabilitv ^ 

floating under constraint and of a bodv flnnr ^ ^ ^ 

liquid may also be found by evaluating th e rl. ^ 

as far as the second power of 9 The w t Potential energy 

editions of this book but is nnf a j earlier 

to be reproduced. ’ regarded as of sufficient importance 




POTENTIAL energy ^ 

81. PoK.,i.l »»» »'-« “ “» f‘“‘’ “ 

“ ' t"*.''!'.'™.! -.ck.»i»g «o k- a' b11. 

of h. i. a. .,dlib,i»« 

floating. denote, the weight oi lh« body. 

retTbe fc ™SL toereed in any other po.ition In thi, 

the ieoei o. - „ th.t 

ItlrtThaVbeerS a height p+ 7/21! and the work done .. 
rjf V./2B Hence ii , denote the height of the centre of gravity 
0 , tte bod, above the rero level, the whole potential energy is 

V,q+Vp+V^t2B. 

Now let y=7„+«, and let y„ be tbe depth of the centroid of 
the vlL 7„ 0 ? the body in t^e displaced positro_^^^^^^ that 
yp=Fo??o+^'^ provided that v is small, ^ / 

Then the potential energy is 

72 


yo{^+Po)+^'{^2S - b ) 


+ 


2B 


V 


= ^o(?+i^o)+M2*S 


Vo+v\ {Jo±^ 


where I denotes the vertical distance between the centre of buoy- 
ancy and the centre of gravity. 

82. Example. A cylinder Jloaiing in a cxjlinder. 

Take the origin 0 at tbe centroid of the base 
of the floating cyhnder, which is of area A. Let 
the plane of the surface of the liquid be 

where I, m, n are direotien cosines of the upward 

vertical. . 

Then V^=Apln, and the projection on the 

upward vertical of the line OH,, whore E, 



is the equilibrium position of the centre of buoyancy, is 
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^y+\nz)zdxdy 

JI^P^-{lx+myf)dxdy 


77 


1 

stl. -tegrated over the cross- 

we ste thi?’ ^ of gravity G of the body, 

f^of=r.(fa-fm4+„c)-l{Ap»-(afH/9m»+2y/m)} 

and S^AIUy so that the potential energy is 

Kl-i) + ^»(^+'"Hnc)+l(afH ^m»+2yf„,_ J^V const. 

Suppose, for example, that a=6=z0 so th^i n- ^ 

Oz, and write V^^Ah so that h is tl.p ^ ^ centroids 

tbe potential energy .s ^'>^‘'oal position ; then 

approiteS.id'ih^ ctffiSj rf7:::;v^ecomr 

so tw r . . A)}, 

inertia of the aection^^ UH2c-h) less than the least moment of 

^ 

vertical is “akes an angle Q with the 

CO3 0 1\ 

em* 6 


iv^ 


s)+Uos eAh{2c~h)+ia 


A B/ ' - •'/ I 2 '-‘ ~~p:» 

rn 1 . , COS d 

«w«mr„ ’.bC”S:t zxT' ” 

^ . -^^(2c-A)-fa(2+tan»fl)=0, 

which gives a real value for 6. when 

iAh{2c-h)>a, 

•-C. when the vertical position is unstable. 

/ examples 

wthits axis vetSand Pf'T^ndku^^ to its aiia, float 

otg,.*, o, ^ ^ ■.fl 3 i”'flS.r,*',“‘r.™" 
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examples 

mcUccntrJ'u^'irthe piano of floW- 

\yC An isosceles wedge floats w ith its j„ a piano perpendicular 

show that the equilibrium IS stable f ^ 1 ^ ^hat of the fluid is greater 

to tb. edge, if the ratio of the of the wedge, 

than the ratio cos* a . 1 , 2a being n 

A closed cylindrical vessel, jg onc-foi^^rth of the weight 

water with its axis vertical ; *'‘<:'™'?''^°ainino the nature of the equihbnum 

hefm: aXftlr tt iLreirnegfe’cting the change of volume consequent on 

A solid in the shape of a "xU 

as the semlvertical angle is less 

Cl*;::::::;,™:=r 

of latu.'? rectum I i ,ire concave to the water. The ship is 

P,„n.u.nu.b»iii.t.n—>- 

centre above the keel is 



^Find a solid of revolution of''buot^ncTand Vhe metacentre 

^ 

8. Water rests upon mercury, and ^° j thT^one that the equiU- 

h^m tie of 

If the floating solid bo a IlTafth; equiUbrium 

r^beTatE the baL to the height be greater 

^ A l^l^ierieal shell 

STtSi™ rsrsp»ru* .1..«m «■““ 

vertical angle of the cone of 

verSangle ml ZnJnZ f 

the hquid inside. 
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It*”', a rr • 

.TSirr “,"" •“" 

ila centre of gravity, a^'^is ^paraing tliroiigh 

poured in, show that the equiUbrium is at fhit , t'Ti 
dition which must be satisfied, in order that it f 
equilibrium stable by pouring in enough !^tr.‘ 

its hase,V£ SLSnd fs;m.,Tvt ^ 

the equilibrium is always stable if the sZivlln i ^ “ ,^“7^ ‘bat 

and if It bo greater than this detcrmino I the cone is < 30“ ; 

Mstable. ‘t«t«‘-“ono when the equilibrium is stable or 

See,r.r“^X^ 

height of the centre of gravity of the 007 f « ‘ * be the 

brium will be stable provided the latus re'^tum of the “laTo"’ 

17 A ,..1 >2(n+l)^. 

about' an Zis “hici^^Arit a g^ntalin^liir^^ t ‘'“7'’"“"'^ " 

^J^^be immemed in water, in j,, 

angle 0 rould itlentreT/grf^tV^ ‘‘^''““eb a small 

bqmd displaL"d?and"risSoTi™nh fr‘‘^ 

of the body and that of the arerXhe pit of Srn.^^^ 

mass is at^rSe^it^IeTerleXeqlTto centre of 

densities <7 and p (<t>^); prove that t}?^ ^ liquids' of 

through a small angle 0 about a horizontal a7st 

20. A ■“ fl^ds. 

water with ite “L" vSXttX a depThX ‘°sq ^ 

C- 1 “ centre 0^% oftc^t S 

and a body with a PlXlifiytty'flo7ts“wftXte X" 

rriTit'' ‘b^oftX 

i^lIl±M!ii )K-Oi)+(zpF,+,p.M .w 

whpn V ' ^-U ^lf‘^l~0'2)+F2(72 * 

centre of buoyanltnhis“ttVboTO "theT“ “f the 

the area and radius of gyration of fh^ 1 pomtof the body. A, k 
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• J 

i_, .hi. *»• ””“7 “.f 

' "'."...a d„„w.ri. id . Wii 

22. A Hgld..n8W .. tb.l !» «■■*- « 

g“L" d.. D..-id. .i- • 

really stable or unstable. revolution floats with its axis 

Jfeal; tftVce^t; «:cC.des with the metaoentre. prove that the 

equilibrium is stable. ^ j a^ig 

.er^tallncit^ ^ ^ ^ 

that the depth of the metacentre is 

;0(2)(f2— 

<i>{z)dz 

U) 

f flnflts with its axis vertical and vertex 

25. A paraboloid of revolution (jepth ; the equiU- 

douTiwards in a liquid, the J wording as 4c is less or greater than 

S^Tarwhe^elt t\e” tk axis, a the length immersed, and m the 

latus rectum of the generating paia o a. vertical, in a 

, - ^ t::sShr^-of^ aepth ; pcove that the 

£S iK.b... tb" » 

^ 5 a"-fc* 

27. A solid P-aboloid of 
"'Z. A right circular 

immersed, with its r ■ height of the cone, and b the depth 

of Tts^trbeb'w fhe suHace, the distance of the metacentre from the vertex 

is etiual to ^ 56 -l- 4 ?i—tan* a 

5^* 46-h3/t 

cannot be higher above the lower end than 

49a* 


xo 
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p,„v« .to IU.I. b. it. .-.igbt, it. m.te.blr. b, ~d. *«. 

;rs%s‘£.‘.!s‘.YSb‘r“trr,.rrz.t i 

r,S..7t. “?gEb.to.» t«) ir - («u ir. 
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aa to 4 rtic!r“ ■" - 

poured in lies between iW and f TF. ’ weight of the water 

ri*.t~,"r- "r 

metacentre above the centre of gravity in tZ *’ \ f. **'® 

roiling, the height in the twin ship is d+Jj/y ZieL l 

piano of flotation, V the volume t ^ ^ 

between the medial planes. either, and 2 b the distance 

near the water-hne,* whkh^t*’so”ZdL**^thatT*^''’ 7 '*''^ wrtical sides 

with its metacentre for displacement bv mf ^ g'avity coincides 

edges, is stable. ^sP^^cement by rotation about a line parallel to its 

di.?*; :r“tn • i;™“ •» «■»"». 

Show that it will hold less water before it tins 

IS free, than if it is held by a lid fixed to the tanr ^ IMn t^^T^ 

latter it may rise an additional height {H^+w]T 

mcrtm of the cross-section, of area /r.-tL rcie^to the S r^Zr^r] 

gravity s(<l)‘i 3 ”irc®d*' wah^onVJf‘tL^"cifcu'ir®''*d*^"f 

large sheet of water ; the volume of water dis surface of a 

cylinder makes an angle d with the vertical axis of the 

of the system is equal to ' ^™''® potential energy 

cos 0 +Ja> sine tan 0 } 

«A? ii: tr.E;“oStot”d.» 

position. ^ °°® "'ater surface, it is a stable 

to change of draught^ very shght Change of f'***/” 

cnee of draught fore and aft ? ea^Taf' I*"™ '’>• ®*'^ug® of differ- 

feet long, longitudinal metacentric height 350 fe^°d“‘t ^ 

of area of water section from vertical thmnai centre of gravity 

increase of density ^^th part. gravity of ship 10 feet, 

ment to be MMw^e^d by thfheight of the c displace- 

centre of gravity, chow^Zt, ifl wjl sidedZ''’'’"'''"® f*® 

water into salt water, this stability increases at a r 7 slowly from fresh 

of the metacentre above the nlanl 0 ^ 00^1 * Proportional to the height 

logarithm of the den^y of ttZat “ “ 

gravity bX^over both metacZte tZ‘fiJntof ‘''® centre of 

5's: it rsrsi:,; «• ."it ^ 

i..niw s tret: ,v;7t 

xrr a. : 
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M, A Ihm Ami i" j™, S'*"”™!-” Mj' ' 

S'SlS: s:-S .X > .ifwi - "7 

,i„, i, „ ™«i. iiAuid .1 a.».j K-n)’ ■ 

provided ^ 4 a+ft 

5 \ii ) ^ 5 a+h ^ 1 7 t 

40 . A ctibo, whoso edge is a, floats ^^g^TOrk’^doL In turning the 

the verlic.t 1 e.iges heieg un'lei ^ ® to one of the horitonUl 

>“p“"' 

oflhe upper face of tko cube is 




a 


2U 


sin 0 tan 0 -(a-!) sin* 



„h„e ir 1. the -IgM el U, eebn ^ „ h.u 

41 . A ship j^^ater mi so as to displace a weight 

br. ihi'^eSsr-^ •“> “““ “ 

p,-\lrh:'tpepjo^ 

ll;:makis an aje t:,\ ''(« ta"n 0 ) with the medial Une, where m is the rat.o 
of the metaeentric heights ^ 

43 . A log of square section floats m wat^^^^ immersed. Show that 

and three of the edges peqien * immersed, pro- 

there are three positions of ^TTance of thlTog lies between 23/32 and 
vided the spccihc gia\i y o satisfied the two unsymmetrical positions 

i rroflin^diS^^^ and the symmetiical position is unstahl. 

44 . A homogeneous body is^flo^atmg of 

flotatii‘in Squ^' ormiitahFe density, ihe equilibrinm rvill be stable. 

45 Form an estimate of the effective increase in metacentno height when 
a sliip is steadied by a rapidly spinning flywheel. 

46 . A uniform soUd body in the fonrr 
ir*/a*+y*/ 6 “= 42 /f cut o<y*y |“^Us placed at the point (, v on its plane 
ir^pr" crtTsepoints in the i^ane base which suffer no vertical displace- 
ment lie on the lino whose equation is 


vy 


.+n=0, 


a2_(i_n)i>73+fc*-(l-n)iV3 ^ 

whore n* is the ratio of the density of the soUd to that of the Uqmd. 



CHAPTER VI 

pressure op the atmosphere 

«.,4 liirfec rrt’hH, °r "f ■ “ «“ 

::: xr~” 

glass tube AB, contaming mercury, and having its 
lower end mmersed in a small cistern of mercury • 

tt: brlch there is no air in’ 

It is found that the height of the surface P of the 

inercury above the surface C is about 29 inches, and as 

there is no pressure on the surface P, it is clear that 

e pressure of the air on C is the force which sustains 
the column of mercury PQ. sustams 

is shown that the pressure of a fluid at rest 

press™; 0 islq^au; tt the 

T Pf n Ti. j ^ the mercury at O 

.. 0 L “■* n 

^=gcPQ, 

and the height PQ measures the atmospheric pressure 

fluid ®---nt 

but the pressure of tS mav h barometers, 

■ii-. Tk. J 

83 ^ 
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84 

„.l thereto, the height of ft. colomh of w.t.r in the .ate.- 
„ " ftereJ. he 'S” dT'the 

Eaperirnent .how. that, to »,—< 'J“7;t ^ 

expfiiiJ^ion of mercury is o 

deLity at a temferato. and o. at a temperature 0 , 

„ +-000180180 ; 


and 


_._^_<,^(l_0O if 0=-OOO18O18, 
ll^gco{l-et)PQ. 


By means of the formula, n=?o„(l-0O/<, the atmospheric 
pressL at any place can he calculated, making due allowance for 
ftHtog. in the value of , eon..,u.nt on . change of l.t. ude. 
l ie found that thi. prcore is variable at the ..me place, w.ft or 

rln any w.y .i.ing Ive ft. level of the place, he p.e^nre 

Srium'If fluids, for, in ascending, the height of the column of air 
above the barometer is diminished, and the pressme of the air upon 
C which is equal to the weight of the superincumbent column of air 
is therefore diminished, and the mercury must descend in the tube. 

If then a relation be found between the height of the mercury 
and the height through which an ascent has been made, it is 
clear that by observations, at the same time, of the barometric 
columns at two stations, we shall be able to determine the difierence 

of tlicir altitudes. ^ -u 4 - ' 4 - ■fi-ref 

We shall investigate a formula for this purpose; but it is first 
necessary to state the laws which regulate the pressures of the air 
and gases at diflierent temperatures, and also the laws of the mixture 

of gases. 

84. We have before stated the relation 

p=kp(l-]-o.t) 

between the pressure, density, and temperature of an elastic flmd: 
it is deduced from the two following results of experiment: 

(1) 7/ the temperature be constant, the pressure of air varies in- 

versehj as its volume. (Boyle's Law.) 

(2) // the 'pressure mnam constanty an increase of temperature 
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of 1° C. produces in a mass of air an exvansion i 

«< 0- C. (Balm-. a.l ea,j-L„-. 

p.ratel'r'of’ “"“"f « • tem- 

p=^W 

Suppose now the temperature increased to / fi,. 

»»i.ing tte s.„e, .le .Mil ^ t ES it 

piston fits closely, and has aimlied to ;7 ^ movable 

an increase of the elastic force of the air t'^°n f 

diminution of deLity and ont '■’ by the 

we shall then have from the 2nd law of Pressure : 

Po=p(l+a^), 

taking p as the new density and a=-003665 ; 

p=kp{l-}~a(}. 

If P’, p be the pressure and density of the same i- x 
peratuie t\ ^ same fluid at a tem- 

and 2,—P_ 

P' p 1+ar 

b. d..e™d ““ ““ »' 

0. V.L..““ 1 roirfr .t— '‘“s* 

.t ,;.zr: srccnt,™ r 


t 


0 


- = - 273 ^ 

a 


tL“:‘ -«»■ 

“ - :: W 

=kpaT, 

U T be the absolute temperature. 
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LTrblCen 

pressure, volume, and temperature. 

on w f, The vressure of a mixture of different elastic fluids. 

86. Mixtures. 1 he pressure oj ./ 

V” r-rs r, 

“ ?! p in tuo ca.. in -Uick ». oh.mio.l action tata 

”, ; tint tl c ,«o gaac do not r.B.i. a.p.r.lo, bnt pemeate 

P'" V„,„ a,e com,.lately mixed, and that, when eqmh- 

each other until tl y temperature are the same as 

tX” ” Fmm thi's impmtan. cxpcim.ntal fact w. can dad.ee the 

^ 1 ^ } nf which is V and if the pressure of the two gases, 

i; - r-. * »/ *— 

’‘"“stnif.he «, gasaa a.par.t.d; let the gas, .1 which the 
i:X::t:eaMS. im pi™ r-1 l- volmn. will ha, hy 

“iutigi h. no. mixed in a vccal, ol which th. v.lmnc 

r+iv, O. ; 

the pressure b^then fomprled into a^oluIne 

U hiX, by th. appileatio. again .1 Boyish 

'"nJilt is obvionsly ten. lot a mixtutc ol any nnmber of 6«o, 

87 Two volumes V, V' of different gases, at pressures p, p' re- 
spc^Lly, are mixed together, so that the volume of the mixture « 

U; to find the pressure of the mixture. volume ?7 are 

The pressures of the two gases, reduced to the volum , 
respectively y, 

u^’ W ’ 
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and therefore, by the preceding article, the pressure of the mixture 

IS 


F ,F' , 

and if cr be this pressure, we have 

CTZ7=pF+pT'. 

T anVr .f of the gases before mixture are 

T and T, and if after mixture the absolute temperature is r and 

the volume V, the pressures of the gases will be respectively 

^^andSZj 

TV T' V 

Hence ct, the pressure of the mixture, is the sum ol these two 
(Quantities, and therefore 

— =£1 4-F'F' 

In the case of the mixture of any number of gases, we have 

~=E^ 
r T ‘ 

88. The laws and results of the preceding articles are eauillv 
t™ of a„ only ™ '’"S 

b.3” “e fSr »' ‘'‘•i' cfaroctorirtic, 

being that the former are easily condensed into liquid by lowerin-^ 

oppfpz o': 

y e same it the air be removed. If the 

requiring a considerate carbonic acid gas, and other gases 

led to the conclusion that, in all probabmt^^Tl’ experiments 

This conclusion was remarkably 6uLortJ ^ ^iS77®^l^^ cf liquids. 

of the year, liquehed oxygen by apn^ W t > ’ 

in December of the same year M CaSt ^ a pressure of 300 atmospheres, and. 

In 1884 hydrogen was liqueLd by ^i^- 

hydrogen, and now liquid air and vLoi obtained solid 

commerce. ^ gases in liquid form are articles of 
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temperature be increased or the space enlarged aix additional 
mZtity of vapour will be formed, but if tbe temperature be lowered 
I the space diminished, some portion of the vapour will be 

condensed. . / 

While a sufficient quantity of water remains, as a source frora 

which vapour is supplied, the space wiU be always saturated with 

vapour, that is, there will be as much vapour as the tenaperature 

admits of; but if the temperature be so raised that all the water 

is turned into vapour, then for that, and all higher temperatures, 

the pressure of the vapour will follow the same law as the pressure 

tn any case, whether the space be saturated or not, if p be the 
pressure of the air, and n of the vapour, the pressure of the 

mixture is 


90 The atmosphere always contains aqueous vapour, the 
quantity being greater or less at different times; if any portion 
of the space occupied by the atmosphere be saturated with vapom, 
that is, if the density of the vapour be as great as it can be for 
the temperature, then any reduction of temperature will produce 
condensation of some portion of the vapour, but if the density of 
the vapour be not at its maximum for that temperature, no con¬ 
densation will take place until the temperature is lowered below 

the point corresponding to the saturation of the space. 

Formation o£ Dew. If any surface, in contact with the atmo¬ 
sphere, be cooled down below the temperature corresponding to 
the saturation of the space near it, condensation of the aqueo^ 
vapour will ensue, and the condensed vapour will be deposited in 
the form of dew upon the surface. The formation of dew on the 
ground depends therefore on the cooling of its surface, and this is 
in general greater and more quickly efiected when the sky is free 
from clouds, and when, consequently, the loss of heat by radiation 

is greater than under other circumstances. ^ _ 

The Dew Point is the temperature at which dew first begins 

to be formed, and must be determined by actual observation. 

The pressure of vapour corresponding to its saturating densities 
for difierent temperatures must also be determined experimentally, 
and, if this be efiected, an observation of the dew point at once 
determines the pressure of the vapour in the atmosphere. For 
if t' be the dew point, and p' the known corresponding pressure. 
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temperature t above t' the pressure p is given by 

P_ l + at 

P' l + af 

peraiure of a gL. on the pressure and tern- 

-ised; and that, if a quaS;v If - 

vessel, be suddenly compressed so th'l rT ot 

t-t to escape, the temperature is s^tl^ ^el 

92. Thermal Capacity tIia tn 

rc‘^ “•—0,,4S :s,:'j 

1.-. .w 

f eT F'“ 0. “• ""‘ 

capacity of one unit of maTs^or whichfs !h 

"fthe amount of heat required to in the 

temperature of an equal weight of Iter the 

If an amount of hpnf i 

‘“"C “ •-« »« o, 

• .mperature it, it, ^ 

T . 

fn gases it is neces^arT?- • -i 

pressure remains constant, th! •' the 

when the volume remains constaft. ® (2) 

symbols anfc^*^ these two cases by the 

the heat imparted Vot^Jork "r/" case 

raising its temperature. g'rs as well as in 

93. Internal Enerw 4 

mtpal energy depending upon'thfcoSm Possesses 

“• Merepo. bLe.p «•»» .1 i.a 

g e® ^ fwo given states 

7 
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acpraili only upon tloso ututes, and j 

.1,. on. to tho II.. t .tandari 

1.1i& State of the gas. . pvnTPssed bv 

For . gas the first law of thermodynamics may be expressed by 

the relation ^Q^dU+pdv . . • • a) 

absolute temperatuie and A is a constant. There are ^ 
reasons for cLcluding that for such a gas the internal energy U 

^ “tlsrt volume to be kept — 

C*,: n“-i„n of r alone, th.tef,.. o. is a funotio.^ ^ -1^ 

5 le. 10. ton,ot.,-o., o. is -dependent of ^ t..*,.e»% 
it I assumed that for a perfect gas c„ is independent of T, i.e. c. 

constant and d f7=c„dr. 

Hence, for a perfect gas, (1) may be written 

dQ=cJT+pdv . . . • ( 2 ) 


where 

Therefore 

so that 


pv=KT. 

j)dv-\-vdp=KdTy 

dQ=cJT+KdT-vdp 


( 3 ) 


K.., suppose tlst ft. p,.ss«» ie “‘r'*’“S 
of heat dQ is imparted, so that c,=dQ/dr or dQ-c,dI. 

stituting this value in (3) and putting dp=0, we get 

c,-c„=A . . . . W 

Consequently c. is .Is. . ...st.nt fn. « petleot g.s .nd, .s stated 
in the last article, it is greater than c^. 

94 Adiabatic Expansion. Let a change of Jate take place 
Jit an, heat be.ng imparted to o, lost fmm ft. gas. Snd. an 
expansion or compression is caUed an adiahalic charge. 
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case, since no heat is supplied or lost, we have 

dQ=Q, 


therefore, from (2) 

0 T -{-pdv. 

Bntpv=.KT, and from (4) K=c ~e 
therefore 

and eliminating dT gives 


or 


T c„ V 


On integration we find that 

^>v^=const., 

where y denotes the constant ratio c /c 
■Ihe equation pi’V=constmt Jc • "{.i ' 

will be found that this relation is ofsources, 
of sound. great importance in the theo 

Let t; bfthe VOwtra*gasTnr*^ “ ^^othemalhj. 

of the surface of the vessel coLint! H ‘^’^me 

normal to dS drawn inwards ^ element of tJ 

Tie. the ,„,k 

■ p^dSdn^ — pdv 
^ ’ ^__jOdv 


/ 

) since pv=C^ 


log 


p 


p* 
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Tlus il tha ..L™ » >' ** 

L eitorn.1 »ort done in eomp.enang it to volume 

= _ j''(p-nWy, where pv=IlV 

=nFiog^-n(F-F'). 

Trite .1 thing, cnn he .«m..d by p.rfo.ming the .pe.nti.n 

.0 i:,; It nn-v bent wlnoh m.y be g.n.t.ted » diseiputed 

'’"7^ criiion it .di.hn.ic, thnt is. il the p™.m » » 
„r.nged th.t nol.e.t is“ “f toTo'm'it. 9411. 

wlien tlie compression is very rapia, we 
relation 2 )U''=constant=C. 

Hence it follows that the work done in compressing from volume 
V to volume U 



= — \Cv'ydv 


c 


1-y 




Q7 Isotliermal Atmospli6re. , 

On the hypothesis of uniform temperature the law of pressure i 

dp=-gpdz, 

where p, p denote pressure and density at a height .. If P« 
denote the values at a height Zq, we have 


and 

whence 


p=p»=fc, 

P po 

k log p=C-gz ; 

l°g 


( 1 ) 


If we take .„=0 and suppose H to be the he.ght of a h^m 
geneous atmosphere of density p„, that would produce be pressure 
p„ we have p^^gPoH, so that k=gH, and log pIp,—^IH, 

p=p^e-‘l‘^. 


or 
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session. 

observing barlTtlpressl^e^^^^^^^^^ of level by 

ture\?not°fo!^Int!Vh^^^^^ «tbe tempera- 

and if X, x„ be the temperate:t ^ " P-hi^ lat), 

on the hypothesis of a mean unifor *! a“d we proceed 

we have uniform temperature ^=|(To+r) 

Jog-:?, 

This formula may be furf-IiAr x i 
difference in the value of gravity ardTff 

IS the measure of gravity at sea WpI ^ altitudes ; thus, if g 
attractive force at a height z is m"^ ^ <^be 

accurate results corrections must be malTot I 

so as to allow for the difference of tp barometer readings 

different levels and for the aqueous of the mercury at 

purpose. “®>'°'id the scope of our present 

98. Convective Equilibrium a u 

of the convective equilibrium'of^temt ?*'''® ^^J^Potbesis is that 

As explained by Lord Kelvin,* “ whTn all tT 
freely interchanged and not sensiblv infl f. ' ^ are 

conduction, the temperature of the fl by radiation and 

convective equilibriiL.” This stat! T ^ ®tate of 

of air at different levels were intercha™^.^'*^ “asses 

beat, f.e. adiabatically, they woulf m 1 of 

density and temperature so that on tl I “^®“^ange pressure. 


^P=—gpdz 
P=kpy and p=KpT 

^ •>’* a. tt. kigi. ,, 

■■■ hp^^dp=-gd^_ 

* CollecUd Papers, vol. iii. p. 255. 


( 1 ) 
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and by integration 

y-1 

y-lp 

,.,^K(T-^T,) = -9Z, 

y-1 

where T, denotes the absolute temperature at sea-level; 

r 1 rid 

V 'K'i'o 

And if H is the height of the homogeneous atmosphere 

KpoT(s=Po—9Po^^ > 

... ( 2 ) 

■ ■ To y H 

If in equation (1) we take grV(r+^Y instead of g, as before, we get 
on integration and substitution as above 

rz 


T . y-1 __ 

To y ■^A''+*) 


( 3 ) 


99. The following problem is illustrative of the principles of 
this chapter. 

;r. 

"'"llTa be"the height of the eyhnder. and . the depth to whieh the piston 
wilUink • then in the position of equilibrium the pressure of the air m the 
eyhnder is n+<,(>.. where n is the atmospheric pressure, and fi the density 

water ; but ^ . , 

this pressure : n—o ’ ® *, 


na 
a—z 


=n+?ez. 


Let h be the height of the water-barometer, 

u=gQfi* 

ha={(i~z){h-\-z), 

j z=0ora— 

and , r. 

Unless then the height of the cylinder is greater than A, no 

poured in. for, even if the piston he forced dom and water then poured , 

the nressuro of the air beneath will raise the piston. 

^ The negative solution, when a<A. can however be explained as the solutio 
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of a different problem leading to thp i r . 

cylinder to be continued above the piston LdHil /“PP"®® the 

piston through a space a by a force which shall bn ^e 

cylindrical space 3 of water. ^ weight of the 

This leads to the equation 

n—ggz a 


or 


n 

i=h—a. 


examples 

corresponding reaSn°^ oUfluttyTnT^l^^^^ “ ‘b® 

= r Ud^^y Sn/n; i- 

(a-a)(0-b)(a-b) 

i^requiredJn“atem^X®turrranfr‘t^t 

”ed being . degrees, prove th;t tbe^o^ctl” tot a^hdt 

ni{t~r) 

6840+r-m' 

1/6840 being the expansion of mercury in class for l ° of ♦ 

“• ””'r ■" «!■ i«» » .nEtS.rS 

i.'oSllIv b""“, • PWon 

“"/I below is filled ivithLturated air ^ On h '' ‘be space 

sinlm to half its former height; prove that the^^ 1 ''^^ “‘e piston 

18 3ir-4n where n is the pressurl of the f fBaturated vapour 
..pp«d tt, ““P”"""- l»l«e 

-ppp- wo. 

of volume b , and the lower portion has a section r- portion is a bulb 

the mercury HUs the bulb and part of thf ^ 0 ^’ “h '1 i 

tube and is prevented from running out beW h “"'“'''r ‘b® 

which the air presses ; the upper nart°of^L i n “oat against 

0 position of the upp’er and bwer^ends o tL •• ‘be change 

^ ^^Sho^ f P'’®.®®'"'® ®‘ ‘be atmosphere. column, due to a given 

alf ’ ted r ^ the'rro^ be 

affected by changes of temperature. “PP" ®‘“’‘‘^®® be un- 

" ■«» i- 

atmospheric pressure was 27, is forced into ^ ^ volume under the 

emk m order that the air may occupy thfsaie sm 

.0Si- ‘ 

«..»jrii" £""5 
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downwards, in a trough of ^ of the distance of the vertex 

taincd in the ''osscl vanes mversely q Supposing the len^h 

of tl.o vessel from the „ L to\he height of the barometer as 45 is to 64, 

t \ ih h flnd section A is maintained at constant 

8 . A cylindrical we 1 of dcptl ^^ij, ^t the top and bottom, 

temperature ; if go and o. are t ' ^^ioed is Ak(e,-QoW°& fii-'og So) ■ 

show that the total amount of ai 31 

if the barometer at tlie top stan . ^.0^^ a 

Slum of‘30Serb; about 1 part in 11 , 000 . 

9. A straight tube closed °";^"^''^“^o?tlnr-"th\^ tute'at ; 

revolves "i*''“"fJ'^'o^trLntV immersed in water. Prove that the 

Pintle vesical arm is 


il(l-e 
9Q\ 


(i»*a* 

lie 


yi/ V ' , 

;rs; Si .3s S”S”t: 

“'T A IH. umt~ <* «' '*■ ; “i“l~ SJ «■£ M 
augular velocity oi obout m ‘Pi , U e io loos than o, 

isr;rdr.s>css u p—. pt™ “ 

.1 


log ^.-|iC+«l'- 


Two both, oontalbjg 

uniform bore, and ® ® *5 ,, disnlaced by heating the bulbs to 

equal quantities. ' 3 . prove that, if the temperature of each 

•bTh3“oS“g“l thoUi. :■«. ~i.b *p“ 

which bears to the original displacement the ratio of 

2 aT: 

where a is the coefficient of expansion. 

r a., i' 

water-barometer is to that of the cone as 3 :v'28. 
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14 n the pressure of the air varied as the M 4-1 ^ , 

show that, neglecting variations of tpninf.ro+, of the density, 

atmosphere would be equal to (w+1) rimes ^ 

atmosphere. height of the homogeneous 

h being supported by a^d^ep^oJ^a^ ^ vertical cylinder of transverse section 
P. wMeh forcea the 

(«;+ni-)fA+a iog(l-^)} +£ =0, 

n being the atmospheric pressure, 
the 

*.! •• ■“» »■■ •• ~ 1.V.1 

ture would chmWsVupwrrX^*!wth'a un'ifom''''''’ tempera- 

gradient in degrees centigrade per 100 mpfr ^ calculate this 

(in O.G.S. units^ ^ assuming the following data 

height of barometer = 76 .q 

temperature (absolute) =272° C 

density of air =*00129 ' 

density of mercury =13 .qq * 

of specific heats (y}= l - 42 .' 

18. In a vertical column of nerfpot ano 
perature at any height z are p and T. pfove absolute tcm- 

Po [PoTdp 

Qoff^ojp p * 

Heigh/is measu^^dTn an t^rod^ bv^m”^ temperature at the bottom, 
aneroid barometer. The graduatioL are ^ specially graduated 

read direct if the temperature of the atmn^nl^^*^* he 

K.:“ £ Sir ir.s 

r fi ^... tb. «d..g.. p. 

i,J3 i," L SrSipSir lb °' "■ " “• 

« tt" r £Tr,b*i1,S‘“'' r ”i‘ 

•1 «.bi.«b. lb.. s "S/ks 

IS the height of the atmosphere, i c the helsM ^ 

..dd»,.„„p.p. .gi;itrru7£S: 


Z= 
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CAPILLARITY 

100 It is a well-known fact that if a glass tube of small bore 
be cbpped in water, the water insrde the tube rrses to a h.gher level 

flimi that of the water outside. . 

" tT, Lull, well k,»v„ th.t 1! ft. tube be dipjed m me.eux,, 
ft. metem, inside is depressed to a lower level ft.n that ol the 

“TlTL'ttbler eonta,. water it will b. seen that at the li.e 
„i contact ft. snriac. is curved upwards and appwrrs to dmg to 

tlie erlass at a definite angle. , i f .i j. 

I the tumbler be o.retull, Bled, the level of ft. wale, wrll 

rise above the plane ol the top of the tumbler, the water bulgmg 

”1“:! $ » LabT.: .t has a d.hnit. bouuda,,. and ft. 

“"hes'eL"s!'Ld m.'n“oft.rs, are eaplain.d b, the .aist.nc. 

of forces between the molecules of the flmds aud of the sohds 

and fluids, in contact; the field of action of the force exerted 

by any particular molecule being infinitely small * And sm e 
^ y ^ these molecular forces are only 

exerted at very small distances, 
it follows that as far as mole¬ 
cular forces are concerned, 
every element of a homogene- 
_ ous body, not near its boimd- 

ing surface, is under the same conditions ; but that at the smface 

and the mLcule also falls within the field of action of molecules 
of whatever matter is on the other side of the bounding surface. 

» The Bold through wluch capUlary forces arc exerted ^ wTa alass 

diameter. Pogg. Ann., cxxxix. (1870), p. 1- 

08 



0 
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Also if we assume that the linear dimensions of the field of action 
geneous substances are under similar cnnHif^ ? ^ 

.o-ces a„ ,, 

cular forces must be in a constant ntm + ri, , { ®' 

constant depending on the nature of the sublC: in 

101. Surface Tension. 

JdVr »■«" - 

sides of the surface. pressures on opposite 

Let the equation of the surface Kp ^ ^ . 

equilibrium of any portion 9 nf +i t ^ tlie 

the elementfW L f 

pres^^e deferences .SS on the various elements 85 Srsurfl'? 

t fhe;s:;^^tr;LT^ i ^ 

cosines of the tension TSs across Bs T1 ’ r direction 

'°.“r •'“? *’ “ ». 

noim,! to the mfacrth™fo“ ‘u^'r ‘"df '° ““ 

1/ 


m 


n 


>=i. 


y-z'-vy' vx'~\i' Xy'~i^x‘ 
The .,..ti» of e,„i,ih,i„„ 


which is equivalent to 


j|CTrd5-jr„(fs=o, 

j \^dxdy~^T{\dy~i^x)=0, 

and":olv titrdrj Ttu: xv-:, iS: 
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this becomes 

)“»=“■ 

SiDce tiis intogi.l »>»« <» •" =”'*“* '““S'"”’ 

integrand must be zero. Hence we have 

« _ ^ A \ 




Now, in tbe ordinary notation, w.tbj, ?, r, a. t as partial difierential 

coefficients of z with regard to s and y, we have 

V, q, -1 _ 

From this we find that 

0A ra+(i^)-2vqs+i{^-+p) 
dx^Ty- (pHf+1)’ 

=^-+b 

where p. p, are tbe principa "radii of curvature of the surface at 
(x,2/,2).t Therefore ^ 

xs=T\ 


.„,1 resolution p.rollel to eitU.t'of Ike other oxen «ould hnv. led 

to the same result. 

102. Application of the principle of energy to the case of a homo- 

aeneous liquid at rest in a vessel under the action of gravity.% 

' In eqmbbrium the value of the potential energy rnus be 

stationary, and it is composed of four parts. the gravi a 
energy gp\\\zdxdydz, where z is the height of an element dxdydz ; 

and the energy of the surfaces separating (a) liquid and air, (^) liquid 

and vessel, (y) air and vessel. 

Hence we require that 

gp^^^zdxdydz+ASi+BS2+CS^ 

should be stationary, where S,. S 3 denote the surfaces (a), (§), (y) 

• See any Coura d'Analyse, e.g. de la Vallte Poussin, t. i. p. 348 (4th ed.). 

+ See C. Smith, Solid Qeonietry, p. 225. 

t This discuBsi;n of the theory of capillarity ia taken from Mathieu. Me de 
la CapillariUt 1883. 
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and A, B, C their energies per unit area respectively; subject to 
the condition that the volume \\\dxdydz is constant. 

and^aTr -ii^P'a^ment of the surface 5, between the liquid 

and air, if Sn denote the element of the normal 

to the surface between corresponding ele¬ 
ments of <Si in the old and new positions, the 

variation of the first term is clearly 

Suppose, in the first place, that the line of 
contact of the liquid with the vessel does not 
vary, then and S, are constant and S, 
changes to Sj'. Consider an element ds.ds^ of 
Si bounded by lines of curvature ; the normals 
through the boimdaries of this element cut the 

rir;, nzz “■> 



p2 


\ r ^ / 

■■■dS,'-dS,^ds,'ds,’-ds,ds,==~fl+l\snds,ds„ 

\Pi Pzj ' ‘ 

8d5i=-/i+lW.ifSi. 

But we require that 


2 i 


or 


or, that 


^p||28nd5i+^8|jdSi=o, 


( 1 ) 



subject to the condition of constant volume, viz. [[8«d5i=0 ; and 
this is equivalent to 

gp(z-h)-A(-+-\ I 8iidSi=0, 

j.- 

where h is a constant and 8« is arbitrary. 

-- the surface varies 

is infinitely smaU compared with Sn of layer of variable density 

the argument. ^ variation without affecting 
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If we to take account of the atmospheric pressure H above 

tie w. do .0 b,0b»vi»gth...i. tt. topi— 

■idorcd, .n amount of «o,k -jJnS.dS. would b. done by tlu, 

p„»..c., a.d mgatdiug tbl. as • lo» of I”'"*'*' 

Lbtraot tbi. torn I.om the Brsl membot of .guat.on ( 1 ), and w. 

then obtain the result 

an^l this is the result that wUld hold good if the smface were 

ri ‘ of onifom. tension A and lb. p.ossns. d.S.te.<« on 

opposite sides of the surface were 

l[-gp{k-Z), , ^ y r 

Secondly, suppose that the Ime ot 
contact of the liquid with the vessel 
is displaced from s to s. If we 
draw normals to the surface at 
all points of the line s, they will 
meet the surface in a line cr, and 
the surface 5/ may be considered 

aa oompoted of two parte, Ha «»« ^ aia^f 
the otbor r between the lines a and s. As before, we g 



S-S,= - 


\Pl P2/ ^ 

and if 8A denote the distance between the elements ds ds', S' may 
be considered as the projection of the elements 8Ads of the smface 
the ,.Ll on lb. Liaee S.', so .bat if i ia the angle between 

the normals to the surfaces and then 

2^'=f cos? 8 Ads. 



Also 

Now since the potential energy is stationary we have 

8 I jplljzdxfZi/dz+gliSi+BSz+CSs | =0 

subi ect to the condition that the mass is constant; or 

« In the figure. PQ is an element ds of the line of contact ^ of the liquid mth 
the vessel amf PV, pq arc corresponding elements of the lines s'. <r respectively : 

arelemeni of the surface 2 '. The variation in the m^ 
thrwedge-shaped elements PFq round the line of contact of the liquid and the 
vessel b of a h^her order of small quantities than the rest and may be neglected. 
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+A(i;+i;'-S,)+BBS, + css ,=0 ; 
j| } 8 «(f-Si+j(^ cos i+B~C)SXds=0 


subject to the condition 


j|sHd;/Si=o, 


and, since 8 A is arbitrary, this gives equation ( 1 ) as before, and also 

Acosi+B~C ^0 . . . . ( 2 ) 

or the angle between the surfaces of the liquid and the vessel is 
constant along the line of their intersection. 

103. From the foregoing considerations combined with the results 

mTI 7 '7 - follows 

(1) Ai the hounding surface separating air from a liouid nr 

helw^n two liquids,pere is a surface tension which is the samLt ivery 
point and %n every direction. 

{^) At the line of junction of the bounding surface of a aas and 

with a solid body, the surface is inclined to the surface of the bodlat a 
defimte angle, depending upon the nature of the solid and of the fluids 
In the case of water in a glass vessel the angle is acute • in the 

case of mercury it is obtuse. acute , in tlie 

Assuming these laws we can account for many of the pheno 
mena of capillarity and of liquid films. ^ 

104. Rise of liquid between two plates 

JL “ir.: a “• 


plate, called the angle 
of capillarity, h the 
mean rise, and d the 
distance between the 
plates, we have, for the 
equilibrium of the unit 
breadth of the liquid, 

2i cos a=gphdf 
so that the rise in¬ 
creases with the dimi¬ 
nution of the distance 
between the plates. 
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It will b. ...n tb.t tk. p.».™ “ “y P““‘ « “ 
pre»». at » bj 9 P ■ 

• Qt P being sensibly equal to tbe 

?.tr w™.S it •.«»■ that tbe waigb. PI* 

r.;“— t Tb. -iPtat Of tb. s„.„e t.™ on »PP» 

boundary. 

the internal radius, nn-TTr^k 

27Trl cos a=gp^^ 

” Tb. p.e..-e a. 

than tbe atmospberic pres , tension. 

Sb'ZS'sSlEX:.:'o. Id%teas«,e o. being .be s.». 
™ ‘iTIy be *«v.a that the potential energy, dne t. the .seen. 

„I the eolnmn. is ind.pentot ol tte radins. 

T M wTa vertalS ... be investigated il,. 

i“:ra«h::::.eeis.yiindr...iw^^^^^^^^^ 
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( 2 ) 


Let EF be the wall which the liquid meets et n i 

, -“yoglo.. I'ake 

.1th. i... tie whiSe “i™ : ‘ 7‘‘r' 

to the atmospheric pressure n. ^ 

Let r be the radius of curvature at P (x ?/i on tl,o ii 

and let t be the surface tension Then ’ the tl^ 

gives theorem of Art. 101 

t 

-_n-p=^py. 

Hence, putting it=gpc^, we get 

... 

axis^lf.tTf the fig'uJe' aTI th^ar^b ^ 

we have r^-dsld^, and’(fs/(fy=-cosec 0. 

Therefore ydy=lc^ sm ij,d^ . 

Hence, since y and tjt vanish together 

y^=ic2(l-cos^)=c2sin2Ji4, 

therefore w 

2 /=±csin|^ . ^ ^ 

Sxl-tan TthJr''^ 

dx=-lccosl^coti/,dip 

™ , =-i«(‘=osec|;4-2sinJ^i)d^. 

Iherefore o*_i^ir»rr« 4 . i / 

*-2ClogCot^0-CCOS . ,,, 

°° The ieigt fK Se naSltS f \ 
wall IS given by (3) in the form EF=c sin 

co«»“t ir'’ “• “S', of 

«g.t.is3. > •'“""'“•l'. »J th. 

.1 .< ,«iuil.hriu„ 

terms obtained above deno r] The integration in finite 

y and ^ vanish together Wth T 

integrals : and the curve ^ expressed by elliptic 

known as the ela.m c^oairr 


8 



[chap, vn 


jQg CAPILLARITY 

in7 Drop oi Liauid. If a drop of liquid be placed on a 

honzcalal plane, the equation of equilibrium will be 

- rs 
■ 


i+i 

Pi P2 



where t is the surface tension, and O is 
the internal pressure and the atmospheric p 

will assume the form of 
a surface of revolution. 

The only case, how- 
ever, which is capable 
of simple treatment is 
that in which we may 
regard the drop as so 
large that it may be 
considered to have a 
flat top and that cur- 

vature in a horizontal sense is negligible. Thus, measuring 1 / down- 
wards from the top when the pressure is atmospheric, we 
and putting 4 ^=^ 7 pc^ we get as in Art. 106 

ry=\c\ 

and the vertical section is the capillary cmve. 

With axes as in the figure we shall find that 

2/=csin^i/i, 

a;=ic log tan J./>+c cos \<li + const., 

where .Ms the inclination of the tangent to Ox. 

nts. if . the .»8>e 0. c.ntaet of the l.qrnd -th the pl«. 

measured in the liquid, the height of the drop is c sin |a. 

This would hold good for the case of mercury upon glass or wate 

upon steel. t a i.- 

108. Floating needle. The well-known experiment o floating 

a needle on the surface of water can be explained by aid 

a section of the -edle and the ^ 

.. right »gl» t. th. .! tu. 

prerurron FAQ, which is equal to the weight of the volum 
NPAQM of water; these forces counterbalance the weight of the 

needle. 
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^ Further, the horizontal component of the tension P f 

It £ on BD, is equal to the tKion 

at PZ* being horizontal and BD vertical. 



“■> l»<I to the 

2t sin {e~a)+gpc{ce+c sin 6 cos e~21i sin e)=w 
4? sin^ i[d—a)=gp[c cos d~h)^ 

where a is the angle of capillarity, w the weitrht . v , , 

the needle c its radius li the hei<ylit 'f ^ J(?ngth of 

level of the water, and 26 the angle POQ. ^ ^ natural 

109. Liquid films. Liquid films a’re produced in v ' 
ways; a soap bubble is a familiar instance and I quid fil ' 

the tension of the film. ^ ^ comparison with 

fi.ni!l!:dtttferl:^^^^^^^^ tear the 

entirely normal to that line. From th^it 
is the same in every direction. 

the!” bbrirbfhl^^ -t-e. 

tensions across the sides of the trlnl'^fe tb t V the 

Ih. lensioas ■ 'ni sS. t ““P*"™ with 

sides, .hep mas. be "“he ratioTr 7 1 “■ 

““ »' ‘“O" i« »n ■lirectio.. are 

<0., "a s»s »z;i:f.irL7b“ r 

opposite sides must be equal. onsidered, the tensions on 
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110 Energy o! a plane film. If a plane film be drawn out 

from a reservoir of viscous liquid, a certain amount of work is 
expended, and the work thus expended represents the potential 

energy of the tllm. , , i a • 

Imagine a rectangular film ABCD, bounded by straight wim 

AD, DC ; AB being in the surface of the liqmd, and CD a movable 

" "The work done in pulling out the film is equal to t . - 

therefore, if 8 be the superficial energy, per unit of area, it follows that 

S = T. 

It should be observed that what we have here called the te^ion 
of the film is equal to twice the surface tension of either side of 

the film- 

ill. Energy oi a spherical soap-huhble. The energy of a 
soap-bubble is the work done in producing it. This co^ists of 
two parts, viz. the work done in pulling out the film and the work 

done in compressing the air in the bubble. . „ , 

If t be the surface tension, the former part is tS, where S denote 

the area of the surface, for the energy of a small plane element is tSS. 

For the latter part, let p denote the pressure of the air inside when 

the radius is r, and II the atmospheric pressure, then 

and, if the bubble contains a mass of air which at pressure n would 

occupy a volume F, then 

nF=i7rr3p=^)F, say, 

and by Art. 95 the work done in compressing the air from volume 
V to volume V' 


=nFlog ^-n(7-7') 


= l7rr» 



n-f 




rj 

If we assume that the difierence between the pressures inside 
and outside the bubble is small compared with the atmospheric 

pressure, we may take -I as small, and the last expression becomes 




rn 

" r j\rll rMI^ 
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so that the work done in compressing the air is tn +),«+ i 
pulling out the film as 2<: 3m. 

112. forms of liquid films. Minimal surfaces. If the air 

hr™ tLt " ^ °°“dition of equili- 

4i=0, 

Pi P2 

or that the mean curvature is zero. 

This condition is satisfied in the case^ nf *. • i 

helicoid, which are therefore possible forms of l.quid fiZ ' 

In Cartesian co-ordinates the equation becomes 

\ey)]dx^ ~dxdydxdr/Y+[^)]^,=0, 

as in Art. 101. 

The discussion of this equation is the f 

For instance, the surfaces 

e‘=cos y sec a: and sin z=sinh a: sinh y 

wm b. ..oh f,„„d t. p„,.e,. tt. 

•h. ‘“ „“r r „rr 

surfaces that i<j f * ^ ^ discussion of minimal 

dbovT ' ** “• “■>■!»». give. 

to this axis for vu- , * ’ resolving parallel 

Pl»es p.,p.„dicui., .r.t ”” ‘per"" ■” 


or 


27ry . t cos ^=const, 
y=c sec t/f. 



no 
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Thus 



and 


/. S=c tan 0, 


,,ro^-ided wc measure s and ^ so that they vamsh together Hence 
the meridian curve must be a catenary; and a catenoid, or the 
surface obtained l)y revohing a catenary about its directrix, is the 
only possible form of revolution of a film when the pressure is the 

same on both sides. • • i j** 

In the case of a surface of revolution, one of the principal radii 

of curvature at a point is the normal intercepted between the point 

and the axis of revolution. It is easy to see that in the catenary 

the intercept on the normal between the curve and its directrix 

is equal in length to the radius of curvature, and the catenoid 

being an anticlastic surface the relation 

l+i=o 

n. On 


is satisfied. We may also show conversely that this relation leads 
to the catenoid as the only solution. 

114. The same result is obtained by the principle of energy, 
for the area 

f27Tyds 


is then a maximum or a minimum, and, by the Calculus of Varia¬ 
tions, this leads to a catenary as the generating curve, the axis of 

revolution being the directrix of the catenary. . 

In Todhunter’s Researches in the Calculus of Variations it is 

shown that it is not always possible, when a straight line and two 

points in the same plane are given, to draw a catenary which shall 

pass through the two points and have the straight line for its 

directrix. 

It is also shown that, under certain conditions, two such 
catenaries can be drawn, and that, in a particular case, only one 
such catenary can be drawn. The two catenaries, when they 
exist, correspond to the figure formed by a uniform endless string 

hanging over two smooth pegs. n v + 1 , 

When there are two catenaries the surface generated by the 

revolution of the upper one about the directrix is a minimum, but 

the surface generated by the lower one is not a minimum. When 

there is only one catenary, it is not a minimum. 
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Henc, It .ppmrj that it a framework be formed of two oitculat 

he planes of wheh are parallel to each other and perpendlel, 

to the hne jo,n„6 the,, eentres. it is not always possibl to eonneet 

the w,r<w by a l.,md film. In certain eases it is possible to eo“ .It 

the w,r,» by one of two eatenoids, but, in the ease of the eatc.Ih 

formed by the revoint.on of the npper catenary, the Cdnilibrinm i. 
Stable, while the other catenoid is unstable. ^ 

When there is only one catenoid it is unstable. 

There is also a discontinuous solution of the problem, con.sisting 
of the two circles formed by the revolution of the ordinates of 
p^ts, and an infinitesimally slender cylinder conn:";^ 

In the article on Capillarity in the Encyclopaedia Britannica* 

mannlr ’ the following 

IVhen two catenaries, having the same directrix, can be drawn 
through two given points, and the eatenoids are forld W 

TIm ■ at" ““ oteaJj 

If another catenary be drawn between the twn r-of 
passing through the same two points, its directrix will be'" ab'ove 

at any point will be less than the dista^e, alo^g tL no3 

the point from the first directrix. ^ normal, of 

The mean curvature of the surface of revolution is f 
eo.,ez the ezi., .„d it follow, that if either e.tenoki is dll ° d 

from‘t” ‘1.'"“°“* “If™ will move away 

Again, .1 a catenoid bo token outside the two, its mean curyature 
will be eoneave to the azis, and therefore if npper caWdl 

^placed upward, and the lower one downward. T, film " J I 

each case, move towards the axis. ' ^ 

and^erti^ ‘^^tenoids is stable 

and that the inner one is unstable. ’ 

rtabili “ Is nece^IIrv «' «■« «f 

Caleulnl of Variall^ *° ““ »' 

'•vri Earkigh .1. 
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115. If the pressure on the two sides of ^ difierent, 

-nd if CT be the difierence, the condition of equihbrium is 

1 l_n 

—I-7> 

Pi P2 ^ 

nv Hint the mean curvature is constant. 

If the film he in the form of a surface of revolution, we can show 

that the meridian curve is the path of the focus of a come rolling 

LetTbe theXcus of the conic and P its point of contact with the 

^''Tet rP=r and let p be the perpendicular SY from S to the line. 
The (p, r) equation of a conic is of the form 

or zero • • • (1) 

according as the conic il an ellipse, hyperbola, or parabola; where 
I denotes the semi-latus rectum and a the semi-major axis. 



Hence, if p be the radius of curvature of the locus of S and i/i 

the angle YSPy we have 

1 = sin 

p ds dp ^ dp\rj 

Also, if the locus of S is rotated round the fixed line, the normal 
SP is one of the principal radii of curvature of the surface of revolu- 

tion, and ^ _ 

1 

r'^dp 

I ^ \ it 

'3 dp' 


But from (1) 


whence we get 


p 


or zero, 

p r d 


according as the rolling curve is an ellipse, hyperbola, or parabola. 
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The third is the Catenoid ; the fir'll nnrl o j 
Plateau the Unduloid and the Nodoid the f f 
curve, and the latter pre- ’ ® 

senting a succession of 
nodes. 

To obtain a clear view 
of the generation of the 
nodoid, it must be con¬ 
sidered that, as one 
branch of the hyperbola 

rolls, the point of con- _ 

tact moves off to an infinite distance • fha nv i 

as^ptotic to both branches, and the otLr branch be'gL tTrolT 
thereby producing a perfect continuity of the figure * ’ 

mnis thVstuTrwm Iffu^a^^ 

Professor Clerk Maxwell’s articleirtl^e P 1 !■ 

•nd „„ fc subject of C.pilI.ri,; g ^ 

and references may be useful : ^ 

Mathieu, Theorie de la Capillarite, 1883 

Handbuch der Physilc, BA i 1908 both / Vmkelmanns 

bibliography of thLubject. ’ ' ^ 

=idA 
=pdv. 

But , 

pv=kd ; 

pSv~kSd—vSp j 
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For a sphere 


Hcuce from above 


but 


dA , dp 

••• 


dS 


0 dp 

-V'pdO 

P,vo(. e^\ 
^~^\pde)' 


2t 


A=inr^y and 2^—“ J 



pv—kO ; 

... IprA^kO or ltA=kB i 

Ud dp__ ^ ^. 

'** J dO" p dd ’ 


. 2i^+i=o: 

•• p dO^ * 


.*, p^0=: constant. 


EXAMPLES 

1 Two spherical soap-bubbles are blown, one from water, and the other 
from a mixture of water and alcohol: if the tensions per hnear inch are^e^ual 
to the wcichts of one grain and grain respectively, and if the radii be mch 
Ld IJ inch respectively, compare the excess, in the two cases, of the total 

internal over the total external pressure. 

2 If two soap-bubbles of radii r and r', are Worm from the same liquid, 
and if the two coLsce into a single bubble of radius B, prove that, if n be the 
atmospheric pressure, the tension is equal to 

n R^-r^-r'> 

2 ’ r^+r'^-B^' 

3 The superficial tensions of the surfaces separating water and air bemg 
8-25 water and mercury 42-0, mercury and air 55 what will be the effect of 

placing a drop of water upon a surface of mercury ? 

4 Show that if a light thread \vith its ends tied together form part of the 

internal of aliquid film, the curvature of the thread at every point 

'"“'if “the "twi have weight, and if the film be a surface of revolution about 
a vertlil axis, prove that, in the position of equilihrium, the tension of the 

thread is ^ 

I being ite length, m its weight per unit length, and r the tension of the film. 
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5 . A plane liquid film is dra\\Ti out from a 
the numerical value of the energy per unit of 

tension (T) per unit of length. ^ that of the 

If the film be removed from the reservoir •< j 

the mass of unit of area, prove that'" denote subsequently 

m 

aUoLd^JoTw:: ^WtbXeSer^'^ 

radius of the resulting bubble, and p;ov; that ?he^r “ determining the 
constant ratio to the increase of volume. decrease of surface bears a 

revolution, prove that thelnchnatTon 0 ol the'^Unw of 

is given by the equation P to the axis 

, a: 6 
cos 0 =-1_; 

* being the perpendicular from P on the axl and a, 6 constants. 

8. Two soap-bubbles are in contact • if r r k *i 
faces, and r the radius of the circle in^^lieh tt ^hrerstfacts 


—=JL ± 

4 r“ r 2+r 2“ 


r.r 


V 2 


. Jii «'“• •• • 

with a force equal to ^ PuPed together 

cos a _ 

^ sin a, 

A being the area of the film and B its periphery. 

if O be t“S^ty"otL^^^^ ; 

and 2a the angle subtended at the axis by the arc^of f capillarity. 

With the water, prove that ^ ^ cioss-section in contact 

{n<x~a) sin |(a—^)=:cos a cos J{a+^). 

density) at theSperrtiml'’corsiLred“ Tte° rad®*"^ pressure is ix (its 
It IS first placed in air. The barometi^r ih of the bubble is a, when 

—. s.„ .w &si^rrs“sr 

mg as the tension of the film is greater or less than - 
12. Prove that the equation 

y=a: tan (a2+6) 

. p„,„. 

each other, show^th^they^-^m bTapp^Ltlv parallel to 

this 13 due to the surface tension. attracted to each other, and that 

ite angle of -“ta«h tersurf^e“^of^ 
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If „ is the -Icnsity of the liquid, and <T that of the cuhe. and if is the surface 

tension, trove that the cube will float if 

a c* c , f 71 (I 

-<l+4-,cosa+2-sin(^^-2 

iq Tu-O eoual circular discs of radius a are placed with their planes i^r- 
io. i AO equal Cl centres, and their edges are connected 

•2* i 


2{3aH22“)|8c2-3a6+ 




16 A liquid film of total surface tension T is in the form of a cylinder 

lb. A iiquiu m fijgcs ot radius 2a, mth their centres at a 

'r‘f® ‘^aTrtn a line prr?ndicuLr to^ pla;es. A pin-hole is made 
?"f tic discs so that the air slowly escapes ; show that a total quantity 

e„.T«[8ani+T/(2an)>-cni+2 sinh (o/c)}] 

wnll escape, where g. and n are atmospheric density and pressure, and c is given 

by cosh {a/c)=2a/c. 

17 A plane Plate is partly immersed in a liquid of density e and surface 

rr; li. s - ^rfSH: 

i’fference oF the heights of the liquid on the two sides of the plate above the 
undisturbed surface level is 


li 


i 71-2/3 . :i-2a 
cos —;— Sin- 


\ £ 7 (? i ^ ^ 

18 A volume of gravitating liquid of astronomical density e is 

surrounded by an atmosphere at pressure n and 

filled with air, whose volume at this atmosphenc pressure is ^Tra . 

tension of the liquid is f. Prove that the radius . of the cavity m the con- 

figuration of equilibrium is given by the equation 

1 12 J c^+331^ \ 

\^/(e’+a:’) /' 


n(J_lV 2 l (4 




19 A liquid film hangs in the form of a surface of revolution wth its a-ris 
f 1 q'hft iinner boundary of the film is a circular wire held horizontally, 

si ^ i.. ;.4 SiSr“r',» 

s;“.".".Sis* ti, ..»«i 

Prove that r satisfies the equation 

{A2-oT“)r3-2AVr+(A»+«’’‘a*)a*=0. 

20 A wire circle (radius a) is placed in the surface of soapy water tmd 

j —.T£ rn;,! i“«»i" s«.«- “ 

^a^ is a/z, where z is given by 

cosh”' z+z(2*—l)*=z*. 
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21, Two circular rings with a comnion a.yiq of 4 . i 
support a closed liquid film containing air at a greatm Sure^thafthlTr 

ternal air : show that the ends of the film aro spheres of radius 

that the surface between the rings is a surface of revolution of whfoh Zo 

,i ,b. .o,„.i to a. .„a , i, 

22. A long circular cylinder of radiu*? r • 

acute angle of contact with it is a, is gradually liquid, whoso 

kept horizontal. Show that contact with the 

axis reaches a height h above the original and ult m.t ceases wlien the 

by the equations ^ timate level of the hquid given 

h=r cos (0-a) + c cos 

- sin (0-a)+2 sin |-tanh- sin |=2 sin ?-tanh- sin ? 
the ratio of the surface tension to the density of the liquid being i^c^ 

sontautdts^rplfgelnT^^^^^^^^^^ "^th its base hori- 

capillary action at the ends be negTcted! the 

w;—w;'=2rsec a(sin a+cos y), 

rr; o7c:xi" 

surface. principal radii of curvature of the 

origin suitably cho’se^^^the* sLface of Lnarit"® downward vertical, and the 
satisfies the relation eparation of two flmds of densities /ij, 

2(z-z„)=j„a-V+J(2„a2+22„3)a-6^.^ 

of the angle o'f°c7ntact!^ ^ expressed in terms 
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117. If a liquid mass, the particles of which attract each other 
according to a definite law, revolve uniformly about a fixed aas, it 
is conceivable that, for a certain form of the free surface, the liqmd 
particles may be in a state of relative equilibrium ; since however, 
the resultant attraction of the mass upon any particle depends in 
general upon its form, which is unknown, a complete solution of the 

problem cannot be obtained. ^ • 

For any arbitrarily assigned law of attraction, the question is 

one 6f purely abstract interest, and it is only when the law is that 

of gravitation that it becomes of importance, from its relation to 

one of the problems of physical astronomy. 

We shall consider the fluid homogeneous, and confine our atten- 
tion to two cases; in the first of these the attractive forces are 
supposed to vary directly as the distance, and, in the second, to 

follow the Newtonian law. 

118. A homogeneous liquid mass, the particles of which attract 
each other with a force varying directly as the distance, rotates urn- 
formhj about an axis through its centre of 7nass ; required to determine 

the form of the free surface, , , . , 

The resultant attraction on any particle is in the direction oi, 
and proportional to, the distance of the particle from the centre of 
mass ; and if /x be a measure of the whole mass of fluid, px, py, 
may represent the components of the attraction, parallel to the axis, 

on a particle of fluid about the point x, ?/, 2 . 

Taking the origin at the centre of gravity, and axis of rotation 

as the axis of 2 , the equation of equilibrium is 


and therefore 


p=C +1 p {+2/®) ~• 

118 
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At the free surface p is zero or constant, and the equation to 
the free surface is 

1-l(a;2 + i/2)+22,^2), 

the constant D depending upon a;, and upon the mass of the fluid 
IVhen ca is very small, the free surface is nearly spherical and 
.2 increases from 0 to the spheroidal surface becomes more’oblate 
men^ the free surface consists of two planes ; to render 
this possible we may conceive the fluid enclosed within a cylindrical 
surface, the axis of which coincides with the axis of rotation 
Wien »■>,,, the tree s^f.ce is . hype,b„l„id oi 
.hch for n certsm v.l„e („') of n, becomes . cone, the Unid 
Ihespaee between tie cone end tie cylinder. Taking aeconnt of Ihf 

ycl™. of tie flmd, the » „e of m can be determined by putti. e 
D=0, since the pressure in this case vanishes at the origin ^ 

If ad>ad', the surface is a hyperboloid of one sheet, which ns t. 
increases, approximates to the form of a cylinder, and it is therefore 

The results of this article, it may be observed, are equally true 

of heterogeneous flmd, whatever be the law of variation of densitv 
m the successive strata. uMry 

119. A mass of homogeneous liquid, the particles of which attract 
each other a^rd^ng to the Newtonian law, rotates uniformly i^a 
state of rehhve eqmhbnum, about an axis through its centre of mass ■ 
required to determine a possible form of the surface 

For the reason previously mentioned a direct solution of this 
problem cannot be obtained, but it can be shown that an oblate 
spheroid is a possible form of equilibrium. 

Let the equation to the spheroid be 

22 a:2+t^2 


rn + 


= 1 , 


c2(l+A2) 

the axis of rotation being the axis of z. 

Then the resultant attractions, towards the origin on a narticle 
at the point (ai, y, z) will be represented by ^ ^ 


-tan-i A—A}, 


Ji^TTpy 


A® 


-{(1+A2) tan“2A—A}, 



120 equilibrium OF BEVOLVING WQTJIB .chap. vn. 

Z_4^"{A-tau-‘A}(l+A^), 
f A® 

parallel, respectively, to the axes.* 

The equation of equilibrium IS 

dji=p{(co'^x-X)dx+(oj^y-^)^y Ziz}. 

But from the equation to the spheroid, 

zdx+ydy+(l+X^)^^—^’ 

.„d tki. mu., b. . surf... oi 

A^ 

^2 (3+A^)taii 1A-3A 

or A» 

If CO and p are given, this equation determines A and thence the 

ratio of the semiaxes of the spheroid is known. 

To investigate the real solutions, let 

. ^ JSV I - 


(a) 


(3+x^) tan~^x-3a : 


y= 


7^ 


(^) 


^2n 


(y) 


Substituting the series for tan-x, which is known to be con- 
vergent wlien x<\, we get 

y='^^~'>’' *( 2 ) 1 - 1 -l)(‘2n-l-3)^ 
dx x»(xHl) 

f 7^+9^ _tan-ixl 

—^l(xHl)(a:"+9) i 


Also 


( 8 ) 


where 


/w=— 


(xH1)(xH9) 

The forms (y) and (|3) show that y vanishes for x=0, and x=oo, 

* These expressions wUl be found in Laplace's Micanique CilesI^ Potoo^s 
Mecanm, Duhamel's Jl/^cani?«c. and Todhuntcr’s SUiUcs. In the last named, the 
ejuatrn to the spheroid is (x» + yna> + zVa»(l-e“)=l. but the expressions used m 
the text wUl result from the expressions there given by putting 

l_c*=l/(l+X‘). 

vol. il § 219. 
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respectively ; we shall show that as x increases from zero ?/ has one 
maximum value and only one. 


dv 

The sign of ^ depends only on that of/(x), 


x=0, f{x)=0, 


X=oo,/(*) = _^. 


also when 
and when 

Again, we find that 

(x^+mx^+w' 

and this is positive from x=0 to a;= Vs, and negative for all greater 
values of x, so that/(a. begins by being positive and .ncreasS as" 
increases to V3 and then decreases continuously ; J{x) therefore 
vanishes for a value of * greater than V3. By the help of tables 
we can easily show that /(2) is positive and /(3) negative so tbn t 
the valu^ies^ between 2 and 3. Also /(2 -5) = .0025 approximately 
and Newtons method of approximation gives for the root 

_ 



Hence ^ vanishes only when a:=2.5293 ... and y is then a 
maximum and its value is *2247. 

The graph of equation (^) is therefore as in the fi<nire in which 

We conclude that if coV2.p>.2247 the oblate spheroid is not 

sphSS f““ ^‘l.^/ibrium, but if aiV2^p<.2247 there are two 
spheroidal forms possible, for there are two real values A A of the 

.bsc.s» co„„p„„ding to ever, v.l„. the ordio.t. less tta 22« 

two Wb™ ‘b.,, „e 

2-5293 Let r h less than 

5293. Let A, be >A„ then as co72.p is diminished we see from 

9 
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the graph that A, decreases and A, increases, and since AgJ293 

therefore VTTV>2-72 ; but the ratio of the semiaxes is V 1+A . , 

so that the larger value of A always represents a much flattened 
spheroid, and the smaller we take the flatter Joes lie 

spheroid become that corresponds to the root A,. 

hand, for small values of w^ftnp the root A^ will be small, and if e 

denote the ellipticity of the spheroid, we have 

c(i-|-e)=cVr+V. so that e=^Ai^ approximately, 

and therefore from (y) 

00 \ 2n_ 

a>V2irp=r(-)"' (.2rt+l)(2w+3P ”15’ 


as far as the first power of e ; or 

€= 15 ^ 2 / 1677/3 approximately * 

Maclaurin was the first to prove that an oblate spheroid is a 

possible form of equilibrium of a rotating mass o 

fluid, and the spheroids are therefore commonly called Maclaurm s 

Spheroids. 

121. Application to the case of a fluid, the density of which is 
canal to the earth's mean density. 

Assuming for the moment that the earth is a sphere of radius 
r and mean density p, the attraction at the surface, which also 
measures the force of gravity (g) at the pole, is ^irpr. In c.G.s. umts 
3=980 approximately and 27rr=4x 10 ® cm. 

Therefore in astronomical units 

p=3^/47rr=367'5 X10 

If we make co®/27rp equal to its limiting value -2247 for the 
spheroidal form, and use the value just found for p, we obtain for 
the time of rotation 2 ^ 01=2 hrs. 25 mins. This is therefore the 
smallest time in which a homogeneous mass, of density equal to the 
earth’s mean density, could rotate uniformly in the form of an 

oblate spheroid. 2 ^ 

Again, if we take for w the earth’s angular velocity 24 ^ 


we obtain 

_=-0023 approximately, 

27rp“242x 60^x367-5 

which is less than the critical value -2247, so that for this density 

• For a discussion in which the value of «*/ 2 wp is obtained cor^t to the third 
power of the elUpticity. see Darwin’s Scientific Papers, vol. m. p. 423. 
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and angular velocity two spheroidal forms are possible tier i • 
two real values for A as explained in Art. 120^ The In ^ 

corresponds to a very flat spheroid and fliA « n • 

.lose .ffiplicity is by Art. ‘ 'PtetoM 


15co^ 15 


1 


1677 P ~ 8 ^■0023 = -0043 or ~ nearly. 

lie eerth as is k«„,« by geod.tie m..,„en.,„ts, di».,s „ry 
Slightly in Its form from a sphere, its ellipticity being -i_.* that 

IS, the axes of the spheroid are in the ratio 300-15 • III an 
fact that the axes of the homogeneous fluid spheroid oi th'o 
mean density as the earth and rotating in the same ’timp ^ 
we have just seen, in the ratio 233 • 23^ show ■ tl f -f • ’ 

geneous fluid mass. ^ ^ l^omo- 

obserwd^atTe have?oTsolve?th 

of a -.ss o, rotatio* f.u.“Lt U 

that if a,V2vp<-2247 an oblate nnler^-ri • ' ^ ^ 

we notice that this result is independent of'th! f® 

It does not follow that equilibrium is impossibirbufonly tW tl ’ 

IS no oblate spheroidal form possible in this case. 

o examine whether a prolate spheroid is a noscible f 
may write -A'^ instead of AMn Art 110 i form we 

Equations (a) and (y) of that Article then give 

— = _u_ 4m 

27rp 1 (2^l)(2rt+^^''’’> 

which is impossible because the opposite sides of He t- 
of unlike signs. Hence a nroleie equation are 

equilibrium ^ Possible form of 

at rest under th L ion ^ 

or revolving uniformraboS^^^^^^ 

mutually attractive forces of its partied’ " ''‘® 

* st ^ equal 

Helmert. Earth,” by A. R. Qarke and P. R. 
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pressure ; tlien, in the former case, the resultant force at ay point 
of BEF is perpendicular to the surface at that point, a^ is un¬ 
affected by the existence of the fluid between ABC a^ DEF ' this 
fluid could therefore be removed without afiecting the eqmlibrium 
of the fluid mass bounded by BEF. In the latter case, the force at 
any point of BEF, although perpendicular to the surface at that 
point, is the resultant of the attractions of the mass of flmd com 
taincd by DEF, and of the mass contained between BEF and ABC ; 
these two components of the resultant force are not necessarily 
perpendicular to the surface, and the fluid external to BEF cannot 
in general be removed without afiecting the equilibrium of the 

remainder. aa i. 

If, however, the fluid be homogeneous, and the particles attract 

each other according to the Newtonian law, so that the free surface 

may be spheroidal, the surfaces of equal pressure will be siimlar 

spheroids ; and in this case, since the resultant attraction of an 

ellipsoidal shell, bounded by two concentric, similar, and similarly 

situated ellipsoids, on an internal particle is zero, the portion of fluid 

between ABC and BEF may be removed, provided the rate of 

rotation remain unaltered. ^ 

]\Ioreover we have shown, Art. 120, that for a given value of 

oj not exceeding a determined limit, there are two possible spheroidal 

forms : let ABC, the free surface, have one of these forms, and 

describe within the fluid mass a concentric spheroid, GHK, similar 

to the other spheroid ; then the fluid between ABC and GUK may 

be removed without affecting the fluid mass GHK. 

The action of the shell upon a particle at a point P of the sur¬ 
face GHK is not perpendicular to the surface at P, but this action, 
combined with the attraction of the mass GHK, and the hypo¬ 
thetical force measured by wV, is perpendicular to the smface, at P, 
of the spheroid passing through P, which is concentric with, and 

similar to, the surface ABC. ^ ^ • t 

In other words, the direction of sensible gravity, that is, oi the 

weight, of a particle on the surface is normal to the surface, and of 

a particle inside, normal to the surface of equal pressure which 

passes through the particle. 

In the same manner if the free surface, ABC, have one of the 
possible forms, we can imagine a concentric shell of hqmd added to 
the mass, and having its outer surface of the same form, or of the 

other possible form. 
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In the former case, ABO will still be a surface of equal pressure 

but, m the latter case, ABC will cease to be a surface of equal 

pressure smce the new smfaces of equal pressure wHl be similar 
and similarly situated to the outer surface. 

m. If • Suid mass be set in motion, about an axis thronob its 

aentr. of mass, w,tb an angular velocity sucb as to make tbe val e 
of reV2nk greater than tbe limit obtained in Art lid it 1 ! 

foifew .bat tbe .nid cannot be in e,„i,ibr"„m in" e . ^ 0 “ 

spheroid, tor it may be conceived that the mass will expand later" |v 
with reference to the axis, taking a more flattened shape td te 

Z p”t"" “ ”‘ 

If the mass consist of perfect flilif] i*fc u >1 
the spheroid of .,„i,ibri„:, bn. iras'ifu::™" s," “:.:.'fl:';f:‘ 

“St-t Sr^Litnzr-rrr' 

tion of equilibrium will be fttoed F " f ^ 

the angulr momentum of the sttef r'S T 

remain constant, we can determine the’final " """ 

the form ultimately assumed 

;SS:=SS:# *= V 

the subsequent motion the fluid mrtirl ’ i- ’ during 

plane, which may be called the “ momentar’ pknT 

dZjs X rrmiti 

plane will be the axis of / r Perpendicular to this 

relative efliflbwZ “““ “» «“*« »' 

ite iS'nf .eZj^n,°o“tr' “ 

bri™Zd"Mtartel"'"’ tT ““ ““ <•■!«»■ 

turn is Wc\l+\^)o, ; ® expression for the angular momen- 


we have also 


iMc\l+X‘^)o,=H ; 

i7Tpc3(l-j-A2)=J./, 
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and therefore, if a is different from b, 

vdu _ 

{a^+u)(b^+u)D 


(X) 


■=ui\ 

- Jo 


(4) 


and, this expression being a positive quantity, 

. obtained, and it is established tha an ° f 

unequal axes is a possible form of a mass of hqmd rotating 

smallest axis. 

126. That c must be the least axis may also be seen as follows : 

aU-c^C 

2 


a 


ui r f _^ 

“2a^Jo lo^M c“+m/ D 

2 « 2 ^ Jo 


0 (a2+w)(c2+u)Z)* 
which shows that for oi to be real, we must have c<a, and similarly 

127 It was pointed out by Mr Todhunter, and dernonstrated 
in the following manner, that the relative equilibrium of the rotating 
ellipsoid cannot subsist when the axis of rotation does not coincide 

'"‘^KeferrTdrthTpHncipal axes, let I, m, « be the direction cosines 
of the axis of rotation. M any point (x, y, z) of the mass, and N the 
foot of the perpendicular from M upon the axis. 

OiV=fx+my+n«, 

and if OIV=v, the co-ordinates of JV are Iv, mv, nv. 

The accelemtion M when resolved parallel to the axes, gives 

rise to the components 

w%x-lv), m-(y-mv), <»\z-nv)\ 

therefore the differential equation of the free surface is 

^ _^x}<ix-h ’ 

hence the form of the free surface is given by the equation 

^2(^2 +- coVx+niy+nzr-Ax^- By^ - C 2 “=constant, 

and this cannot represent an ellipsoid referred to its principal axes, 

unless two of the quantities 2, m, n vanish. ., ^ j f 

Mr Greenhill remarks that a particle of the liquid at the end o 

the axis of rotation will be at rest under the action of attract 

of the liquid alone, since the expression mV vamshes at that po . 
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Hence the attraction on the particle must be normal to the 
surface, which is only the case at the end of an axis. 

128. We notice that if the mass of the fluid M be given, we have 

equation together with 
n, (4) of Art. 12o may be regarded as determining a, b, c in terms 

01 iU, and CO. 

These equations were investigated by C. 0. Meyer,* and a full 

/-Trp that will make a Jacobian ellipsoid a possible form of equi- 
onrorr^tatio Particular value the ellipsoid is 

ux^er shown that this value gives a unique maximum to the 
unction on the right-hand side of equation (4) of Art. 125 and that 
for smaller values of there is one and only one ellJsoS 

Tn.V Maclaurin’s spheroids and 

Jacobi s ellipsoids, we have : 

®P^®roidal or ellipsoidal form, 

•2247>ai727Tp>-18709, two oblate spheroids 
•18709>ai727rp, two oblate spheroids and’one ellipsoid 

with three unequal axes. 

129 It follows from Art. 125 (3) that the ellipticities of a Jacobian 
ellipsoid cannot he small, in fact that one of the axes is Irev^ 
case, at least V2 times the axis of rotation. In a com’plete dis^ 
cussion of the Jacobian ellipsoids containing numerical teb atd 

tbp n, ’ P f ^ ® continually diminishes 

efl^rT' ° “omentum continually increases, and that the Ls 
ellipsoids are very nearly ellipsoids of revolution about an axis 
perpendicular to that of rotation. 

V™"?" f''"®"' “ ““ '>'■“« theorelic.ll, 

» dlipte 0,1,.d„ „ . 

the “ “ "»-■ •»“» 

Crelle s Journal, tome xxiv. (1842). 

loi “• '‘IP", 


if 

and if 
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\ydy=0. 


If a and 6 ate the semiaxes, the components of the attraction 
ot tlie internal point a:, y are 

*J!S^ and 

(,:eh-i« and Tad, Aat. m p). .«<i 
is therefore ,, 

Identifying this equation with 

^+yly=o, 

we find that ^^^i„pabl{a+b)\ 

1 n a fe are given; but if co, p ate given 
This determines a> when p, a, 0 a g 

we see that since - 

/i_eh 

a+b rrp 

an elUptic cylinder will not be a possible form of equihbrium unless 

" Tai. Poincare’s Theorem. We have seen that a Jacobian 
ellipsoid is an impossible form of relative eqmhbrium if 

01^/2 7rp> *18709, 

an oHate spl,e»d is ,»po...U. i< h“ pSd 

cylinder is not a possible form if * For a 

i../ a.-/2n,>l .»ss. .a ‘t. 1... 

“7arrst:lnr:"^ 

towards tire .nt.ri.,, .tU.rwi.s a part wWd be dei^^.1 
Let V be the potential of the attracting forces a 
Irom tbe arts, and let j„V. 

Tb. ,rt«lt.nt outward normal loroe U f and, for equilibrium, 
at everp point ol tbe free surface f must be negati™. Bj G.erti's 


viif 

dsJ\\v^Vdxdydz. where the first integral is taken 

^ ViV ji IJ 

. ii n 117 or Figures d'iquilibre d'unt masse flubie, 

* BuUeiin Asiron., tomo u. p. U7, or J!tgure<, ^ 


Theorem |j 


dU 

dn 


p. II 
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over the surface and the second throughout the volume of the 
nmd. And 

V^Z7=V^F -j-2a)^= — 4:7rp-\~2co^, 


Therefore jgrfS=2(a.2-2^p) x volume, 


and if the left-hand member is positive, which implies 

that at some points on the surface the resultant force is directed 
outwards and therefore equilibrium is impossible. 

132. Other equUibrium forms. In addition to the forms that 
we have considered, the annulus was first considered by Laplace * 

m connection with the theory of Saturn’s rings, and has since been 
the subject of much investigation. 

„ '‘“'i Tait’s Natural Philosophy, 

§ 778 , a number of results relating to the stability of the forms 

already discussed were announced without proof. In attempting to 
establish these results, Poincarfi was led to write a celebrated paper 
which appeared in the Acta Malhcmatica, 7, Stockholm, 1885 In 
this paper the problem of figures of equilibrium is discussed in a 
more general manner. It is shown that possible figures of eqiiili- 
bri^ form linear series, that is, series depending on a single para¬ 
meter, such as the angular velocity, and such that to each value of 
the parameter corresponds either one and one only, or else a finite 
number of figures and such that these figures vary in a continuous 
manner when the parameter is varied. Thus the MaclaiiriiTs 
spheroids form a linear series, and Jacobi’s ellipsoids form another. 

It may happen that the same figure belongs to two distinct linear 
series ; such a figure is called a form of “ bifurcation.” Thus there 
IS a particular member of the series of spheroids which at the same 
time belongs to the series of Jacobi’s ellipsoids. Poincare also 
considered, in this paper, the question of the stability of forms of 
eqmhbrmm, and showed that if a series of figures are stable up to a 
form of bifmcation, then beyond that point the figures are unstable 
the stable figures now belonging to the other series involved in the 
orm of bifurcation. Thus Maclaurin’s spheroid is stable only so 
long as its eccentricity is less than -8127, which is the point of 
bifurcatmn, and at this point Jacobi’s ellipsoids become stable In 
attempting to find points of bifurcation in the series of Jacobi’s 

Mme. KotrsM are d'cJstr 
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r T A’c fiinntiftns PoincaT^ fouiid that there 
ellipsoids by the use of Lam6 fu ’J equilibrium. All the 

are an infinite number of series o ^ perpendicular to the 

toong liom the tot bitoe.tio. in 

ever, has shown tha the t ^ 

than was at fi st approximation. At 

papers,! and ts for Jacobian ellipsoid are as 

the point of bifurc —.14200 ' and the pear-shaped 

0*0.81498 : ‘f “jaeobto .llipi.d, 

figure represents a small departure nom 



which t.te the to,m .1 . ptotubtohc. .t c. e.d of it. lo.gMl 

oxis, and . hbrnling of the otto end ft. 

J^d “C;" t Xfitted to, th. dofted toe tept^e... 

* r •/ ,. .UciFiauresd'lquiUbred^une masse finide,-p.\Qh 

^' 0 n"h;peatYaU of equmbrium of a rotating mass^on.^ 

TrL; vol. 198 A (1901), P_ 301. or „ass of liquid.”PAil. 

Stability of the pear-shaped figure of p 317 . For a simple 

Trans., vol. 200 A (1902), p. 261, or ji interesting paper by the same 

account of the sUbility of li^p. xxviii. in the volume Darwin 

author on “ The Genesis of Double btars, oemg f 

ond Afodern Science. 
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a. Jacobia. ellipsoid, and the other curve the pear-shaped figure ■ 

the upper re the equator,.1 section, and the lo.ver is the meridTou.l 
section in the plane of symmetry. 

133. The following expressions for the attraction of a solid 
homogeneous ellipsoid of small ellipticities are often of use in dis¬ 
cussing the forms assumed by masses of rotating liquid ; viz. if a 
6 c, the semiaxes, are such that 6=a(l-e) anS c=a(l-,) then 
the component attractions at an internal point (x, y, z) are 

Apx^ Bpy^ Cpz, 

where 

377(1 -f * e— * 7 ^)^ 

These expressions may also be vvuitten in the symmetrical form 

A 22a—b~c\ 

I’ 


or as 


where 


'‘-l"(l-r-i-‘l,etc. 


^■=^(a+h-|-c). 

principal sections vassina throunh fhp iir>. «• • • .1 *' *^<'i'W^cities oj the 

«« i. fzMA’ Ss A;iri7 "" ■“ “• 

If d .8 the distance between the bodies, the centre of gravity 0 of the 
mass m has an acceleration and 0 may 

be reduced to rest if we apply this acceler¬ 
ation reversed to every element of the 
liquid mass. 

If ^ is the centre of gravity of the 
mass M, and P any point in the liquid 

mass, the forces at P aua j 

at F are towards A, — parallel to AO, the force due to 

the self-attraction of the liquid and the centrifugal force. Now along 



is equivalent to . PO along PO and ||. 0^4 parallel to ol 

book of the 
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Tlio former ;z3/r 

2dr cos SH d* 

to the first order of rid. 

The latter combined with 

,,Md jiEjlEf 1+^4 co^e 

J.; 2 _L ^2 _ 9/1r rns Oil cf* if* I ® 


-1 


|^ 2 _^r 2 _ 2 dr cos 0} 
3/iil/r cos 0 


“,n. .. “• “ ”■' 

for axis of rotation, we have 

nMr ^fiMx 

'^2=o>^xdx+ydy)-AQxdx-Beydij-CQzdz--jrdr+ ^ ax. 

n 


And the free surface must be of the form 


ylpd- 


iuM A 


,iM 




-2^^Ce+'-^)=const. 

’')=c=(ce+^- 


Now since the masses are rotating about their centre of gravity Q with 
angular velocity co, » . Jll 

w® ■ OQ=—^ » 

, , (M+m)OG=Md ; 


but 


(o*= —» 




23/ \ 

A/-|-7n/ \ AI+wi 


)) 


9 

= — 


31/ 


since fu®/(? and a—6 are small. 


So also 


a^A 


_,2C=-(a»(l+3^)+c*^ 


0)2 41/+m 
="7“'l/+m' 


But from the last Article, 


at A-b^B=i7i |(a®- fc*)- |a—y- -f ^6 ) 


= j7i(a—6) 


a*d-nf)+6* 


-a-i.)). 
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and to get a result correct to the fir.t order of the small difference a 
put k—h^a in the last factor, so that 
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b we may 


Similarly 

Hence 


a^A—h'^B— Y^7ia{a~ 6 ). 

aM— 6^0= -} 0 7ta{a— c). 

a~b a^A~h-B 

a-c~ a^A - 


examples 

hquid of density q. IftheShjuid''be%otrting^L°°Vt"‘’'^ 

angular velocity w about a diameter, prove that the f .'^q'Jilil^rium with 

the great circle at right angles to the^axis of rotit!e * ‘ 

circle equal to rotation is at any point in that 

d. „ 

of small ellipticity e ; if the case rotator ^ oblate spheroid 

angular velocity m, prove that a possible form of tl uniform 

oblate spheroid of ellipticity €^ given by ^ common surface is an 

. ?S"! 1L”» 

d i. „„d „„_ • 

form of the common surface is a sphere. ^ 

ih. to Iriik 1 

the peatest excess of the pressure at the centre ov/r 7h. 

on the surface, ceniio o^e^ the pressure at a point 



A-X/a^ B-.^/b2 co^ a>'- 

where A.. By, Cz .re the components of the attraction at an internal point. 

oie> o), are^enclostdln^nf^/SrfcaUnvd’’^’ densities are g, 

relative equilibrium with a small uniform ^ud the whole rotates m 

of the sphere. ShoJTat a poss^lZm of/r 
liquids is an oblate spheroid o^f e^ticirfl 

equilibrium with TnyLfvelocity®n^^th°Irelative 
elhpsoid with three unequal axes Z . f *“ of an 

vessel of this form is now made and’the *'““8 “■ A rigid 

in relative equihbrium with anmilar vet^ff rotating with the vessel 

that the pressure at any pl^f the Jurfat'^is" I"™- 

ie(a.»-n»X*^+y) or ie(a)=-fl^)(:rHy-o») 
according as o) is greater or less than n. 
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examples 


, n is covered by a thin layer of liquid 

7. A solid sphere me“ ^ J ^ uniform angular velocity 

of uniform density a. , ,, ; the solid sphere attracts 

cu about an axis through the cen ^^^j^^gp^^ated at a point on the 

according to the law of the ^ the liquid also attracts accor^ng 

axis at a small distance c lom oc ’(.jjat the outer surface of the liquid is 

l™™x;:^;tdfrs”id''of^ 

Sa ™e Qclo- O) from the centre of the sphere. 

8. A solid gravitating sphere^o^adius^a^an^^^^^^^^^ ^TheThTis mad"e 

of the Uquid is the spheroid of small elbpticity giv jf 

r=6(l—*)» 


15a)®5^ 


where 


and P. is Legendre’s coefficient of the second order. 

9. A homogeneous rektfve equilibrium 

sx*c.» .7r„ E, •!.. f 

equatorial section of the envelope is 

15 

^ A~" 

where A is the area of a polar section of the elUpsoid. 

1 crAiA nf mass 3/ the equation to whose surface is 

10. A nearly ®Pl^erical solid ^ surface, the soUd and Uquid 

r=a(l + a^’4)» ^ ,v law and the whole rotates about the 

attracting according velocity w. Show that the equator will be 

axis of the 

density of the solid to that of the Uqmd. 

11 Assuming the Earth to consist of a fluid surrounding a sohd sphencal 
nucleusfiPove that the ellipticity. supposed small, is given by 

Die 

”“4/5+2(Z>/e-i)’ 
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PREFACE TO THE FIRST EDITION 

Dr Besant’s Treatise on Hydromechanics was first published in 

1 ^ called for in 

1882 the subject matter had grown sufficiently to warrant the 

sub-division of the book into two volumes. Part I on Hydro- 

statics ap^ared alone in 1883 and in the preface a hope was 

pres^d that . art II on Hydrodynamics would follow shortly 

Jveral chaptera were wntten and materials for other chapters 

1904 laid aside owing to pressure of other work. In 

1904 Dr Besant kindly invited me to co-operate with him in 

su3'2d‘'?h^"7 f «ixth-of the Hydrostatics, and 

Ingested that I should undertake to complete the Hydro- 

ynaimcs. This latter task I was unable to perform until the 

E" 1 materials at my 

^posal, but as modes of expression and analysis have altered 

ner^ook 'I desirable to write a 

new Dook ab imho.... 

foliowtd^ potential I have 

G ienhffi n r Sir George 

Greenhill. It dc^s not seem a matter of intrinsic importance 

which sign IS used but uniformity is desirable and as all serious 

students of the subject will ultimately read it in the classic work 

bC followed ” ’ precedent should 

m Jst" of alf assistance, and 

most of all my thanks are due to Mr J. G. Leathern for reading 

andluSsriofs " 


Magdalene College 
Cambridge 
December 1912 


A.S. R 


preface to the fourth edition 

As stated in the preface to the first edition, the book was 
^tten in t.ie first place for beginners, it does not profess to be 

study of hydrodynamics has become increasingly important 



PREFACE 

view of the rapid developments of the kindred object ^ 
Aeronautics, therefore the additions have been made a view 
to the needs of students who desire to take their studies further 
in this direction. A chapter on viscosity has been added as wel 
as some applications of contour integration to problems of tw 
hmensional motion and some discussion of the part by 

‘circulation’ in producing ‘lift’ and of the application of com 
formal transformation to aerofoil theory. The chaptcT on 
viscosity is placed at the end of the book but it contains direct 
references to so few of the other chapters tha,t there is no reason 
why a student who prefers to do so should not read it at an 

earlier stage, e.g. before the chapters on waves. 

In conclusion I wish to acknowledge my indebtedness and 
express my gratitude to Dr S. Goldstein of St John s CoUege 
for reading the proofs of all the additions and making many 
valuable suggestions. The book owes much to liis careful 

criticism. A.S.U. 


MareJx 1935 
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HYDRODYNAMICS 


CHAPTER I 

kinematics 

M. In the introduction to Part I of this work it was ex¬ 
plained that aU propositions in Hj drostatics are true for all fluids 

suffice to shew that the motion of fluids cannot be independent of 

cT”„", bl " “Th friotio,, 

Llitv In ,r’.T -IMenting 

fhT flffi? m of simpicity, to regard 

the flmd medium as a ‘perfect fluid’, incapable of exerting 

press.;? reSrt""'^’ f 

staTcf ; consequently, as was shewn in Hydrl 

-e?; iLct.C” " “ “» “™ iP 

In the preM chapter we .hell limit onmelves to the considorn- 
leavinfth. causation, that is .vith the kinematics of fluids 

noting force, w“th‘r. 7''°“' ““-oti"!! ‘ho 

qnent ch”pL ‘ "‘'"^0'". f«‘ • .ubte- 

of HyL''A7r„7ir„n 7 ”“r"e ““ P““o» 

partLar moti^^^^^^ / -ade of its 

other, any point in the throughout its course; in the 

pressure taXprcfaUhaTn T tT"®" 

called the Laeranvii) methods are commonly 

‘hoogh :,ttT:z,x EL’^tTh.r”'^ 

"*r*' ^ zzzt:i 



Ml- 


2 introduction 

also called the flux method. Clerk Maxwell suggested the wo^ 

Historical and Statistical as descriptive of the two 

shall obtain the equations requisite for the determination of flmd 

motions from both these points of view. 

1.12. In the Lagrangian Method if y, ^ denote the co¬ 
ordinates of a particle at time t, then the componente of its 
retcitv are x I z and the components of its acceleration are 
x ii z ^Also .r ’ y, z and the velocities and accelerations are fimc- 
tion’s of t and of three independent parameters a,b, c which de^e 
the position of the chosen particle at a particular instant, thus 
Tb cly be the coordinates of the chosen particle at the instan 
of tlL from which i is measured. In using this method it is weU 
to remember that it resembles that of Dynamics of a Particle orAy 
in so far as the coordinates x, y, z of the chosen particle are J- 
pendent on the time t ; but in the case of fluid motion t is not the 
only independent variable, for the particle is any particle in the 

JaHrnle has been chosen, so that there are altogether four inde- 
pendent variables a, 6, c, ^ 

MS In the Eulerian Method velocity at a point is mea¬ 
sured thus; if a small plane surface be placed at the p^t at r^g 

suiS when uniform, by the volume of fluid per umt area tha 
flows’across the surface in unit time; and when variable by the 
toe-rate of flow of volume of fluid per unit area across thesurface. 

Thus if q be the velocity and p the density of the fluid at any 
point, the mass that in time flows across a smaU area A the 
nornml to which makes an angle with the v-elocity, is pg A cos 6 Bt, 
and the rate at which mass crosses the surface is pqA cos 8. 

As stated in Ml, in the Eulerian IMethod a particular pom 
in the^space occupied bv the fluid is selected; we shall denote this 

point by («, ». t) .0 that in this case a, y, Y'"*'^ 
variables And it is important to remember that in the use ot 

this method, unless some further meanings are assigned to th 

sZl* s„a eapn^ssions as d^ld,. do not ooour, fo, the 

Rimule reason that a: and i are independent. 

\lhen the axes are rectangular we shall use »,to denote 

the components of the velocity q at the point (.r, y, a)- n g 
„, 11 , 111 aie functions of the four independent variables x. y, z and t. 
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ACCELERATION" 


If we regard (x, y, z) as a fixed point, then the values of m, v, w will 
tell us what happens at that point as t changes; and if we regard t 
as fixed, then since (x, y, z) may be any point of the fluid, u, v, w 

111 tel us what is happening at every point of the fluid at the 
particular instant under consideration. 

Lagrangian methods or 
ombine both notations in any particular problem, we regard 

u, V, Ml as the components of velocity of the element of fluid at 

{X, y. z) and the relation between the two sets of svmbols is then 

U,VyW = X,7j,Z. 

f ^ 1*1 considering the meaning of accelera- 

t reTwo ri ° ^ 

lx I Til ^ the point 

(X y, z), then inasmuch as «, i;, w are functions of < a change of 

ocity of the fluid can take place at the fixed point P as time 

p ogresses without any variations in a:, y, z. Secondlv. in order to 

estimate correctly the acceleration of an elementary portion of the 

fluid It IS not sufficient merely to note what change of veZty It 

or a short space after it passes P, in order to observe whether as 

moves onwards it does so with the velocity it had on reaching P 
or acquires any additional velocity. reacti.ng P 

'>^=f(x,y,z,t). 

The particle which is at (x,y,z) at time < will after a short 

veloclt^'ill blcomr^'^ ^ 

'U‘ + ^u=f (x + uht,y + vU,z + ivht, I + S<) 


to 


+ terms containing higher powers of 6 /. 

Henceth.*comp„„e„t„f|„i„gLtS./S;,faequ»l 


or 




( 1 ). 


( 2 ); 


“LlyTjZZZ Z W ‘ »'■' 

ty increases at the point (x, y, z) regarded as a fixed point in 


1*2 





acceleration 


1 - 2 - 


lace, and the other terms arise from the changing velocity of the 

element of fluid in its onward course. 

We shall denote the operator 


d d d d 

dx dy oz 


D 


by the symbol J,. »d speoh o. ,t» diae^nti.tion foIlo™g the 
With this notation the p^sitolf 

fraction foUowing the motion of the fluid is DflDt. 

. A. „ ii,»«.ion let — rp^V* 

pipe, which IS filled by the wa but inasmuch as the water 

then the velocity u is the varying speeds there may be an acoelera- 

may be forced through the P P fiJtant have the same value at aU 

tion ^u|et, which, in this c^e be steady, i.e. the velocity at 

points in the P‘P®. ^{ [ keeps the same value « for all time; also let 

any particular pomt of the p p P lecjty varies from one pomt 

thJJipo be of var.able sectm^^^^^^ Y ^ 

to another inasmuch M th distance measured along 

each section must be the sarna Hence h 

the pipe to a point ^ { + 81 have moved to a pomt 

occupies this position ,, . j^g velocity in the second position is 

indicated by s + «8t, and it u JK h 

u + &u=f(s + uht)=f(s) + fu&t 

to the first power of 8(. Therefore 

hu^fuht, 

and the element of fluid has therefore an acceleration 

= hthulU = udulds, 

u 4 . t. in steady motion there may bo acceleration; and m 

tion is given by ^ + u — 

et'^ ds' 

1-^ The Equation of Continuity. The motions that we 
,I„„ have to consider “raZontoo™ 

re—d;,i;«tiv.a >ul^. - 
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equation of continuity 


the s^ace in any time St must be equal to the excess of the mass 
that flows in over the mass that flows out. 

Let p denote the density of the fluid at (x, y, z), and with this 

pomt as centre construct a small parallelepiped with edges of 
lengths A, A, I parallel to the axes. 

The mass of fluid which in time St crosses a unit of area parallel 
to the yz plane at (x, y, z) is puSt, or say,/ (x, y, z) St. 

To And the flow across the face H of the parallelepiped nearest 

?! ^ + this smface. 

en the mass of flmd which in time St flows across a small area 

kl hT ^ !'”* ““ P»‘ll'kpip«cl «POS 8 thi, f„e 

nlZ air ^ ‘'■P P*pr, 3 sio„ over the area tl, 

noting that pu and its derivatives are values at the centre of the 

L?« Zeeaeair 


or 




klht. 


Similarly the flow out across the opposite face is 

pn+ih^-^ym. 

Therefore the increase in mass inside the paraUelepiped in time 
St due to the flow across these two faces is - 


dx other 

.? t:*?? ““ »that the total i„ere.ae h, 

dpw 


dx dy dz 




But ae original maes l„.id. the parallelepiped ie .od it, 
mote,., li„e 8l 1, pusi. Whence ve get the equation 


dp dpu dpv dpw 


(1). 




(5 equation of continuity 

This equation is clearly equivalent to 

PP 

and either of these miy be caUed\he equation of continuity. 
It follows from above that the expression 


1 - 3 - 


rly equivalent to 

.( 2 ). 

^P\dx^dy dz) 

' ^ A • * k 


du dv dw 
dx dy dz 


( 3 ) 


rate at which the volume of an element of fluid at 
“Til I. n..y be cUed .he dUa.a.ion „ .he 

expansion. u v w denote components of any 

vector irSthe divergence of the vector, and is often written 

‘‘"iSSishomogeneousendincompreeeible.piseoeeU^^ 

the equation .educe, to 3 » aj._„ .( 4 ). 

dx^ dy'^ dz 

If the fluid is heterogeneous and incompressible, p is a function 
of (a, ». M) such that g - i.e. the density of an element dee. 
not alter as that element move, about; hence in this cate also 
( 4 ) follows from ( 2 ). 

,.3, . we ea„ aiso ««*» :lro" 4 "l’h‘"Sltt 

are .r + dx, y, z, will move m time 8t to ^ 

x + uU + dx + f^dxi,. y + vU + ^dxBt, z + ^U + ^dxBt, 

so that dx is changed to ds„ whose projections on the axes are 

. r j At TViftrftfore the new volume of the 
with similar expressions for dy and dz, iherotore 

parallelepiped is ^ ^ 

dx 
dw 


dxdydz 


^St, 


£«• 
> 4 ?‘. 


8 t 


ay 


8 ( 


dz 


8 <. 


dz 


ht. 


‘•bK« 


vd.dyds+d+gaSjd'dydra .I" 
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equation of continuity 


to the first power of and the density p is changed to ^ Equating 

the product of these to the original moss pdxdydz, we get 


as before. 


Dt 


, fdu 


&v , dw\ 


( 2 ) 


1-32. We may also obtain the equation of continuity by 
making use of Green’s Theorem— 



{lf+mg + nh)dS= 





where /, g, h are functions of (x, y, z), which with their first 
bv a'^clorr^^ continuous throughout a region bounded 

taken over the surface and the JJJ throughout the space en 

su^LTifhT/e ^ 

^ I = increase in mass inside the surface in time St 


excess of flow in over flow out across the 
surface in time Bt 




dpv dpw\ _ 


Therefore 


///§ 


+ 


dpv dpw 


by Green’s Theorem. 


+ ^ + 


^\dxdydz = Q 


^x ' dy 

for all ranges of integration within the fluid. 


Therefore 


^P , ^P'^ , ^pv dpw 

~~ + —+ -^ + ^ = 0 

oy dz 


‘ dx 

\ 

at every point of the fluid. 




g equation of continuity 1 ' 4 - 

its edges PA, PB, PC paraUel to the coordinate axes of lengths 

Aftf time the element of fluid that occupied the space 
PABC at the given epoch will form a Meren% situat^ tetm^ 
hedron P'A' B' C\ and x, y. z being the coordinates of P , the 

A' I’oio+ivft P’ will be 


ofP' 


and of C' 


dx^ 

^Sa, 

da 

^8», 

da 

02 e, 

^oa, 

da 

dx , 

Tb^^’ 

>■ 

02 

0X„ 

^3c, 

oc 


0Z„ 

15 - 8 c. 
0c 


Hence the volume of the tetrahedron PABC 




dx 

dy 

dz 


da’ 

da 

dx 

dy 

dz 


06’ 


dx 

9 */ 

dz 


dc’ 

dc 


8a 86 8c, 


, _i„^i^i^8a868c. 

and its mass ~8^S(o,6,c) 

But if Po be the initial density the mass is IpoBaBb^c, and 

therefore 9 (x, y, z) _ 

^d(a,b,c) 

which is the equation of continuity. 

1-41 We can prove, by a direct transformation, the equivalence of 

thottoforLofthLquationofcontinuity. Beginning with theLagrangian 

form, let _ 0(x, y, z) , 

“ d (a, 6, cY 


then pJ is constant, and 


or 


d{pJ)ldt = 0, 

jdp 


But these time-rates are variations due to the motion of a particle, or the 
„ mu of ^ ,/ z- and we can change now from the Lagrangian to the 

Eulertn svstem of Variables by either writing B/Bf 

writing u. V, w for i, y. z. And on this hypothesis we shaU write 


— for -r-, otc. 
da dt oa 
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Hence 


But 


equation op continuity 

(^_du d{y, z) ^ d{y,z) du d{y, z) 
dt da d{b, c) db d (c, a) dc F{a,b) 

+ ^ ^ d {z, X ) dvd{z, X) 

da d (6. c) db d (c, ay dc d (a, b) 

^d(x^ awd(x, y) 

da d {b, c) ~db d {c, ay dc d {a, b) 

0{a, 6, c) 5(a, 6, c) 3(a, 6, c)' 

^dp dudz 
da dxda'^ dy^'^~^^* 


du 


^dy dudz 

dx db'^ dy db'^ ^ 


3c dxdc"^ dyTc'^Tz'dc' 


by eliminating — 


or 


g^ ^(a:>y,g ) d(u, y, z) 
dxd(a,b,c) d(a,b,c)* 

d(u, y, z) du^ 

3 (a, 6, c)”*^ aa;* 


and from this and similar expressions we get 




and therefore 


(U 

Dp 


Dt 


+ p 


\dx dy dz) 

/du dv dw 
\3a: dy"^ dz 


’)= 0 . 


1-5. Particular cases of the Equation of Continuity. Ti 

equation of continuity may be transformed to cylindrical an 
to polar coordinates by the ordi¬ 
nary processes of change of the 
independent variable, but it is 
simpler to obtain it directly in 
each case from the principle that 
the increase in the mass con¬ 
tained in an element of volume 
m any short time St is equal to 
the excess of the mass that flows 

in over the mass that flows 
out. 

of ?el“ to i'“rT"."”'* <io„ote the comp„„.„ 

velooto m the irections of the element. *, rd). r .in M. 





EQUATION OF CONTINUITY 


10 
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the excess of flow in over the flow out arising from the face 
r‘^QinBddd(jj and the opposite face is 

— — (pffr OdOdoj) dr 

or 

from the face rsin ddwdr and the opposite face 

0 

-^ ipQe'^ Odwdr) rdOhty 

rou 

and from the face rdOdr and the opposite face 

a 


rsin^Ocu 


(pq^rd6dr)rBinQdo} St, 


and the increase in mass is 


Therefore 


dt 


{pr^ sin OdrdOdoj) St 


1 9p?o, 


dt dr /• sin 0 dO r sin 0 aa> 


= 0 ...( 1 ) 


Similarly if in cylindrical coordinates v^, denote the 
components of velocity in the directions of the elements dr, rdQ, 
dz, we can shew that 

I +i 1 +1 Fe +Fz ®. 


1*51. Another form of the equation of continuity may also be given. 

Let PQ = §5 be an arc of tho line of motion passing through a point P; 
and let -4B be a small area normal to the arc, 
such that all tho particles of fluid crossing it 
may be considered as moving perpendicular 
to it. 

Let AA', BB\ etc. be small arcs of tho lines 
of motion through tho boimding points of ABy 
and A'B' the normal section through Q of tho 
surface formed by tliCvSC lines of motion. 

Take p as the density of the fluid in PQ at the time t, k the area of AB, 
and V tho velocity at P; then the quantity of fluid which enters at AB 
during the time 8t 

and that which flows out at A'B' 

= KpV 4 * ^ ( Kpv hi) hs. 



A' 



8 


Tho excess of the former over tho latter of tliese two expressions is the 
whole increase of the fluid in PQ during tho time 8^ and is 

— ^(#fpv) SiS^: 



1-52 


and tlierefore 


POLAR COORDINATES 
but the mass of fluid at the time t bein^ ■ 

also expressed by ^ S po , the increase in the time 8 t is 

g^(xpSs)St, or ~(Kp)SsSt. 

, d 

certain ca^cs take place, and it is on^v in thi ^ *^^0 element which may in 

function of the time. The small section A « explicit 

the section A'B' will depend not onlv^'^ arbitrarily, but 

directions of the lines orZuo 7 ° 2 fl] ‘he 

AB; the variation of . may therefre curve of 

these lines of motion mayLry with the^time^'' "" explicitly, since 

system of axes at the origin in the di> T r handed 
dr, rdd and r sin ddw, and ht a n n H elements 

velocity in these directions then^h “o^nponents of 

U are , ® displacements in time 

rhe = qgU, rsin d3m = y^St, 

oomponerarr^! ^ g^e” "" 

P^wcosd §=_^sin0 R=6 


= ~cote, 

r * 


£<? 

r ' y. 

Also since the particle which is at tr d ^ • 

/ “ ‘a) at time < IS transferred 

T ^ ^ X J- . m ^ \ 

aa> 


in time U to (r + q^St,e-h?^8t 
. , . ^ r ^ 


a> + 


,5^j, the rate of increase of 


' / rsin^ /' m»^rt;a-se 01 

. veloctj, co„p„„e„, ,, 

Plr _ Sq^ dq,. Op da 

Pt a-. 




T> J 

no. “t ^ ™ 

9r,qe, q^ are not velocities paralleUo fivod ^ because 

axes rotating with angular velociL P O T"’ 

accelerations vS ® ’ additional terms in the 


or 


P^e +Qqa,, - Pq^ + Rq^ and - Qq + Pq 

r ’ H-and iZ^<^ 


- + ^^cot6> 
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Hence the total components of acceleration in polar coordi- 
/lates are 


dqr 


dQr + q<u 


^ _ 

di dr r dO rsinddcj r 

, ^0 .qe^ ,_S0L. ga ,^cotg q^qe 

dt dr ^ r dd r sin Bdoj r r 


Sgo, , „ 

■ T /K ^ ^ » 




. qrQoi , qsqaj 


dt 


dr r dd rsinO doj 


+ 


+ 


cot^ 


...( 1 ). 


By like arguments with cylindrical coordinates r, 0, 2 , if 
^ 7 ^, VQy denote the velocities in the directions dr, rd0, d 2 , the 
components of acceleration are 


dt ’’dr ^ r de'^ ^dz r 

Sve ^ dvg Vg dvg dvg V,Vg 


dt 


dr r dQ 


dz 


dv. 




dt 


dr r dO 


dz 


( 2 ) 


If in (2) we put v^ = 0, we get the components of acceleration in 
polar coordinates in two dimensions. 

From 1‘5 (1) and (2) it is easy to see that the expression for 
the dilatation in polar coordinates is 

1 


9gr , ?gr , ^0 , <l0 cot ^ ,_ 

drr rdd r rsin0 9co 


(3), 


and in cylindrical coordinates 


.Vr. dVg ^dj^ 

dz 


dr'^r '^rdO 


+ 


(4). 


1*6. The Boundary Surface. At any fixed boundary the 
velocity of the fluid normal to the surface must vanish, that is 

lu H- ?nv + niv = 0 

at every point of the boundary; Z, m, n denoting the direction 
cosines of the normal. 

At the surface of a solid moving in the fluid the normal velocity 
of the fluid must be equal to that of the solid. Also for any 
surface in the fluid composed of a given sheet of particles or, what 
is the same thing, for any surface which always contains the same 
fluid matter within it, we must have the normal velocity of the 
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the bohndaey surface j3 

surface equal to the velocity in the saiTi« 

bouring particle of fluid. Thus if 8 ^ is an element PP' of 

to the surface element l^P of a normal 

P(x,y,z,t) = o . .j. 

and X, y, z are the coordinates of P those of P' 
y + mhv, z + nhv, where I, m n are di‘rl,.+ - ■ ^ ^ + lSv, 

therefore proportional to dp’/Bx, 0 F/dy 0 Tp°f- 

surface at time t + 8t, therefore ^ ^ ^ 

^(a: + ^Si/, y + wiSv, 2 + wSe, < + S<) = 0 (2) 

and from (1) and (2) we get, to the first power of 8. and i, 

BP 


+ -^8« = 0. 


9^ 0i?’ dF 

0 if ’^2 — lu + mv + nw 


[IdFY / 

+( 




normal velocity of particle of fluid 
= normal velocity of surface 


= V 


BF 



j^F ^ dF 
03 ? By 


therefore 


y{( 


0^?"* 
^ dz) 


'^F\2 idFV)i 


9y / 02 


+ , ^F dF 


(3), 


fcti:?;tTm -tisfy this 

r«ri -Ifis 

hough this hypothesis is generalJv true fnr 
It may cea^e to hold in some cases of di.. lotion 

niotion. ^ or turbulent 
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STREAM LINES 
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1*7. Stream Lines. A streavi line or line of flow is a curve 
such that at any instant of time the tangent at any point of it is 
the direction of motion of the fluid at that point. A tubular space 
in the fluid bounded by lines of flow is called a tube of flow. 

The direction of motion of the fluid particle at the point 
(x, y, z) is defined by the quantities u, v, w and therefore the 
differential equations of the stream lines are 

dx _dy _dz 
u V V) 

Except in the case of steady motion, w, v, w are always functions 
of the time and therefore the stream lines are continually changing 
with the time, and the actual path of any particle of the fluid will 
not in general coincide with a stream line. For if P, Q, R are 
consecutive points on a stream line at time t, a particle moving 
through P at this instant will move along PQ but when it arrives 
at Q at time i + S/, QE is no longer the direction of the velocity at 
Q and the particle will therefore cease to move along QR and 
move instead in the direction of the new velocity at Q. But if the 
motion be steady the stream lines remain unchanged as time 
progi'esses and they are also the paths of the particles of fluid. 

The differential equations for the paths of the particles are 

x = u, y = v, z = w .(2), 

for when u, v, ?/’ are known functions of x, y, z, t these equations 
will determine x, ?/, 2 in terms of t and three arbitrary constants 
which might be taken to be a, b, c, the initial values of the co¬ 
ordinates of a particle, and hence the paths of the particles would 
be obtained. 


1*71. The stream lines dxlu = dylv = dzjw are cut at right 
angles by the surfaces given by the differential equation 

udx-\-vdy + ivdz = 0 .(1); 


and the condition for the existence of such orthogonal siu'faces is 
the condition that the last equation may admit of a solution of 


the form 


(t>{x,y,z) = C 



the analytical condition being 
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VELOCITY POTENTIAL 

1-8. Velocity Potential. When the e.xpreeeion 

udx + vdy + wdz 

IS an exact differential - d<f>, so that 


15 


'Uy Vy W 




.1 J 1/4' 

“it r r.tt IS”"" ” 

— dv du 

32’ dz dx’ ^ = ^ . 


( 1 ), 


( 2 ), 


so that condition (3) of l-7l c,„+- c j 

which cut the stream hnes orthogonaU^ '''' 

1-81. As an example consider the case in tWiich 

u=- c’^yjr^, „ c^xjr'^, u> = 0, 

transve^riTanrev^rSL^eTuaTtV *'’7 wholly 

"riStzrriirr™ ‘ 

dx _dy 
“2/ X 'o' 

or 2 » 

X = const., 2 = const. 

^ iy^ ~ x^) _du 

dx . 

so that conditions (2) of I-S are sati.sfied. 


In this case 


In fact 


^ dx + vdy + wdz = c^rf/'tan-i , 

^ j. ■ • * \ OC/ 


so that there is a velocity potential 

— c^tan-i^, 

«e.d th. p,„., , , ^ 

W=-<ay. Ji=t„a;, = 

" ifthi 

^dx-]-vdy -\-wdz = 0 

leads to the family of planes?/— u- -u 

P 2/ - X., which cut the stream lines orthogonally. 
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1-9. Irrotational and Rotational Motion. When the ex¬ 
pressions 0jy dv du dw dv du 

dx dy 

all vanish, the motion is said to be irrotational. When they do 
not all vanish the motion is said to be rotatioiml. 

The reason for this nomenclature will be given hereafter. 

It will be noticed that, when a velocity potential exists, the 
motion is irrotational. Thus the motion of 1'81 is irrotational, 

and that of 1-82 is rotational. 


EXAlilPLES 

y 1 A mass of fluid moves in such a way that each particle describes a 
circle in oneplane aboutafixed axis;shewthattheequationof continuityis 

dp e{pw)_^ 

where u, is the angular velocity of a particle whose azimuthal angle is $ at 
t ime t. 

y 2 A mass of fluid is in motion so that the lines of motion lie on the 
surface of coaxial cylinders; shew that the equation of continuity is 

Bp Id (p^ BipVg) _ Q 

dr'r de ^ dz 

where t’e, r, are the velocities perpendicular and parallel to 2 . 

/ 3. Tire particles of a fluid move symmetrically in space with regard to 
fixed centre; prov'e that the equation of continuity is 

where u is the velocity at distance r. 

J 4. Each particle of a mass of liquid moves in a plane through the axis 
of 2 ; find the equation of continuity. 

5. Iftholinesof motion are cur\’es on the surfaces of cones having their 

vertices at the origin and the axis of 2 for common axis, prove that the 
equation of continuity is 

?P . . 2p7r . = 0. 

dt'^ dr r r du} 

6. If the lines of motion arc curves on the surfaces of spheres all touching 
the plane of .ry at the origin 0, the equation of continuity is 


rsinOp^d-^^^^ +8in0 
ct 


^ + pu(l + 2cos0) = O 
cu 


where r is the radius CP of one of tho spheres, d the angle PCO, u the 
velocity in tho piano PCO, tMho perpondiovilnr velocity, and ^ the inclina¬ 
tion of tlio piano PCO to a lixeil plane through tho axis of z. 



examples 


d a 

COS 0 cos 6) + cos 8} = 0, 


7 Tf . J7 

7. It every particle moves on the surfacr* nf o c u 
equation of continuity is ^ sphere, prove that th o 

d 
dt 

ap • / '-f 

»““ -f -y 

respectively. "> latitude and longitude 

O ou , . (I'f-'-f- 1877.) 


where 


«?=(l)’+(iA©’«. 


and ^ 1 , ^ 2 , are respectively the siim^ nf fu 

three orthogonal surfaces. ^ pnncipal curvatures of the 

'T^c, .2 , 1896.) 

9. Shew that |,tan^. + geot3.= 1 

(Coll. PJxam. 1899.) 



yj j I899.J 

velocity components u, v, w are^ general values of the 

potential of the conditions can be satisfied by a velocity 

. ^ 9 = 0 . 1-2 +^^ 2 + ^ 22 , 

and a bounding surface of the form 

F = ax^j(- hy^ + cz^~^ 

Lctlonl o;ure!i,m" *■ A y. «, 6. c suitable 

(Innity Coll. 1895.) 




CHAPTER II 


equations of motion 

2-1. Let w, v, w be the components of velocity, p the density 
and p the pressure at the point (x, y, z) in a mass of fluid, and let 
X, 7, Z be the components of external force per umt mass at the 

same point. • ji?/ vu 

As in 1*3, consider a small rectangular parallelepiped nkl with 

its centre at (x, y, 2 ), and resolve parallel to the x-axis; then we 

have Du ,^ 7 ,, ^Pin 

phkl = pXhkl — ^ hkl, 

for the last term can be shewn, as in 1-3, to be the difference 
of the pressures on the two ends of area kl. 


Hence 


Du_ 

'Wr pdx’ 



du 

du 

du 

du 


1 dp 

or 

Tt 


oy 

dz 

A - 

pdx' 


dv 

dv 

dv 

dv 


Idp 

Similarly 

Jt 


dy 

dz 

I - 

'Wy’ 


dw 

dw 

dw 

dw 

rj 

1 dp 


Tt 

+ u . 
ox 

‘\-v-^‘¥w 

dz~ 

= z • 

pdz\ 


( 1 ) 


These are Euler’s Dynamical Equations. 

2-11. If the fluid be elastic we have to make use of the physical 
laws connecting pressure and density. Thus, if the temperature 

be constant, we have p=Kp, 

where « is a constant. But if the changes that take place occur 
w ith such rapidity that there is not time for heat to enter or leave 
the fluid element, as is the case in the expansions and contractions 
of air that result in the propagation ot sound waves, then the 

relation is the ‘ adiabatic one, 

p=Kpyy 

where y is a deflnite constant*. 


* HydrostaticSf Art. 94. 
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shall have (neglecting surface tension) ’ 

, ^ P=Tl, 

and therefore at all points of the free surface 

^p^Dn 

Dt IH • 

or if we suppose that H depends only on the time 

+ Sp dll 

In this case u.v,w=.- d,j>ldx, - d^jdy, - a^/ 0 ^ • 

so that equations 2-1 (l) become 

d. t 


_ ^ 0^ 02^ ^ 02^ 
dy dt dx dx dy By Byi + Sz ByJz 


9K_ 1 dp 

dy pBy ’ 


dzdl BxBxcz dyBijBz^Bz Bz^ ~~Bi~'oB^- 


/0(^\ 
\dxj \dy) 


" a ly+y +(!)') 

or, if g- denote the velocity, 

j ^4* 1 

^[+ldq^ + dV + ~dp = Q .(jj 

betwlrThe“r?antthlTeS;, g'e/bSe 

r dp dd) 

} 7 ~jt+l<i^+v=c .( 0 )^ 

" If'the the tin.e. 

bccomel l^°-ogeneous and inelastic, the equation (2) 

p d6 , 

p-i + W+V=.C . ( 3 ,. 


2-2 
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bernouli^i’s theorem 


2y BERNOUJji^i a J. XI W IV ^ 

If the motion be steady d<{>ldt = 0, and therefore 


P 




( 4 ), 


f 

w^iere C is an absolute constant. 

2-21. Steady Motion. Bernoulli’s Theorem. Case of no 
Velocity Potential. We may obtain a simUar equation when the 
motion is steady even though a velocity potential does not exist. 
Tims by considering the motion of a smaU cy^^er of section k 
with its axis of length 8s along a stream hne, if q be the velocity 
and the component of external force per unit mass in direction 

of the stream line, nq ^ ^ dp 

pK OS 


and in this case 


so that 


_=PK 8 SS-Kg^ 

dq 9? e ^ 
dt ^ ds P 


Ss, 


( 1 ). 


w - - f 

If the motion be steady dqjdt = 0, and if the external forces have 
a potential function such that S= -97/95, then by integrating 

along a stream line, jdp ^ ^ ^ ^ ^ .(2), 

where C is a constant, whose value depends on the particular 
stream line chosen. This is Bernoulli's Theorem. 

2-22 In general, when no velocity potential exists, we make use o! 

ecniations 2-1(1), in order to find the pressure at any pomt. 

For instance, h a mass of liquid revolve uniformly without change of 
form or relative displacement about a fixed axis, there is no velocity 
potential, but taking the fixed axis as axis of 2 , 

H — — cut/f ~ coXf 14^ — 0 J 

hence from equations 2*1 (l)t 

1 Pj) o -fr ^ A — 7 Z 

-a>«r = -Y 0-Z 


and therefore 


1 


dp = X d.v+Ydy+Zdz + a)» {xdx + ydy). 


4 

as in Hydrostatics, Art. 28. .» • i 

For homogeneous liquid and coiisorvative forces this becomes 

^ - iw* + y*) + = constant. 

At first sight this equation may appear to contradict 2-21 (2), but tlus 
is not so, for in that equation the constant C dopends on ‘bo 
stn aiii line; and in this particular case the velocity q is constant along a 
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s^eam line, so that all the information we get from 2-21 (2, is that m til 

f 

j j + y is constant along a stream line. 

2-23, When a velocity potential exists anH r 
vative, the pressure is given by equat.on 2-2 (2) m 

potentL -o" whUe tJe X£™t" -'-‘v 

Lt . be -easmeJtrtiLTly ^ - «>• 

force, then equation 2-2 (3) Lcomes gravity be the only ext.'riial 

P , C* 

is t“:f^w"br:^^^ 

2?(:r2 + 2/2) (a-2) = c«. 

2-3. Equations of motion by the Flux Method n 
epations of 2*1 can also be obtained by considering the oh 
of momentum th.t uk. place within a JeHnite tegioLfepao’X 

;Sv9 ” 


/// 


~J^ + mv + nw) dS; 

(2) The rate of increase of a:-momentum due to the pressures 

on the boundary, viz. - j | IpdS; 

(3) The rate of increase of x-momentum due to the e.xternal 

t0.» acting thtonghont the „gic„ 


+ 
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aiid by transforming the surface integrals into volume integrals 
by Green's Theorem, we get 

I (pu)+^ (pu^) + -fy + 1 - =°’ 

and since this must hold for all ranges of integration within the 
fluid, we must have at every point 

ap. d{pu) , a(pw), d{pw)_^ 


But 


and if we multiply this by u and subtract, we obtain 


as before. 


du du du du ^ 1 dp 
dt dz dy dz p dz 


2-4. Equations referred to moving axes. Let U, 7, If be 
the component velocities of the origin and P, Q, R the angular 
velocities of the frame of reference. Let u, v, w be the absolute 
velocities of the fluid at the point (x, y, z) rigidly connected to the 
frame and u', v', w' the velocities of the fluid at the same point 

relative to the frame. 

We have j^u'-yR +zQ\ 

v-V +v'-zP-{- zr\ .(1). 

w= W -\-w'-zQ-\-yP\ 

If we consider the increase in mass in a small rectangular 
element of volume attached to the frame of reference with its 
centre at (x, ?/, z) where p is the density of the fluid, we obtain as in 

1*3 

(^) 


dp d^ dp^ dp^ ^ ^ 
0^"^ 0x dy dz 


for the equation of continuity. 

In the case of incompressible fluid this reverts to the standard 


form 


du dv dw 
0x dy dz 


(3). 


To obtain the equations of motion we proceed thus*: 

Let k denote the component of the absolute velocity in a 
direction fixed in space whose direction cosines referred to the 

♦ Greonhill. i’/tcyr. Brit. 11th edition. Art. 'Hydromechanics'. 
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mo^dng axes are I n, i.e. k^lu + mv + nw. In time the 
coorinates of the fluid particle at (x, y, z) will have increased by 
(u j V y w )oti BO that lu will have become 


(I + U) 




• r 

+ terms containing higher powers of U, as in 1*2. 
Whence we get 


dl dm dn 


—, .du 

2/ ' ^ o-- \-W — 

ot dx dy dz 




+ 7^ 


(4). 


But since Z, m n are direction cosines referred to the moving 
axes of a line flxed in space, therefore ^ 


dl 

j^~mR + nQ = 0, 


dm 

dt 


-nP + lR = (), ^-/e + TOP = 0...(5), 


and 


dt 




( 6 ). 


Again by resolving the external forces and the pressure in the 
direction (Z, w, n) we obtain 


Dk 

Dt 


= l X 


-Ji)-(-s) 




and since the choice of the direction (I, m, n) is arbitrary a com 
panson of (6) and (7) gives the equations of motion in the form 


df 

dt 


-i>7~^P + uR + u'l~+v'l~+w'~-Y 

dx dy^ 0s - 


dw 


,dw ^dw 


dx 


p'dy 

d)z p 


...( 8 ), 


where the values of in terms of «, u, and the velocities 

of the frame are given by (1). vciuciues 
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2-41. The pressure equation. When a velocity potential 
exists, we substitute the values of m', v', w' from 2-4 (1) m (8), 

then write u,v,w^- d<f,ldy, d<j>ldz), 

multiply the equations (8) by dx, dy, dz respectively, add and 
integrate. The result is 


dp 

P 


d<f> 

dt 






dz 




q2=(u- Uf + (V - Vf +(w- Wf 


( 1 ). 

.( 2 ). 


where 

It should be noted that is what the square of the velocity of 
the fluid would become if a velocity equal and opposite to that 
of the origin were superposed on the fluid and the frame thus 

reducing the origin to rest. , /d n dx 

Also that if Q denotes the resultant angular velocity (F, Q, M) 
and K denotes the resultant moment of momentum per unit 
volume about fixed axes coinciding momentarily with the 

moving axes, then (1) may be written 


^Jl + lqZ-l(a.K)+V^F(t) 

p dt p 


( 3 ), 


where {Cl.K) denotes the scalar product of the two vectors. 

2'5 Lagrange’s Equations. Let o, b, c be the initial co¬ 
ordinates of a particle and :r. y, z the coordinates of the same 
particle at time t, then a, b, c, t are the independent variables 
and our object is to determine x, y, z in terms of a, b, c, t and 
so investigate completely the motion. At time I 
accelerations of the fluid element hxhyhz are > 

dhjdt^y and if we assume the existence of a potential V tor the 

external forces, we get as in 2* 1 


d^ 


dV 

dx 


dhj 01' 1 


dt^ 

dh 

dF 


dV 

dz 


1 dp 
pdx* 

1 dp 

pW 

1 dp 
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equations containing only differentiations with 

f“multiply these 
by dxjdu, dyjda, dzjda and add, therefore 


dhdz dV Idp 

dt^da dfida'^dfida~ .(t)- 

02202 dV Idp 

dt^db^dfidb'^dfiZb~ %~~p% .( 2 ), 

322 02 aj7 jg 

a<=* 9c+ 3<2 3c+3^^=-^--^ .(3). 

These equations, together with the equation of continuity 

9 (x, y, z) 

^9(a, 6, c)“P»’ 

constitute La^ange’s Hydrodynamical Eqimtiona. 


Similarly 

and 


» Integrals. Assuming that p is a function of 

fanTr ? ®q«^tions (2) and (3) of 2-5 with regard to 


^^_32^0y 92^g^ 92^ 

dtdbdc dtdcdb^dtdbdc 


Integrate this equation with regard to t, and take 
imtial values; then 


^o» ^o» ^0 as 


dwdz dwdz dw, 

96 dc dc db 36 dc dc db db dc dcdb~~db~ 
for initially dx/da^ 1 , ax/36 = 3:r/3c = 0, etc., etc. 

Now ^dy dudz 

da dxda dyda'^dz da’ 


dc ’ 


and making these substitutions, the 

/^_M3^) 3m;\3(2,x) 

\dy dz) 3(6, c) \dz dx) d^) + 

Writing 


equation becomes 

<'9v_3M\3(x,y) dwn 
[dx dy) 3 (6, c) 36 


dw dv 

97 “ ^ 


024 dw 
dz dx 


^ du 


ac * 
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we obtain the equations 


.d(y,z)^ d(z,x) . d{x,y) _, 

^ + 4'N/t so> 


0 (6, c) 

^9(c.«) ^ 

flM+, 


8 (*■, 0) 

9 (z, a^) 

9 (c, a) 
9 (2, «) 


9 (6, c) 

, . 9(=g.y) _- 




9 (c, a) 
9 (a;, 2 /) 




d(a,b) ' ‘d(a,b) ■ ^d(a,b) 

Multiply these equations by dx/da, dxjdb, dxjdc respectively and 
add and take account of the equation of continuity 

p 9 (*, y, z)ld (a, b,c) = Po, 

dx 


and we get 
Similarly 


and 


( 

P 

U 

P 

C 

P 


Po Po Po 

p^da podb pQdc' 
Poda podb podc' 


We notice that when a velocity potential exists ^ = 7^ = 5 = 0, 
and from the foregoing equations it is evident that these quantities 

are always zero if their initial values are zero. 

As we have already stated, when a velocity potential exists 
the motion is said to be irrotational and we therefore have the 
theorem that the motion of a fluid under conservative forces, if 
once irrotational, is always irrotational. This constitutes Cauchy’s 
proof of this important theorem first enunciated by La^ange. 

When a velocity potential does not exist, the motion is called 
rotational. The reason for the phraseology employed to distinguish 
the two kinds of motion is given in the following article taken 


from a paper by Stokes*. 


2*52. Physical Interpretation. Conceive an indefinitely small ele¬ 
ment of a fluid in motion to become solidified suddenly, and the fluid about 
it to be destroyed suddenly; let the form of the element be so taken that the 
resulting solid shall be that which is the simplest with respect to rotatory 
motion, namely, that which has its three principal moments about axes 
passing through the centre of gravity equal to each other, and therefore 
every axis passing through that point a principal axis, and consider the 
linear and angular motions of the clement immediately after solidification. 

By the instantaneous solidification velocities will bo suddenly genera^ 
or destroyed in the different portions of the clement, and a set of impulsive 

• Trans. Camb. Phil. Soc. vni. p. 287, or Math, and Phya. Papers, h p. 112. 
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forces will be called into aotion. Let a:, y, 2 be the coordinates of the centre 
of gravity G of the element at the instant of solidification, x-\-x' v + y' 
z + z' those of any other point in it. * ^ if > 

LetM.u.wbethevelocitiesofGalongthethreeaxesjustbeforesolidifica- 

tion, u,v,w the relative velocities of the point whose relative coordinates 
are x , y , z . 

Let S, V, w be the velocities of G,u„v„w, the relative velocities of the 

point {x ,y ,2 ), and iq, ^ the angular velocities just after solidification, 
bmce all the impulsive forces are internal, 

w = y = w = w. 

Also, by the conservation of angular momentum, 

^{3/'K-w')“2'K-y')} = 0, etc., 
m denoting an element of the mass considered. 

But = 

^ . du , . 

^2 . ultimately, 

and similar expressions hold good for the other quantities. 

Substituting in the above equations, and observing that 

S(OTyV) = 0. Z{mz'x') = 0, L(mx'y') = 0, 

Smx'^ = 'Lmy'^ = Sotz'*, 


dz^ 


n du bw 
2’? = 5r- 


Qv_ay du 
^~‘dx ^* 


we have ... _ 

dz dx 

We see then that an indefinitely small element of the fluid of which the 
t^eo pnncipal moments about the centre of gravity are equal, if suddenly 
solidified and detached from the rest of the fluid, wiU begin to move with a 
motion of translation only if udx + vdy + wdz is an exact differential, but 
f this expression is not an exact differential the motion of the element will 
be rotational as well as translational; and this constitutes the reason for 

The quantities -q, ^ are called the components of smn. The term mole 
cular rotation has been used in this sense: but there ifno coLL^on t-' 
tween the rotations and the molecules. 

2*6. Assuming that the forces are conservative and p a function of n 
we may write the equations of motion junction oi p, 

BQ 

Dt dx pdx~ Bx* 

By p By ^ By' 

BV^lBp^ BQ 
Bz 


say^ 


Di 

Dw 


so that 


therefore 


Bz p Bz Bz 
B^Q 

Bzbt Bz8y~ByDt' 

£_(Bw^Bv\ Bu^ Bvdw BwBw 
Dt\By Bz) By Bx'^By 'By^ 

_ Bu Bv Bv Bv Bw Bv 
BzBx 


= 0, 
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by adding and subtracting | . this equation may be written 


Di 


au , 


^\dx 


du au dw 




Dt~^dx 


i/v , 




where e = |!' + |^ + £, but by the equation of continuity - 5 ^ +6 


ax at/ 

Hence we get 


^Ap/ P ^ ^ P ^ P ^ * 

X) 

Dt\p} p ^ p ^ P ^ * 
DtVoJ^P^^P^ P ^ 


Also observing that 


© 


dx 


+ 27,) - 7, 


the equations take the form 

Dt\p) pdx p~dy pdz\ 

D (r}\_i^ ,V^ I . (1). 

Dt\p) pdx pdy p&z 
Wt\p)~ pdx ^ p dy p dzJ 

These equations for the case of p constant were given by Stokes* and 
Helmholtzt and were extended to the form given above by N^onJ. 
From these equations Helmholtz concludes that if m a fluid element 

f, 77 , C are simultaneously zero, we also have 

D^IDt = D-qlDt = DilDt = 0 . 

Hence those elements of fluid which at any instant have no rot^ionremam 
during the whoU motion unthout rotation. The justification for this con¬ 
clusion is found in Stokes’ paper already cited§. Thus m equations (1) we 
may assume that aw/ax. dvjdx, etc., are finite, and let L denote their 
superior limit, then (Ip, rjlp. Up cannot increase faster than if they 

satisfied the equations 

s(f)=se)-s©="'f-’-''". 

and if we put pfl = | + 77 + ^, we have 

DQIDt = 2LQy 

80 that if n be not zero, by dividing by fl and integrating we get 

n = CeS“. 


t 

t 

§ 


C'tt p 23 

Crehe's Journal, 1858; Phil. Mag. XXXIII, 


Fourth Series, 1867, p. 485. 


Messenger of Math. lil» 1873, p. 120. 
Also in Math, and Phys. Papers^ ii, p. 


30, or Camb. and Dub, Math. Journal, 


in, p. 215. 
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no value of O other than zero will allow O to vanish when t = 0; but bv 
hypothesis and therefore n also, are zero when t = 0, therefore Q is 

^ways zero. But Q is the sum of three quantities which evidently cannot 
be negative, therefore each of them must be zero. And as f „ f remain 
zero when they satisfy (2), stiU more wiU they do so when they satisfy (1). 

2'7. Impulsive Action. If impulsive forces be made to act 

on a fluid, or if impulsive pressure be excited by a sudden change 
of motion of one of the boundaries, it can be shewn as in Hydro¬ 
statics, Art. 6, that the impulsive pressure at any point is the same 
in every direction and in the case of a liquid that the impulsive 
pressure is transmitted equally throughout the liquid The in¬ 
compressibility of the liquid implies infinitely rapid propagation 

of pressural effect, so that an impulsive pressure can be produced 
instantaneously throughout the liquid. 

To find the relation between impulsive pressure and chanqe of 
velocity. •' 

Let rn denote the impulsive pressure and X', Y', Z' the ex¬ 
traneous impulses per unit mass of fluid at the point (x, y, z). 
Let u, V, w and u', v', w' denote the velocity components at this 
point just before and just after the impulsive action Since 
impulses are measured by the change of momentum they pro¬ 
duce, by considering a smaU paraUelepiped bx by Sz with centre at 
y, 2), we get 

p(u'-u)bxbybz=^pX'bxbyhz-^~hxbybz, 

the last term representing the difference between the impulsive 
pressures on the two ends of area bybz found as in 1-3. 

p(u'-u)=pX'-^'^ 


Therefore 


dx 

p(v'-v)=pY' 

oy 

p{w'-w)=pZ' ~~ 

oz 


( 1 ). 


valentto^ extraneous impulses the equations are equi- 

- p{u'-u)dx-p(v'-v)dy - p{w' -w)dz, 

or if 0, .^' denote the velocity potential just before and just after 
the impulsive action, 

dm=p (d<l>’ ~ d<t>y^ 
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hence, by integration, when p is constant 

The constant G may be omitted, as an extra pressure, constant 
throughout the fluid, would not affect the moUon. 

2-71. Physical meaning of velocity potential. Prom the 

preceding article we see that any actual motion of a bqmd, for 
which a single valued velocity potential exists, could be produced 
instantaneously from rest by a set of impulses properly apphed, 
and if the Uquid be regarded as of unit density the velocity 

potential is the impulsive pressure at any pomt. 

^ We also conclude that when a state of rotational motion easts 

in a liquid, the motion could neither be created nor destroyed by 
impulsive pressures. 

2-72. When there are no extraneous impulses and p is 
constant, by differentiating equations 2-7 (1), and making use 
of the equation of continuity, we obtain 

^,^ + ?!? = 0 .( 1 ). 

3x2 + ay2 ^ dz^ 

and the general problem of impulsive motion consiste in ob¬ 
taining a solution of this equation to satisfy the given boundary 

conditions. 

2-73. It was pointed out by Stokes* that in selecting a solution to 
satisfy the given boundary conditions it is necessary also to note that the 
, fluid nressure whether finite or impulsive pressure, cannot 

IhMge abruptly from point to point in the fluid. He co^idere the 
following example: Suppose a mass of fluid to be at rest m » ^“te cy^to, 
whose axis coincides with the axis of z, the cylinder being entirely filled ^d 
doserat both ends. Suppose the cylinder to be moved by impact ^th 
initial velocity C in the direction of x; then the velocities are given by 

« = C, U = 0, «J = 0. 

For these make udx + vdy + wdz an exact .Memntial 
satisfies (1) of 2- 72; they also make the normal velocity eq^ual to that of 
tfe cSder over tlm boimdary. and give a value for the impulsive pressure 

nressure a value ct = C'-p(Cx+C' tan-iy/x), m which the l^t term 
alters abruptly as tan'i yjx passes tlirough the value 2,r. Hence the former 

was the correct solution of the problem. 

* Trans. Camb. Phil. Soc. vm. p. 106, or Math, and Phys. Papers, i. p. 23. 
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This is also an illustration of a theorem we shaU have to discuss later. 

namely that cyclic irrotational motion cannot exist in simply connected 
space. 


2-8. The following examples will serve to illustrate the application to 
particular cases of the principles of hydrodynamics. 

(1) A quantity of liquid occupies a length 21 of a straight tube of uniform 
small bore under the action of a force to a point in the tube varying as the dis¬ 
tance from that point. It is required to determine the motion and the pressure. 

Let p be the pressure and u the velocity at a distance x from the fixed 
point 0; and let z be the distance of the nearer free surface from 0. 

The equation of continuity is 

dujdx = 0 . 

The equation of motion is therefore 


du \dp 


Integrate this equation with regard to x, 


therefore 


x^=C-ip.^-P 


andp = 0 when x = 2 and when x = 3 + 2/. 
therefore g =_^(3 + ;,. 

But clearly w = z, 

therefore ^ z + p[z + l) = 0, 

hence 2 +1 4 cos + a), the constants being determined by the initial 
position and velocity. 


Also 


pIp= — iM(a:2-2^)-(x-z) 


du 


= -ip.{x‘-z^)+p.{x-z){z + l), 
and thus the pressure at any point is determined. 

(2) Oscillations of water in a bent uniform tube in a vertical plane. 

Let O be the lowest point of the tube, AB the equilibrium level of the 
water, ft the height of 4B above O, a, /S the inclinations of the tube to the 
horizontal at A and B and B its inclination at a distance s from O. Let a, b 
denote the lengths OA, OB and suppose that at time t the water is dis- 





^2 examples 

thA tube from its equilibrium position, 
dfl LThe Srt^tLCltion of continuity is eu.s = 0. so that the 

equation of motion is ^_ osin0-'—» 

8t ^ p as 

au_ _ d3/_l 

or dt 

Litegrating this equation, we get 

dt P 

and by taking tl>e values at the ends of the water, 


and 


(a + x)f^ = -g{h + xsma)-j + F(t), 

_(6_x)^= -g(k-xsmP)-^ + F(t), 


where n is the atmospheric pressure. 

/Via 


Therefore 


(a + 6)^= - 3 x(sina + sin p); 
but« = X. so that this equation represents oscillations of period 

277 V{(“ + *’)/9 ■ 

X 0, 

aaim m ih, II,uU. Th, lolii 

centre; then the equation of motion is 

dv' , 

Sr'- }Sr” 

and the equation of continuity is 

r'^v* = F (0» 

.(!)• 

therefore dr' p 

T 7 R r be the radii of the external and internal boundaries at time t, 

V = Hy V = f. 

fnn with reuard to r' from f' = r to r' = J?» we get 
Integratmg equation (1) ''itn regaiu 

/ 1 I \ . — . 


But 

therefore 


% 

. ^dv . 

F'{t)-^rvr + r^^^r 

-2rv^-\-r^vdvldr. 


Hence 
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Putting v2 = z, and multiplying by and observing that 

_ 7-3 _ 53 _ ^3 — g3 


this becomes 

2nrVp = 




1 




Ir {r^-\-c^)hj dr 
Integrating<we obtain 


{zr*) + zr*\\- ^ 


(r5 + c®)3. 


2 n a® — 




'2 > 


3 p 

Take r for the radius of the solid sphere, and let denote the impulsive 
pressure at distance r'; then 

dw=-pv'dr'=-/-’’<^’-' 
therefore, since 27 = 0 when r'= R, 

z,/p = r^v(l-l 

gives the impulsive pressure when r' = r. 

The whole impulse on the sphere 

= ^Trr^ur = 4:TTpr^v{R~ r)IR, 
and the whole momentum destroyed 


fn 


The velocity may also be obtained at once by help of the principle of 
energy, ^ 

For, the kinetic energy 


j 47rr'^pv'^dr' 

= 2 ,;/; , 


and the work done by the outer pressure 


fj: 

= 47rRm(-dR) 

/ h 


=T/n (63 - R3) = (a3 _r3). 

Hence the equation of energy gives us at once the expression for the 
velocity. 


EXAMPLES 

1. If a bombshell explode at a great depth beneath the surface of the 
sea, prove that the impulsive pressure at any point varies inversely as the 
distance from the centre of the shell. 

^ L bore, ABC, is bent so as to make the angle 

A BC a right angle, and A B equal to BO. The end C is closed; and the tube 

IS placed ^th the end A upwards and A B vertical, and is filled with liquid. 

It the end C be opened, prove that the pressure at any point of the vertical 

tube IS instantaneously diminished one-half; and find the instantaneou.s 

e ange of pressure at any point of the horizontal tube, the pressure of the 
atmosphere being neglected. 

KH 


3 
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examples 

;', r .r si ii »»..«"' <»>•'«»■- '■» 

the vertex of tJie cone, prove that 

V D^ ^ 2k 

V~d^' 

„„ t i. .1. p— *'«»■ "■‘' •"" 

., ,«,»ppi... .h; 

sssr rsrsr ~.... ^ 

po nt m the tube is defined by the equat^n 

dr-dr\ St 

■ i, ■ r. Rnvle’s law is in motion in a uniform tube of small 
seSo'n! prove thL .f p bo the density and v the velocity at a distance x 

from a tixed point at the time t, 

p, T.™ 0,... 

liorizontal plane, are h e , . f g^^gj. /( being less than c. If a com- 

nZication bropenJd\etween them at their bases, the height x, to which 

the water rises, is given by the equation 

C “ S' 

cx-x^ + cftlog ~ = 0- 

n t oriilv alonu a pipe of variable cross section. If the 
7. Water fiows ste. > mercury at a place where the velocity is 

pressure be 700 p^ssure at a place where the cross section of 

1 .)0 cms. per seconc , specific gravity of mercury as 13-6.] 

the pipe IS twice as large, [fake the specific gi ^ 

. f tin' n is surrounded bv infinite liquid of density p, the 
S. A sphere of nidui^ a is ^uuo ‘ suddenly annihilated. Shew 

.,i »'w 2 - ^ “ 

that the pressure at (.h&tance r uui 

/ n\ 


surface of this sphere is V i a; pa-/b. 

.phorical shell of homogeneous gravitating liquid, having no Mtial 
motion, is left to itself; find the pressure at any point duiing PS • 

10 \ mass of homogeneous liquid is moving so that the velocity at any 

pond, i; pTop:r.Liial to the time, and that the pressure is given by 

p 
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prove that this motion may have boon generated from rest by finite natural 

forces independent of the time; and show that, if the direction of motion at 

every point coincide with the direction of the acting force, each particle of 

til© liquid describes a curve which is the intersection of two hjmerbohe 
cylinders. ^ 


11. A given quantity of liquid moves, under no forces, in a smooth 
conical tube having a small vertical angle, and the distances of its nearer 
and farther extremities from the vertex at tlie time / are r and r'; shew that 

dr\2 

dt 

the pressures at the two surfaces being equal. 


2r 4- 
dt^ ^ 




Shew also that the preceding equation results from supposing the vis 

viva of the mass of liquid to be constant; and that the velocity of the inner 
surface is given by the equations 

V^=Cr'/r^r'-r), r'^-~r^ = c\ 

C and c being constants. 


12. A portion of homogeneous fluid is confined between two concentric 
spheres radii A and a, and is attracted towards their centre by a force 
varying inversely as the square of the distance. The inner spherical surface 
is suddenly aimihilated, and when the radii of the inner and outer surfaces 
of the fluid are r and i?, the fluid impinges on a solid ball concentric with 
their surfaces; prove that the impulsive pressure at any point of the ball 
for diiierent values of R and r varies as 


v/{ 





13. A fine tube whose section is a function of its length in the form 
of a closed plane curve of area A, filled with ice, is moved in any manner 
\Vhen the component angular velocity of the tube about a normal to its 
p aneisQ the ice melts without change of volume. Prove that the velocity 
of the fluid relatively to the tube at a point where the section is K at any 
subsequent time when oj is the angular velocity is 

2A(n-oj)^K 


(M.T. 1873.) 


Jc * 

the integral being taken once round the tube. 

• attracting inversely as the square of the distance 

IS at the centre of a spherical cavity within an infinite mass of incompres- 
sible fluid, the pressure on which at an infinite distance is a., and is such 

^ P>-essure on a unit of area through a unit of 
of tfe fl" the attractive force on a unit of volume 

the Le"of fiir”' ” that 

tne time of filling up the cavity will be 


Trd 


sj 


a being the initial radius of the cavity, and p the density of the fluid. 

(M.T. 1874.) 


3*2 
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examples 


imnid is contained between two concentric 
15. A homogeneou q hemg a and that of the outer 

spherical surfaces, the radiu . j + centre of these surfaces by a 

indefinitely great. The flu>d outer surface, 

force ^ (r), and a constan ^ 

thatTme iiie‘r 

is suddenly diminished by jj ^ ^ ^ (a) 

r r ^ 

K.nd „r, so that the 

Z^wlTh's value of Zl find the velocity of the inner boundary of the 
fluid at any period of the motion. 

16 A stream in a horizontal pipe, after passing a contraction in the 

S““r., pi..........m b. ...w .p .b^ughm.. 

• * „ A^r^iVi ^1(- _below the pipe;® being the 

thepipefromareservoiratadepthg gaj P nll1QQ«^ 

^ ^ (St John s Coll. 1896.) 

delivery per second. 

...b» .b. p~™ «»bmm.. 

distance by . 

p”'“(6 + acosn;;{a(l-3sin»n<) + 6cosn« + |^sin»nt(b + acosnt)>|. 

^ (Coll. Exam. 1913.) 

18 A sphere of radius a is alone in an unbounded liquid, which is at 

Erssumcd positil) at the surface of the sphere during 

n-nVb(a + b)- 

19. Shew that the rate per unit of time at which work j done by the 
internal pressures between the parts of a compressible fluid is 

A 


m 


^u dv 
dx'^^j 


-^\dxdydzt 
cz } 


where p is the pressure, and (a, a, «i)'’f f y;* “y P/XiircolTlSj 
grat ion extends through the volume of the fluid. (St John s Coll. 1898.) 

20 \ sphere is at rest in an infinite mass of homogeneous liquid of 

density p, the pressure at infinity being a. Shew that, if the radius R of the 
sphere varies in any manner, the pressure- at the surface of the sphere at any 
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21. An infinite mass of homogeneous incompressible fluid is at rest 
subject to a uniform pressure and contains a spherical cavity of radius a. 
filled with gas at a pressure mil; prove that, if the inertia of the gas bo 
neglected, and Boyle’s law be supposed to hold throughout the ensuing 
motion, the radius of the sphere will oscillate between the values a and na, 
where n is determmed by the equation 

1 + 3m log n~n^ = 0. 

If m be nearly equal to 1 , the time of an oscillation will bo 2,r 

p being the density of the fluid. j, jggg^j 

of density p and volume is in tho form of a 
spherical shell; a constant pressure n is exerted on the external surface of 

act on the liquid; initially the liquid is at rest and the internal radius of the 
shell IS 2 c, prove that the velocity of the internal surface, when its radius is 

Cf lb 




(Coll. Exam. 1904.) 

23. Investigate an expression for the change in an indefinitely .short 

time m the mass of fluid contained within a spherical surface of small 
radius* 

Prove that the momentum of the mass in the direction of tho axis ofx is 
Mntre"^by moving with tho velocity at the 

jdpdu 8p^ 1 8^u a^u 

5 p \8x 8x 8y 8y'^ 8z dz'^ 2^ \8x’‘ + 3^2 

(M.T. 1876.) 

at "'hich is a spherical hoUow of radius a is initially 

at rest under the action of no forces. If a constant pressure H is applied at 
mfinity, shew that the time of filling up the cavity is 

ir=ia(p/n)? 2^{r(j)}-3. (Trinity Coll. 1900.) 
vohLe\"°i''* surrounded by a mass of liquid whose 

Sflard sh if ‘'''i suddenly 

ve f it® radius is 

lb ^IVGil DV 

X‘x^ {{x-> + c“)5 - 1C} = (2n/3p + 2pcV9) (a» - x^) (c» + x^)K 
where p is the density, n the external pressure and p the absolute force. 

(M.T. 1881.) 

the L of ^avitating fluid is at rest under its oivn attraction only; 

cef f f f ‘"“or surface a rigid com 

centr c shell of radius a. Shew that if this shell suddenly disappear, the 

imtial pressure at any point of the fluid at distance r from the cLtro is 


'inp^(b-r) (r-ulf""*" *+ l') 

r / 


Trinity Coll. 1902.) 
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2 ,^ A .ph^Al hollo, or ,«lta o 

:?irr srrrz ro“.“f;i» ».i.y i» - ^p««„.. 

infinity as 3 j; 2 ri + (a^ - 4^3) - (a^-x3)a:=*: Sx^r . 

(Trinity CoU. 1903.) 

28 A spherical mass of liquid of radius b has a concentric spherical 
cavftv of rSus a, vrhich contains gas at pressure p whose mass may be 

cavity 01 raaius , . ^irf^rnal boundary of the liquid an impul- 

neglected: at every pom that the gas obeys 

Boyle'sTa” shew that when the hquid first comes to rest, the radms of the 
internal spherical surface will be ,,, 

n exp {— (6 «)}» 

where p is the density of the liquid. 1900.) 

29 A mass of homogeneous liquid, whose bounding surfaces are con- 
centrictires, is at rest under the action of no forces m a gas of umform 
nrSure If tlm pressure of the external gas be suddenly mcreased, deter- 
mine the mstantaneous pressure in the liquid, and mvest.gate the ddfer- 
ral equafon for the subsequent motion of the 

inside the shell at any time. ' 

30 A volume * nc^ of gravitating liquid, of density p, is initially in the 
form of a spherical shell of infinitely great radius. If the liquid s con- 

r™t mlr the influence of its own attraction, there being no external or 
Ttl'l pressure, shew that when the radius of the i.mer spherical surface 

is X, its velocity will be given by 

r 2 _ 4^ypz A 2^1 + 22^ X + 22^x2 - 32X^ - 3x*), 

^ “ 15x* ' 

where y is the constant of gravitation, and z’ = i’ + c’. (M.T. 1899.) 

31 A mass of uniform liquid is in the form of a thick spherical shell 

bounded by concentric spheres of radii a and 6 (a < ^ 

with gas the pressure of which varies according to Boyle s law, and is 

initially equal to the atmospheric pressure H, and the mass of which m y 
be ne^ccted. The outer surface of the shell is exposed to atmospheric 
pressure. Prove that if the system is symmetrically disturbed, so that eac 
JartLTo moves along the line joining it to the centre the time of a small 

oscillation is 2:7 a(p(6-a)/3 II6 }^ 

where p is the density of the liquid. (CoU- Exam. 1896.) 

32. A mass of perfect incompressible fluid, of density p. J 
eoneentric spherical surfaces. The outer surface is contained by a fle^bte 
envelope which exerU continuously a uniform pressure H and contract 

from riidius if. to radius if.. The hollow is Med with a Jo^ 

law, iis radius contracts from c. to c,. and the pressure of the gas is imtially 
p,. Initially the whole mass is at rest. Prove that, neglecting the ma-^ o 
Bic gas. the velocity (.-) of the inner surface when the configuration 

(7?j, Cj) is reachoil is given by 


/( 


(Trinity Coll. 1908.) 
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33, An infinite mass of fluid is acted on by a force /ir ^ per unit mass 
directed to the origin. If initially the fluid is at rest and there is a (.■a\'ity 
in the form of the sphere r = c in it, shew that the cavity will be filled up 


(Trinity Coll. 1905.) 


after an interval of time • 

34. Explain on general grounds why two pulsating splieres in a liquid 
attract each other, if they are always in the same phase. 

(Coll. Exam. 1905.) 

35. A mass of liquid of density p whoso external surface is a long circular 
cylinder of radius a, which is subject to a constant pressure 11, surrounds a 
coaxial long circular cylinder of radius b. The internal cylindt^r is suddenly 
destroyed, shew tliat if v is the velocity at the internal surface when the 


radius is r, then 


v^ = 


2ri(62-r2) 


pr2 1og(r2 + a^-6“)/r2* (Coll, Exam. 1894.) 

36. Liquid is contained between two parallel planes; the free surface is 
a circular cylinder of radius a whose axis is perpendicular to the planes. 
All the liquid within a concentric circular cylinder of radius b is suddenly 
annihilated; prove that if tir be the pressure at the outer surface, the initial 
pressure at any point of the liquid distant r from the centre is 

log r —log 5 


logo —log 6* 


(Coll. Exam. 1890.) 


37. Prove that the differential equations of motion for a frictionless 
fluid are 




a> 


+ W32)a:-(^-3-a>ia>a)2/+( 


d 


tUa 


dt 


+ a>3 aij ) 2 = 0, 


and two similar equations; w, v, w being the components of the velocity at 
the time t at the point x, y. 2 relative to moving axes having component 
O'D^uIar velocities y t oj^ . 1881 ) 

38. The motion of an incompressible fluitl is referred to rectangular 
axes which are rotating with constant angular velocities 8,, e^, 0,: prove 

that the equation of continuity is = 0, and that the eiiua tions 

of motion are orr 

and two similar equations, where U, V, W are the velocities relative to the 
axes, and 

Q2 = {72 + + jya _ (0^2 + 0^2 + 0^2) (^2 + 1/2 + z2} + ( x- + + 6)32)2. 

(Trinity Coll. 1898.) 

39. If the motion is irrotational and the axes to which the motion is 
referred rotate with angular velocities , 0^^ 0^^ shew that 


dt 


P 


-^V-^W-\-ex{zv-yw) + 0^{xw~zu)-ir0^{yu~xv)- ^ 

^ dt 


36 


is a function of the time. 


(M.T. 1898.) 




CHAPTER III 

particular methods and applications 

3-1. Motion in Two Dimensions. The Current F«"ction. 
wLn the motion i. the seme in ell plenes per.11.1 to thet of 
*d the., is no velocity parallel to the a-axis, i.e when . , ate 

Irimensroni! and con.ider only the circumstance. ,n the 
plane ay and when we speak ot the How m.roy a curve m this 

£e we 'shall mean the flow .across umt length ot a 

Lee on the plane ay Is the curve in question, the generators ot the 
cylinder being parallel to the z-axis. 

^The diftereritial equation of the lines ot How m this case is 

vdx-udy = 0 .(f)* 

and the equation of continuity is 

du dv ^ du_d(^, 

ax- dy ’ 

which shews that the lett-hand member of (1) is an exact difEer- 

ential.#say;i.e. 

vdx~udy = difj = dx + dy, 

dtp j 

so that 3a:’ 

This function i is called the stream function or the current 
lunctiou, and it is clear that the lines of How are given by the 

equation ^ = 0, 

Avhere C is an arbitrary constant. 

A property of the current function is that the difference of its 

values at two points represents the flow across any line joining 

Foriri be an element of a curve and 8 the inclination of the 
tangent to the x-axis, the flow across the curve from right to left 

^ A ^ ^ I \ 


J 





3-2 


THE CURRENT FUNCTION 


41 


where by from right to left ’ we mean in relation to an observer 
placed on the curve and looking in the direction in which s 
increases, the axes being so placed that rotation from x towards 
y is counterclockwise. 

We might also define the value of the current function tp at 
any point P as the amount of flow across a curve AP where A is 
some fixed point in the plane, for this makes 

j (v cos 0 —sin 6) ds 

(vdx — udy). 

And by varying the position of P, we get 

v = dipjdx and u=-dipjdy, 

in agreement with our former definition. Also it is easily seen 
that the velocity from right to left across any arc ds is d^p/ds. 

3*11. It is to be observed tiiat the existence of the current function 
does not depend on whether the motion is irrotational or rotational. For 
the components of spin as defined in 2*52 we have 

du dw 


f,_l(dw dv\ 1 


2\dz dx 


= 0 , 


and 


r — ^ ^ P\ 


Hence in irrotational motion the current function lias to satisfy 




3’2, Irrotational motion in two dimensions. When there 
is a velocity potential ^ we have 


^ ^ dip 

ox dy By dx 


( 1 ) 


The equation of continuity is 


A -^ = 0 

3x2 ^ dy^ ’ 

and as we saw in 3’li, i/r must satisfy the same equation. 
The equations (1) shev/ that 

3^ dip d<p dtp 
dx dx dy dy 

so that the famifies of curves 

<p ~ const., tp = const. 

cut orthogonally at all their points of intersection. 





and 


so that 


0 (^_ 


diji 
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These conditions are satisfied by taking .^ + to be a function 

of the complex variable a:+ 

Thus if we uTite 4, + ^=/(x + iy), we have 

^l + if=f'(x + iy), 

dx ox 

^ = and , 
dx dy 

Such functions are called conjugate functions] and we see that 
if <i, 4, are two conjugate functions, a possible form of irrotational 
motion is obtained by taking the curves 4> = const, to be curves of 
equi-velocity potential, and the curves 4> = const, to be stream 

lines. 

3*21. In the theory of functions of a complex variable, if z 
denote the complex variable x + iy, and w the function 4> + 14,, the 
relation io=f{z) implies that u; has a definite differential co- 

efiicient with respect to z or that the limitof ^ 

to z is independent of the path by which the point z' approaches z. 


But 


dw d (<j) + iiji) 
dz 




d(x + iy) dx + idy 

and if this is to approach a definite limit as dx and dy tend to zero, 
independently of the ratio dx: dy, \ve must have 


Hence, as before, 


dd> .0^ 
dy dy 


dr + ir 

dx dx 


and 

dx dy dy dx 

and we have for the value of the differential coefficient 

dw d4> .d4> d4> • 

~dz~' dx~ dx ^ dy' 

It follows that any relation of the form w=f (z), or 

4> + i4t =/ (x + iy). 
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represents a two-dimensional irrotational motion, in which the 
magnitude of the velocity at any point is given by ^ 


dw 


dz 


dz 


. For 


= velocity. 


Also, if the curves ^ = const., i/r = const, are drawn, and 
denotes the arc of the curve ifj intercepted between <f> and <f> + 
thevelocityat Pwhere<^ and in¬ 
tersect being normal to the curve 

(j> is — ^ • Similarly if be the 

arc of the curve <f> intercepted be¬ 
tween j/f and the velocity 

at P as measured by the rate of 

flow across is — ~, where we 

os 2 

adopt the convention of sign of 
3*1, so that with curves placed 

as in the figure d<f}jds^ = di/jjds 2 y but if we interchange the rela¬ 
tive positions of the (f> and ip curves we should obtain 

d<f>/dsj^ = —dtfjjds2. 



3-22. Since the conditions q^= are also satisfied by the 

relation 

-p + i4>=f {x + iy), 

it follows that from any given two-dimensional form of irrotational motion 
another may m general be deduced by interchanging the lines of etiui- 
velocity potential and the stream linos. 

If the motion be referred to polar coordinates, wo have 


dr 


dx 


dy 


Ecosfl + ^sinfl = ?:^cos0 


-?'^sine= + 

dx r\dydd dx ddj 


and 


d4> _ 
rdd 


d<l> 

dx 


ZHn = - - Sin 0 : r cos 0 = 


dy 

d<p 

dy 


dd, 

rdd' 


^sin0-^'^cosi9= 
dy dx dr 


dp 


3*23. As an example of the foregoing theory we might take 

w = Az'^y 


or 

giving 

and 


p + ip=zA {x-\- iy)^; 
p = A (a:^ — 2 /^) = const., 
0 = 2 ^x 1 / = const., 
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for tire lines of equi-velocity potential and the stream lines. These are two 
families of rectangular hyperbolas. Inasmuch as the axes a: - 0, y - 0 are 

luirts of the same stream line i/» = 0, 

we may take the positive parts of 
the axes to be rigid boundaries 
and thus obtain a full representa¬ 
tion of the steady motion of liquid 
in the angle made by two perpen¬ 
dicular walls. 

The velocity at any point 
= I dwjdz 1 = 1 2^2 1 = 2^r. 
and varies directly as the distance 
from the intersection of the walls. 

Before considering further ex¬ 
amples we shall discuss some cases 
of liquid motion arising from what 
are known as ‘ sources ’ and ‘ sinks 

taking first the general case of motion in three dimensions. 



3*3. Sources and Sinks. If the motion.of a liquid consists 
of symmetrical radial flow in all directions proceeding from a 
point, the point is called a simple source. If the total flow across 
a small surface surrounding the point is 47rm, m is called the 


strength of the source*. 

If ^ be the velocity potential due to a simple source of strength 
m in liquid at rest at infinity, the velocity at distance r is - 0<^/0r, 
and the flow across a sphere of radius r is — 47 rr 20 ^/ 0 r, therefore 

— 47rr^= 47rm, 

or 


leading on integration to ^ = m/r. 

A source of negative strength, or inward radial flow, is called a 

. r a ‘A 

A source or sink implies the creation or anmhiiation of fluid 
at a point. Both are points at which the velocity potential and 
stream function become infimte, and they are to be regarded 
as due to the exigencies of analysis rather than as ph 5 ^ical 

reafities. 

3*31. Doublets. A combination of a source of strength m 
and a sink of strength - w at a small distance hs apart, where in 
the hmit m is taken infinitely great and hs infinitely small but so 
that the product mSs remains finite and equal to p, is called a 

• Some writers delino the strength of the source to bo the quantity of liquid 
produced in unit time, thus making the unit source 47r times as la^e m the one wo 
have delined and introducing a symbol 7/i/4ir instead of the m used in the text. 
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doublet of strength fx; and the line Ss taken in the sense from 
— m to -f rw is called the axis of 
the doublet. 

To find the velocity potential due 
to a doublet. 

Let A, B denote the position of 
the source and sink and P be any 
point. Let BP = r, AP = r + 
and suppose to make an angle ^ 
e with the axis of the doublet. Then by superposition, which is 
justified by the linearity of all equations that have to be satisfied, 

<i= - —+ ^ wiSr 
r r + Sr ~ 

_ mhsQOB d fxcosO d /1\ 

so that the velocity potential due to a doublet may be obtained 
from the velocity potential due to a source by a differentiation 
in the direction of the axis of the doublet. 

The components of velocity are 


P 

y 



5s A 


and 


dcf) 2fj, cos 9 

“ ^ along the radius vector, 

d(j> p.sin^ 

pGrpendicular to the radius vector, in the 


sense of 6 increasing. 


3-32. Sources and Sinks in Two Dimensions. In two 

dimensions a source of strength m is such that the flow across any 
small curve surrounding it is 27 m*. 

If <!> be the velocity potential due to such a source the flow 
across a circle of radius r is - 2Trrd<f>ldr, so that 

— 27Tr~ = 27rm, 
or 


therefore —mlogr . 

The curves of equi-velocity potential obviously are concentric 
circles. We may obtain the stream function from the considera¬ 
tion that cf, + i4, is a function of x + iij, or of re’®, and since 
- mlogr, we must have 

.(2), 


♦ See footnote on p. 44. 
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and the stream lines are (as is otherwise obvious) straight lines 

'tSMion b«w“ n » „d . for a single -ouroe i. th»eto„ 

-TYllogZ, 

and for sources of strengths situated at the points 

2 = ai, 02’ ^3’ •** 1 / \ 

^^-m,log(z-a,)-m,log(z-a,)-m,log{z-a,)... 

leading to .^=-Smlogr and -^m9, 

where r denotes the length of the radius veetor dra^ &om the 
Tot ce of strength m, and d denotes the mehnation of this radius 

vector to any fixed direction. 

,o?r: 

, r 

-wlogp, 

and i/,=-w(0-0'); 

r that the stream lines are circles passing from source to sink, and the 

lines of eqiii-velocity potential 
the orthogonal family of circles 
Since in this case 


w 


= — m log 


z — a 
z + a 


therefore 

dw 

dz 


2ma 


(2 —a)(2 + a)’ 


and the velocity — 


dw 

dz 


2ma 

Tr' 



% 

3-34. Doublets in Two Dimensions. Referring to the 
figure of 3-31, and tvith the same notation, we have 

(^ = m log r — m log (r + 8r) 

= -7nlog(l-l-3r/r) 

= -?n8r/r 

UCO30 

= m 85 cos OfT = —'— 9 

elt clearly circles tonohing 

‘'Tm^obtinte^te^^^ function from the consideration 
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that + is a, function of a; + or re*^, and the form of suggests 


+ ii/f = ixr~^ 

= fjLr~^ (cos 9 — i sin 6), 
, ixsinO 


Hence the stream lines are circles touching the a:-axis at the 
origin. 

The relation between w and 2 for a single doublet of strength 
/X at the origin directed along the x-axis is therefore 


that 


so that 


10 = -: 


and if the doublet makes an angle a with the a:-axis, we have 


or 


w = 


If the doublet be at the point z = a, the relation becomes 


w = 


z — a 


and for any number of doublets of strengths situated 

at 2 = Oi, cts, and making angles a^, ag, ag, ... with the 
a:-axis 

w = 'L 




z — a 


3 4, Imu^es. If in a liquid a surface S can be drawn across 
which there is no flow, then any systems of sources, sinks and 
doublets on opposite sidesof thissurface may be said to be images 
of one another with regard to the surface. And if the surface S 
be regarded as a rigid boundary and the liquid removed from 
one side of it, the motion on the other side will remain unaltered. 


3*41. To find the image of a simple source with regard to a plane. 

If there are two equal sources of strength m at A and B on 
opposite sides of and equidis¬ 
tant from the plane OP, the 
normal velocity at P 


m 


AP^ 


m 


cos GAP 
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that i. there i. no flow .ero.s the pl.ne. Therefore the Im.ge ot. 

distant from the plane. • i 

Cor. The image of a doublet with regard to a plane is an equal 

doublet symmetrically placed. 

3-41 To find the image of a source with regard to a sphere. 

Let a be the radius of the sphere. / (> a) the distance of the 
source A from the centre 0, m the strength of the source and B 
the inverse point of We may regard the velocity potential as 
composed of two parts, viz. a part fi, due to the soimce alone when 
^rLhere is not present, and a part due to the presence of 
the sphere; tliis latter part wiU be the velocity potential of the 

''T^togTTs'oji^’and OA as axis, we have at any point 
P(r,0} fi.=mlAP = m(r^+P-2rf cos 0)"^ 

where /x = cos 9, and P„ is Legendre’s coefficient of order n. This 

expression holds for all values of r less than/. 

Sc. th, motion is symmetric! .boot OA ond the v.loc.ty 

potenti.1 has to satisfy Upl.ce's equation we may assume for 
a series of the form 

j-n+1 ’ 

We then have the condition that the velocity normal to the 
sphere is zero, i.e. (fii + <^ 2 ) = ~ 


Therefore 


m ® na 




fi r ." 0 

for all values of 6, so that 

^^ = 0 and A„ = nma’'+^l(n+l)f'^'^^- 

n 


Therefore 


00 

V 


00 


T n + r r"+V''+' 

„2ri+l 


n 


00 


^Sn+l 

^ j-IiTTlJiT+T ^ ^,.+l/n+l n + 1 ’ 


pj. if = c = a*//, and we add and subtract a term, 

wa S c" p 

A ^ 


muv p _2,--- 

92 = '~J~^ ** / 0 n +1 



3-43 


IMAGES 


40 


The fii*st term = 


TYia 


f (r^'+c^ - 2rc cos e)i ’ therefore the 

velocity potential due to a source of strength majfeit B. 

Now for a source of unit strength at any point on 05 at distance 
A from 0, we have a velocity potential 


(r2 + A2 - 2rA cos 0)"^ = 


so that . _ _ 

0 n + 1 

Therefore the second term in fj> 2 , viz. 




0 ^ ^ 


®A^^+t P 


_ ma p ni 

for-^^n+l cf 

and this is the velocity potential due to a continuous line distri¬ 
bution of sinks of strength - 7n/a per unit length extending from 
0 to 5. ® 

Hence the required image consists of a source of strength ma/f 
at the inverse point B, and a line sink of strength - mja per unit 
length extending from the centre to the inverse point*. 


3-43. To shew that the image with regard to a sphere of a 

doublet whose axis passes through the centre is a doublet at the 
inverse 'point. 


Regard the doublet as a source 7n at A and sink ~m at A' 

where 0^=/, = and wS/=/x. 

The image of w at H is ma/f at B and a line sink of stremdh 
— mja per unit length from O ^ 

to B. 

The image of — w at .4' is 
-wa/{/+S/) 
at 5', that is 



at B , and a line source of strength mja per unit length from O to 
B'. Compounding these we get a doublet of strength BB', 

m ^ 

a source maand a sink - — BB', all ultimately at the inverse 


pomt. But 0B = a^lf, therefore BB' = ^^, so that the source 

* W. M. Hicks, Hkil. 2'rans. I8SU. 

RH 


A 



Za sink cancel each other and there remains only the doublet 
of strength ^ 8 /, or at the inverse point in the opposite 

we mig ^ doublet of strength m at B and 

SSnmg the »lio of «■ u.«i" *»** «■« '"‘-‘J' 

normal to the sphere should be zero. 

3.44 Images in Two Dimensions. It is easy to see that 
the image of a simple source with regard to a straight hne m the 
1 , “of motion is an e,»ai source equidistant tom the Itne, and 

£two-dimeuLnai motion is the motion of . hqu.d oeeupymg 
£e”lnsio„s, what wu e.li a simple souree » a hue Bo™ 
Luv to the plane of motion, and by the image of the 

Snple source with regard to a Une we mean the image of the hne 

source with regard to a plane 
parallel to itself, the image being 
an equal line source equidistant 
from and parallel to the same 

plane. 

With regard to a circle, it we 

irr-ture’:"-.: inverse point B the velocity at 

P normal to the ciiele 


images 


3-43- 



But 


= cos OPA + yp^osOPB. 
cosOPB = cosOAP^{AP + OP cos PBA)IOA 

BP BP 


Therefore 


- eosPiI.4. 

OP AP 


normal veloeity = AP 


+4^cosPP^ = 


m 


Hence it we place a sink -nr at 0 the normal velocity will be 
Bcro'rthat tlm image system consists of an equal source at B 

and an equal sink at 0*. 


* Kirehhoff, Ann. Phys. Chetn, 1845. 
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Alternativety if we place sources of strength m at A and B and an equal 
sink at 0, the equations of the stream lines are 

?nd -H md' — md" = constant, 

where 6, 6” are vectorial angles at A, B, 0. 

For any point P on the circle we have 

e+e’-6'' = PAX + PBA - POA 

= OP A + POA + PBA - POA 

~ TT, 

SO that the circle is a stream line and this verifies that for tliis arrangement 
of sources and sink there will be no flow across the boundary. 

Cor. In like manner the image of a two-dimensional doublet at 
A. with regard to a circle is another doublet at the inverse point 
the axes of the doublets making supplementary angles with 



the radius OHA. Phis is clear from the figure and it is also seen 
that the moments of the doublets at B and A are in the ratio 
BE ': AA\ or :/2, if a is the radius of the circle and OA =/. 


B 


r, 


r., 


3*5. Conjugate Functions. As a further example of tlie use of 
conjugate functions let us consider 

the relation ^ 

This may also be written 

w= —m log ~— ^{z + a) _ 

{z + ia) 

so that — mlog 

^ 3^4 

and ifj= -m{e^Ae^-e^-e^h 

where the symbols are used as in 
the figure and A, A'y B, B' are 
the points (a, 0), (-a, 0), (0, a), 

(0,-a). 

The circle ABA B is the stream line 0= —7n7Tl2^ as can be seen by 
taking P on the circle, and the axes are the stream line ^ = 0. 





h 





> 

/ 

O 

/ 

/ 

/ 

/ 

-Ja 






Frona 3 32 we see that the motion could be produced by equal sources 
at A, A' and equal sinks at B, B' all of strength in. And it is clear that the 
axes or the circle or both might be taken as fixed boundaries, and we have 
thus solved the problem of the motion in the quadrant, inside or outside 
the circle, due to an equal souice and sinlc at the ends of the radii. 


4-2 
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XKeveIocityatanypoint™ayberoundbyco.poundi„g« 

aue to each source and sin., or more simply a. the value of | . 

Thus we have after a Uttle reduction 


dv) 

dz 


4rnza* 

” z* — a* 

4ma^r (cos g +1 sin fl) . 

“ + ir* 3in^ ’ 


so that the velocity - 


dw 

dz 


Ama^r 


(r® + a®-2r*a* cos 40)^ 


We may also observe that 

fitn ^ 

^2 = - (^a) (z + a){z - ia) {z + t^}' 


so that we also have the velocity 


dw 

dz 


4ma“0P 


= PATJ^TTPB . PB- 


3-51. It is sometimes convenient to use relations of the form 
' fA'+ i» it tollowB th»t«i, is ^function 

regard to <t> and >l> in turn tve get 


1 


=/' (^) (' 


dx .92/ 


and 


0 ^ d(f> 


dx .dy 



0 </f 



Therefore 


Again if 
therefore 


w 


* =/' it) ('3^ 

?i4 a„d 

dz 

=f{z), then l=/'(z)5^> 
dz . I dw 

'V dz* 


dw 


But if q denote the velocity 

|du^ 
dfz 


, so that - = 

Q 


dz 

dw 


Also, from above, 


dz 


_L-=^-+t— 

dw'f'^zrH ^<f> 
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Therefore 


_ dx dy dx dy 
d<f) dif/ dtp d<f> * 


or 


9 {x, y) 

a (<i>, i(t) ■ 


We also notice that 


(dx'^ (dy^ 


dz 


1 


dw dw d<t> .dtp —n^iv 

^+t 




dz dx dx 


dz 


BO that is a vector in the direction of the velocity whose 
modulus is the reciprocal of the velocity*. 


3*52. Now consider z = ccoshWt 


or x + iy = ccosh + itp)^ 

so that X = c cosh cos tp, y = c sinh <f> sin p. 

By eliminating tp and <p in turn we get 


X 


+ 


y 


cosh® <p sinh® (p 


= c® 


and 


X 


y 


cos® ip sin® p 


= c®: 


equations which define p and p respectively as functions of x and y, and 
by giving different values to p and to p in these equations we get the curves 
of equi-velocity potential and the stream lines. 

These are confocal ellipses and hyperbolas. The foci ( ± c, 0) correspond 
to the values ^ = 0, p — nny and the velocity q is given by 


1 



dz 

dw 


= c sinh w=^c sinh {p + ip)y 


and at the foci this is zero, so that the velocity in the corresponding 
motion would be infinite at the foci. 

If we take the hyperbolas p = const, as the stream lines, the stream line 
p — mr will be the part of the x*axis outside the foci and this might be made 
a rigid boundary, so that we should then have the case of liquid streaming 
through a slit of breadth 2c in an infinite plane, but the results of the 
theory could not be realized in practice because the theory makes the 
velocity infinite at the edges of the slit. We shall return to this point later. 


♦ Kirchhoff, Mechanik, p. 291, 



efflux OF LIQUID 3 6- 

„ Ffflux of Liquid. We shall now 
eontieiTiffuXr application of the equations of motion, 

„,rticularlv c.!«-8 of ««»<*!' *'’* ” 1 

Ltio,. in ivhich the vdocit, ‘ 

.ve hove seen in 2-21, in th.. eoee, ten . 
liquid, we have the equation 

P + \q^+V = C, 

P 

„„ere C n»p he » —"“r: 

external forces the smaller the pressr^e the^ 
nnatcr the velocity and vice versa, ih^ m 
the case of water flowing through a pipe if 
tie iipe is narrowed the velocity is increased 

and the pressure is consequently 
This is an important principle. A practical 

application of it is seen in ]et exhaust pump^ 
one of which is shewn in the figure, the air 
being sucked in at the narrow portion of the 

jet. . 

3*61. Consider the case of a vessel kept | 

foni-lv full of water and having a hon- 

constantly fu ^ 

zontal oi .hc t . 

Stveioiitts at the free surface and the orifice, and /i the depth 

of the orifice below f,ee surface V=-gz, so 

if 2 be measured do\\ nw arus nuiu 

that 2 ) . o n. 

and if 11 denotes the atmospheric pressure, at the free surface 



11 


+ i U- = C, 


and at the orifice 


]}.jf-hr-gh = Cj 

P 


so that 
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3*63 Torricelli’s theorem 

but the condition of continuity of the water requires that 

AU = au, 

therefore = 2ghA^l(A^ — a^), 

and if the orifice be small, the ratio a!A may be neglected, 
and u^ = 2gh approximately. 

This is Torricelli’s Theorem. 

If the vessel be not kept constantly full, the motion will not 
be steady, but when the orifice is small compared to the area 
of the free surface of water the motion may be taken as being 
approximately steady, and the expression \/{2gh) may be 
employed as the velocity of the issuing liquid. 

3*62. The Clepsydra. On tliis hypothesis we can find the form of a 
vessel of revolution with a small aperture at its lowest point so that the 
surface of the water in it may descend uniformly. 

At time t let x be the height of the free sui'face above the orifice, iry^ its 
area, and a the area of the orifice. Then, approximately, 

velocity at the orifice=\/(2^x); 
but if U is the uniform velocity at the free surface 

77^2 2gx^ 

therefore y^ccx or y^ = a^x 

gives the form of tho vessel required. 

This is the theory of the Clepsydra or ancient water clock. 

3*63. The Contracted Vein. When liquid issues through <a 
small orifice in the thin base of a vessel, it is observed that the 
issuing stream is not cylindrical, but, near the orifice, is contracted 
so that its sectional area is less than the area of the orifice; and 
afterwards the stream expands. The ratio of the area of the section 
of the ‘contracted vein’ to the area of the orifice is called the 
coefficient of contraction and it can be shewn that this coefficient is 
greater than -5 and less than unity. 

Neglecting external forces suppose liquid of density p to be 
escaping through an orifice of section a in the bottom of a vessel 
in which the pressure is to a region in which the pressure is 
pQ. Theoretically the velocity acquired in passing from pressure 
Pi to pressure p^ is given by 

}pQ^=Pi-Po .(!)• 

At the edge of the orifice a the pressure is pQ, but in the 
interior of the area of the orifice the pressure is somewhat higher. 
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the contracted vein 


3 * 63 - 


The acM.l velocity of the liqoid ih the plane of the onSeo „ 

theX , .t the edge, bet tails oS somewhat the mtenot. 

L two reasons. Fimt because the velocity f the ^ a, not 
Xndicnlar to the plane of the orlfiee. and .t is the resolved 
retocity that determines the discharge, and secondly bec.nse the 

mean aetnal velocity itself falls short of g. 

If o' be the area of the section of the jet at a pkee where the 
velocity at every point of the section is parallel and nnrform, and 
Ihcrefore bv cjuation (1) equal to ,. the d.schar^ is og; ..nd 
IZ this is than „ it follows that u ,s less than u, or the 

coefficient of contraction is less than unity. . 

Ihe .luantilv of momentum carried away by the ,et in umt 
time is ehg' and the force generating this momentum ,s the force 

" the velsel were subject to the pressure p. -p. this force would 

B„” n”r»t of the orifice the equilibrium f P—» 
disturbed and a force (p, - P.) o » uncompensated. But this 
i:„mes that the intern.al pressure would he uniform and equalto 
p over the whole of the bottom of the vessel whereas at the edge 
1 °he orifice itself it is p. and for a sensible distance will vary 
bet ween p. and p„ we may therefore call the force tha produces 
ilicutl (pf-PaKv+dv), where da ,s a small positive 

quantity. 

Hence pa'= + 


but 
therefore 


(7^ = o (o’ + f^o), 


or tlie coefficient of contraction is greater than -5 

This disenssion is iiased on that given by Lord Rayleigh . If 
the hole in the vessel be replaced by a thin tube projecting into 
he n rior of the vessel and the tube be long euoiigh for the 
sir of the vessel to be sufficiently removed from the region 
of rapid Hou’ to allow the pi-essure on them to be treated as 
;„„s,a,i, do is evauescenf and a - lo. This form of opemng.. 
known as Borda’s mouthpiece i. 

• nil. M"'J. n. 1870. Ji. HI. ‘>r Scinitific I’upcrf, i. p. 297, and a letter to 

AprillO, 18<G. 

+ <lc CAcnd. f/M ^Virncc.^ I /GO. 
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An exact method of treating the problem regarded as a problem 
in two dimensions was developed by Kirchhoff* and discussed in 
detail with numerical results by Lord Rayleighf. We shall have 
more to say on this subject in Chapter vi. 


3‘64. Efflux of Gases. For a gas the steady motion equation 


IS 


dp 


+ =C. 


Consider the efflux of gas from a vessel in which the pressure 
is p-y and density pj to an atmosphere of density pQ at pressure p^. 
In practice the adiabatic law will hold true approximately, so that 
p = Kpy, Neglecting external forces the velocity acquired is given 

Cpo dp Cp^ 

= - — ypy-^dp 

J Pi p J Pi 





or 



y- 1 Pi 


y-l 



which is the usual formula for the efflux of gcises. 

It follows that a diminution of pressure Pq accompanies an increase of 
velocity and vice versa, and this is the explanation of a common experi¬ 
ment which is performed as follows; One end of a tube is fitted into a hole 
in a disc of cardboard, the end of the tube being flush with the surface of 
the cardboard; if a piece of paper is placed over this end of the tube, 
blowing through the tube will cause the paper to remain in contact with 
the card: but as soon as the current of air ceases the paper falls off. 


3*7. Steady Motion. Transverse acceleration. In steady 
irrotational motion, or in steady motion in which the Bernoulli 
constant (2*21) has the same value along neighbouring stream lines, 

q^dq 
r dn ’ 

where r is the radius of curvature of a stream line and djdn ts a 
differentiation along the principal normal towards the centre of 
curvature. 


* Mechanik, chap. xxii. 


t Loc. cit. 




thansvebse acceleration 3-7- 

■ an PXample in earlier editions of this 

This result because of the import^^^ 

theo., of discontinuous motion... 


..kicb it h.s thus, -e may t*. ,>/. 

jrr »i„cnt .t ^ «u,d .nd tci™ 

.long the novm.1 to . slre.m line mwinds, gettmg 


.(M* 

T“ 071 pdn 


But by Bernoulli’s Theorem 


? + F + ig^=<^. 

P 

■ • ^tatinnalorinanycaseinwhichChasthe 

the normal .(^)- 

p dn dn 

Thence, by comparing (1) and (3) 

.(4). 

r dn 

J"p.O \L rf CqcIvclFity poicutw ♦ L 

Then PQ. P'Q' are normals to the s rea 

meet in the centre of curvature 0. Also /dvJ'r^ 

PO = r, PQ = hn, 

Then <1 = vcl. at P along PP' \ \ 

= -h^lPP'. \\ 

anti ,+ ^''8n= vcl. at (? along QQ' \ 

-s i r y-\ ^ 


,(4). 




= — h<f>, QQ I 


so that 


1 a?, _PP'-Pp=-\ = 1 +^. 


whence we gct^^ = ^?. OS before. 

1 - i ^^rr*Unrv to the last theorem is that in 
3-71. Alt ^ lines are straight the 

steady irrotational motion . 

:r 

I t>» t. Kvl» \* K\vald,Th.ro8chlandL.Prandtl, 

• V. TAf (I'ld > 
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velocity increases as we cross the stream lines towards the centre 
of curvature, and from Bernoulli’s Theorem, neglecting external 
forces, it therefore follows that the pressure decreases as we cross 



the stream lines in the same sense. Thus when a stream flows 
between curved banks the pressures will on this account have 
greatest values (+) on the outsides and least values (— ) on the 
insides of the curves, but they may also be affected by a trans¬ 
verse circulation of the liquid. 

3*72. Now suppose that the thick line in tlie figure represents 
the common surface of two streams flowing with different 
velocities one over the other: the dotted lines representing lines 
of flow. If we mark the positions of the excesses and defects of 
pressure in the two streams above and below the common surface 



as explained in 3*71, it is at once apparent that what the figure 
depicts cannot be a permanent state, for the defects of pressure 
on one side of the common surface are all opposite to excesses of 
pressure on the other side, so that any slight unevenness (de¬ 
parture from the plane) in the surface of separation will tend 
immediately to become exaggerated. As will be seen later the 
surface is a vortex sheet and the effect of disturbance is that it 
rolls up on itself into more or less concentrated vortices*. This is 
what actually happens when streams from different sources con¬ 
verge; but when a stream flows over a sharp edge and the fluid 
behind the edge does not possess the general velocity of the 
stream the phenomenon is rather different. A vortex sheet begins 
to be formed but is not fully developed. It curls round on itself 
and something in the nature of a concentrated vortex is formed. 

* V. L. Rosenhead, Proc. Roy. Soc. A, cxxxiv, 1931, p. 187. 
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examples 


examples 

• foo.lilv and irrotationally in two dimensions in 
1. Liquid ’s strearm.ng stead! y ^ g^bola and its minor axis: 

the region bounded by one branch ot yp 

determine the stream 1 radius a there is a source of 

L Within a rigid 7. the extremities 

streii:-: h m at a point Find the velocity potential and 

stream function of tho (two-dimensional) fluid ^go,, ^ 

3, In the case of t'^° ''‘™'“"^^°7the''M^pto^ 

+•„„ nf the lines of plane flow, when fluid is 

4. Find the Cartesian of an equilate^^ 

streaming from three eq ^etch of their configuration. 

triangle; and make a rough sketch ot tn ^ ^ 

2rmn7ines and find *';® r 

In a region boimded b> a fn q ^ situated at the ends of one of 

motion line to the stream line leaving either end at an 

the bounding radn. Shew that me 

.„g,.lM.T.ini.) 

.. n„a a„ oi»». .n “ “““ '”' 

tb ' of the particles of the fluid (in polar 

Provo ''®"\*^tat“erbv eliminatfug t from the equations 
coordinates) may ^ 

rcos(n^ + 0)--^o- (Coll. Exam. 1908.) 

,, _ _ „„d f a given function, find the 

7. X denoting a variable possible system of stream lines 

8. If a homogeneous liq^iid r L^m^the is pt per unit 

origin, tho magnitude ® ,uove steadily, without being 

ma-ss. shew that It IS possible ^ between one branch of the 

constrained by any .md find the velocity potential, 

byperbola - !/* = <*’ t''® (Coll. Exam. 1902.) 

«„. e»«. or 1,. 

3” f.rr“'.,“ot aS.O. .i. viooiiy o' .'ip o' •>“ »'”■> 
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contact with the disc is greatest at the points whore tlie lines joining iS to 
the ends of the diameter at right angles to 06' cut the circle; and })rove that 
its magnitude at these points is 

2m.06V(06’^-a^). (Coll. Kxam. 1908.) 


10. A source of fluid situated in spact' of two dimensions, is of such 
strength that 27r^/i represents the mass of fluid of density p omitted per 
unit of time. Shew that the force necessary to hold a circular disc at rest in 
the plane of the source is 2npp.^a^lr {r^ — a~)t where a is the radius of the disc 
and r the distance of the source from its centre. In what direction is the 
disc urged by the pressure? (M.T. 1893.) 


11. Between the fixed boundaries 6= Jtt and 6= — 1 tt there is a two- 
dimensional liquid motion due to a source of strength 7n at the point 
(r = a, d = 0), and an equal sinlc at the point (r = 6, 0 = 0). Shew that the 
stream function is 

7^ (a^ —6^) sin 40 ) 


— m tan 


— r* {a* -f 6^) cos 40 -f a*b*j 

(Coll. Exam. 1901.) 


12. A two-dimensional liquid motion is due to a source of strength 7n at 

the point whose polar coordinates are (a, 0) and a sink of equal strength at 

the point (6, 0), between the fixed boundaries 0 = ^71 and 0= —in. fcfliew 

that the velocity at (r, 0) is 

_ 4m(a^-6*)r=> _ 

(r® — 2a*r *cos 40 + a®)^ (r® — 26V* cos 40 6®)^ 

(Trinity Coll. 1905.) 

13. Prove that for liquid circulating irrotationally in the part of the 

plane between two non-intersecting circles the curves of constant velocity 
are Cassini’s ovals. (St John’s Coll. 1898.) 

14. Between the fixed boundaries 0 = ,\ tt and 0 = - n there is a two- 
dimensional liquid motion due to a source at the point (r = c, 0 = a), and a 
sink at the origin, absorbing water at the same rate as the source produces 
it. Find the stream function, and shew that one of the stream lines is a part 

of the curve r3sm3a = c“sin30. (M.T. 1901.) 


15. What arrangement of sources and sinks will give rise to the function 
w = \og{z — a^jz)1 

Draw a rough sketch of the stream lines in this case, and prove that two 
of them subdivide into the circle r = a, and the axis of y. 

(St John’s CoU. 1911.) 

16. An area A is bounded by that part of the x-axis for which x>a and 

by that branch of — = which is in the positive quadrant. There is 

a two-dimensional unit source at (a, 0) which sends out liquid uniformly 
in all directions. Shew by means of the transformation w = log (z^ — a^) 
that in steady motion the stream lines of the liquid within the area A are 
portions of rectangular hyperbolas. Draw the stream lines corresponding 
to ^ = 0, Jtt and Jtt. If pi and pg a-rc distances of a point P within the 
fluid from the points (±a, 0), shew that the velocity of the fluid at 
P is measured by 20P/pip2, O being the origin. (M.T. 1904.) 
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examples 

C2 -g ^ source and an equal sink 

17 F.nd the velocity of the stream lines is an arc of the 

mside a circular cavity and shew tha orthogonally the 

winch passes through the source and s.ni ^ 

boundary of the cavity. 

18. Prove that, in the stream 

oo^ber of ^ sum of the strengths of the 

that there is no boundary ai 

sources is zero. .j. region of flow is boun e y a 

the circle in questii^^ ^ 

19. In the part of an a two-dim^ 

.notion due to the P'O'foof'O''oj 4 „„ot,o„. and shew 

the uniform rate .». P nu the veto y P ^ ^vith 

that the 'vhich issi^ ,, 

0^ follows the path whose poi 4 

r = «smi2ncotpW(cotV + eosee2«'l’ 

,. .an bem.^ taken for all the square roots. (M.T. 1902.) 

the positive sign htn ^ , , v 

.■ tolicuid in a part of a plane bounded by a 

20. In the case of the motion o 1 d tl^a ma-ss of 

straight line <lue to a sotirct m P^^^ tl,a pressure on 

fluid (Of density p) g-^^a ! . ,nodiatelv opposite to the source is less 

rr oi! 

,vherc c is the distance of the source from the C„,l. iggs.) 

f ., i:.w a there is a two-dimensional 
21. \Vithln a circular bovuu ^ ‘ j rate m, at a distance/ 

I,,;,,,. ,„ 0 ..on ,.,.0 .0 c.„«. Find .h. -e .»y 

IZdla S-:-"tr.ir-.« ol 11. .» «.o Fo-d^ . 

* ’ pm^PI{2a'n{a—p))* 

where p is the density. ,,f«ntial due to a doublet at the centre. 

Deduce, as a limit, the velocity potential ^ 

r.+»inf if there be a source »H at the 

where =0 = ^■o + »;/o .nd within 

23. A source 5a 

the space bounded by a eiioio 



EXAMPLES 



3a 1 

-3a)2j* 


distances from 0 on opposite sides of it and on the same diameter AOB^ 
shew that the velocity of the liquid at any point P is 

„ OS-+OA^- PA.PB 

im, ' PS.PS'.PT.PT'' 

where and T' are the inverse points of S and T with respect to the circle. 

(Coil. Exam. 1901.) 

24. Within a rigid boundary in the form of the circle 

{x + a)2 + (y — 4a)^ = 8a“ 

there is liquid motion due to a doublet^of strength /x at the point (0, 3a), 
with its axis along the axis of y. Shew that the velocity potential is 

[a a:-3a y- 

(Coll. Exam. 1903.) 

25. The internal boundary of a liquid is composed of the two orthogonal 
circles x~-\-y^ + 2y=l and x^-\-y^ — 2y=i. A source producing liquid at the 
rate m is placed at one of tHe points of intersection ( 2 = 1 ); shew that the 

complex of the fluid motion is ^log(z(z2q- l)/(z— 1)^}, and that the two 

circles are the only stream line possessing double points. 

(Coll. Exam. 1910.) 

26. In two-dimensional irrotational fluid motion show that, if the 
stream lines are confocal ellipses 

a;2/(o" + A) + yV(6" + A)=l, 

^ = Alog(Va- +A+V6^ + A)-f B, 

and the velocity at any point is invei'sely proportional to the square root of 
the rectangle under the focal radii of the point. (Coll. Exam. 1894.) 


27. Liquid flows steadily and irrotationally in two dimensions in a 
space with flxed boundaries the cross section of which consists of tlie two 
lines 0 = ± 7T and the curve r® cos 56= k^; prove that, if V is the velocity of 
the liquid in contact with one of the plane boundaries at unit distance 
from their intersection, the volume of Uquid which passes per unit time 
through a circular ring in the plane ^ = 0 is J tt (a^ + 12a2c-4-8c^), 
where a is the radius of the ring, and c the distance of its centre from the 
intersection of the plane boundaries. (Coll. Exam. 1896.) 


28. Shew that any two-dimensional irrotational motion of a liquid may 
be transformed into any other by multiplying the velocity of each particle 
of the fluid by and turning its direction round througlian angle (^, where 
Pf —Q are suitably chosen conjugate functions of x, y, 

(Coll. Exam. 1906.) 

29. In a two-dimensional liquid motion ^ and ip are the velocity 
potential and current fimction; shew that a second fluid motion exists in 
which tp is the velocity potential and — <p the current function; and prove 
that if the first motion be due to sources and sinks, the second motion can 
be built up by replacing a source and an equal sink by a line of doublets 
uniformly distributed along any curve joining them. (Coll. Exam. 1899.) 


examples 

^>4 ^ r infinite plane on which is 

30. A line source is m ^^.’thedirectionofthesourceisparallel 

placed a«emi-circularcyUn<k.ea,b ^ 

Jo the axis of the boss, the source on the 

to the source, where _. o^ + g! - (Coll. Exam. 1907.) 

® = V2(a* + c*) 

a 1. A source and a sink, the centre of a rigid sphere 

T''s» rsi '' “"" 

which the source and sink he, and r <c, anu ,p 

-,0 „ velocity potential <t, = z\ogr, and if 
32. If a fluid be ^ independent of the time, shew tha,t 

the density at a point fi^we ^ form rMlogr-i)-2'-/C^*p); 

the surfaces of equal demi y undrical coordinates. 

where p IS the density and z, r, 0 the cyii , 

. nert'ectly elastic fluid, which 

33. A single source IS l,lai-jc ‘n an ' be steady, the 

rr rr." .'“i;sa«es .,a.tion 

'vj ar r’ 


and hence that 


r* 

r = -7- ^ 

Vv 


(Coll. Kxam. 1905.) 


t\io nositive side of the x-axis, 
34 . If fluid mi tlic region o spacc^n ^^1^ 

which is a rigid boundary, an on the negative side of the 

and an equal sink at (0, 6), a ? ji^^l at infinity, shew that 

boundary- be the same ^ i, „p,nHa-br^lab(a + b), whom p 

the resultant pressure on the boun > Exam. 1906.) 

is the density of tho fluid. 

33 , a steady ^ 

the stream lines arc g'ven by dotining a point on a 

tL?i:w“C-ticlo at the point given by Iv c. at time , 

rb-Hh'point ^nby^,o. at 

_r q- S(x,y) ^iA ^ 

J^a(A;,c) Jc=« (M.T. 1920.) 

and C is a function of c. 

j,!:, 
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2a from it. Prove that the kinetic energy of the liquid which passes in unit 
time across the plane which bisects at right angles the line joining the 
source and sink is ^ p being the density of the liquid. 

(Coll. Exam. 1896.) 

37. Draw the stream lines ^ = 0, 0 = 7r and some of the intermediate 
stream lines for the motion given by the equation 

z = w-\-e^. (TrinityColI. 1895.) 

38. Trace the stream lines along which 0 = 0 and <f> diminishes from + oo 

to — 00 in the two cases # 

(1) a: + z7/=2(0 + i0)5, 

(2) a: + ii/ = (<^ + ii/.-l)^ + (^ + i0+l)?. 

and indicate roughly the form of the stream lines for which 0 has a positive 
value. (Univ. of London, 1909.) 

39. The space on one side of an infinite plane wall, i/ = 0, is filled with 
inviscid, incompressible fluid, moving at infinity with velocity U in the 
direction of the axis of x. The motion of the fluid is wholly two-dimensional, 
in the (x, y) plane. A doublet of strength ^ is at a distance a from the wall, 
and points in the negative direction of the axis of x. Shew that if p. is less 
than 4a* C/, the pressure of the fluid on the wall is a maximum at points 
distant ^/Za from O, the foot of the perpendicular from the doublet on 
the wall, and is a minimum at O. 

If p is equal to 4a*C7, find the points where the velocity of the fluid is 
zero, and shew that the stream lines include the circle 

+ (2/~ = 4o*, 

where the origin is taken at 0. (M.T. 1934.) 
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CHAPTER IV 


theory or .EROTAT.ONAE MOTION 

4... IN this ohAPfr irwMS 

plAce l.t ‘I-* »“* 6™“' 

type of displacement of an velocity of the particle at the 

plS If- -vhcs. c«— A« .RX, R+y. .1 


u = 


v = 


w = 


du 

dx 

dv 

dx 

dw 

dx 



du 


du 

x + 

dy 

y+ 

'dz'^ 


dv 


dv ^ 

x + 

dy 

y + 

02 


dw 


dw 

x + 

dy 

y+ 

di'^. 


( 1 ). 


neglecting squares and products of x, y, z 
If we put 


a 


du 


6 = 


dv 


c = 


/-K 


dw dv 
dy'^dz 


9 


dw 
dz 

1 /du ^ 

2 \32'^0a: 



I 


1 [du 
2\02 


0 iy\ 


1 [dv M 

^ ” 2 \ 0 x 02 /, 

t=M-- 

^ 2\dx 


...( 2 ), 



1 / 0 U)_^' 

equations (1) may be written 

u = ax + /(y + 5fz + ^z-ty 

v = ;(X + fty+/z+^x-?z, .l^)- 

yv = gx+fy + cz+^y-r)X 

q'hus the relative motion in the most general case consists of 

f,'„’c diiwn7™u,, .0 .ny one of thiea mutu.Uy p.,p,n«« 
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4»11 FLOW AND CIRCULATION 


directions (the axes of the quadric (4)) undergo elongation at a 
uniform rate. Thus if the equation of the quadric referred to its 

principal axes be ^ ^ ^ ^ ^ ^ 

the velocities due to the pure strain, parallel to the axes, are 

u' = a'x', v' = 6'y', w' = c'z', 

so that o', 6', c' are the time-rates of elongation of hnes parallel to 
the axes of x\ y', z'. If there is no change of volume, as in the 
case of a liquid, it is clear that o', 6', c' cannot be independent; in 


fact we have 


a' + 6' + c' = a-f-6 + c 


"bn dv dw 
dx'^ dy'^ dz 



Hence the most general displacement of a fluid element con¬ 
sists of a pure strain compounded with a rotation; and this 
analysis of the motion is unique, for if we were to compound 
together a pure strain and a rotation both arbitrarily assumed and 
endeavour to adapt them so as to result in a given displacement 
of a fluid element, the equations to determine the axes of the 
strain-quadric and the components of spin would be exactly those 

we have used above. 

In accordance with 2-52, rj, ^ are the components of spin, 
and if they are all zero the motion is irrotational, and in this case 
the relative displacement of a fluid element consists of a pure 


strain only. 


4-11. Flow and Circulation. If ^, P be any two points in 
a fluid the value of the integral 

J (udz + vdy-^wdz). 


or 


^ / dx 





taken along any path from ^ to P, is called the flow along that 'path 
from Ato P. 

When a velocity potential exists, the flow from ^ to P is 


equal to 


The flow round a 


closed curve is called the circulation round 


the curve. If a single-valvM velocity potential exists the circula- 


gg STOKES’S theorem 4-11- 

, «Uorlv 7ero: and we shall see 

lion ™“”'J is m»ny-v«lued thete .te 

S cLlef for which .h. circulation i. «ro. though it i. not 

zero for all such paths. .v i. 

4-2 Stokes’s Theorem. We shaU now shew that the 
4 2. StoKes s , drawn in a fluid 18 equal to 

circulation round a y normal component of spin taken 

twice the ^ J curve for boundary, provided the 

s^facTherwhoUy in the fluid: i.e. we shaU prove that 

Ldx + vdy + u,dz = 2^\(l^ + r'^'l + ^<‘)^^’ 

Lse of ciro^ution on th. ..rfucc 

is to be associated with the positive 
direction of the normal to the surface 
by the right-handed or the left- 
handed screw convention according 
as the axes of coordinates are right- 

handed or left-handed. 

In the first place we observe that 

on, s«,f«ie can b. ^ i, .n i„ th. 

email areas y c oironlations round each 

: SS" “= 

^tow the PoinM- 

C" P' -d the mesh 

f{(R + u)dx + (v + s)dy + (w + y/)dz}, 

and substituting from 4-1 (3), this becomes 

Jd {«x + vy -f u>z -t- i (a. ‘^•/> 9 ’ ^ 

+ j(f (y dz -zdy) -b r, (zdx - xdz) -b 5 (xdy -ydx)}. 



or 




()0 


4.21 STOKES’S THEOREM 

The former of these integrals taken round the mesh is clearly 
zero, and in the latter ^ are constants for the mesh, being 
values at a definite point P, and their coefficients are twice the 
projections on the coordinate planes of the area PP' P'\ hence if 
dS denotes the area of the mesh the circulation round it is 

2(I^-\-mrj-\-n^)dS. 

By summation we get the circulation round any closed curve 

= 2 JJ (l^-\-7m] + n^)dS. 

Hence the theorem follows as stated. 

The proof that we have given above is stated in terras of 
hydrodynamical ideas, but the theorem is one of pure analysis 
and is true for any functions u, v, w which are continuous and 
differentiable throughout a region including the ranges of inte¬ 
gration*. 

In the language of vectors the theorem is expressed by saying 
that 2|, 27 ), are components of a vector 2w which is the ‘ curl ’ 
of the vector q whose components are u, v, w. Thus 2w is the curl 
of g, when the surface integral of the normal component of 2a> 
over any surface is e^ual to the line integral of the component of 
q roimd the boundary; and the result may be ^vritten 

^) = curl(w, V, w). 


4*21. The foregoing theorem 
which is bounded by more than 
one closed curve; as for example 
the shaded area in the accom¬ 
panying figure, provided the cir¬ 
culations round the boundary 
curves are taken with proper 
signs. We can see this by regard¬ 
ing the boundary as a continuous 
curve ABCADEFDA and ob¬ 
serving that the total flow along 
AD and DA is zero. 


will still be true for a surface 





* This theorem, generally known as Stokes's Theorem, first appeared in print as a 
question set by Stokes in the Smith’s Prize Examination in 1854, but it occurs in a 
letter from Kelvin to Stokes dated July 2, 1850. See Stokes, Math, and Phys. 
Papers, v, p. 321 footnote. Stokes however appears to have priority in the use of the 
vector which is the subject of the surface integral. 









co8Bn.*»CV OF O.BCOLAT.OK «2- 

. 1 A/fF,Hnn If ^ T), £ are all zero, that IS, in 

4-22. jnotion ihe circulation round any closed 

the case of irrotation - regarded as 

» »,o, P™;" „t which he, within ,h, 

the boundary of a surface ev y i ^ 

fluid. When this is to a point without passing 

reducible; be irreducible we cannot conclude 

that the circulation is zer Jhu f th 

fluid filing the space beUeen twoj^^ ^ 

ABC is irreducible, bu i ^ together zero if the 

the circulations round circulations in the same sense 

motion is “^J^j-£areequal,whenceitfoU^ 

connected space. 

rirculation. Let AB be any hne of 
4-23. Constancy of Circuiariou 

particlec in the IlnKl »d „„ the line; (w. ,. 0, 

Let r, « -iP w the velecit, 

(X- + 8X-, y + by, ^ g„ «; + 8«; those at Q. Then 

components at P and u + 5u, i; + 

Sl«S'>-Di ** + *"«• 

“f m„.t he the w-component of the reletive velocity of 

Dt _ . 


But 

the pointe P, Q\ that is D^xjDt = 8u. 

^(uSx) 

Dr 


Hence 




8x + «8u; 


h^e e eingle.™l«d potentinl a we get 
''Andtjintegratirn along the line from A to B 


I j" (udx + vdy + W<i 2 )| = [* 9 “ - - j 7 ]^ ’ 
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4*25 PERMANENCE OF IRROTATIONAL MOTION 

This gives the rate of change of flow along any line moving with 
the fluid. 

If there be any integrable functional relation between the 
pressure and density and we make the line a closed circuit the 
right-hand side of the last equation vanishes. Whence it follows 
that the circulation in any closed path moving with the fluid is 
constant for all time. This is true whether the motion be rotational 
or irrotational, the only assumptions being that the external 
forces are conservative and that there is a relation between the 
pressure and the density. 

The foregoing proof is due to Kelvin*. 

4*24. From the theorem of 4*23 it is easy to deduce the 
theorem of the Permanence of Irrotational Motion proved 
in 2*51. For at any instant at which the motion of a fluid is 
irrotational the circulation in all reducible circuits in the fluid 
vanishes, but the circulation in any such circuit is constant for 
all time and therefore remains zero. Hence, at any subsequent 
time, by 4*2, cc 

where the integration may be taken over any surface lying wholly 
in the fluid, and this requires that 

at every point in the fluid, so that the motion is always irrota¬ 
tional. 


4*25. Components of spin in Cylindrical and in Polar Co¬ 
ordinates. Using cylindrical coordinates, let (r, 0, z) be the centre 
of an element of volume whose diameters are of * 

lengths Sr, rSO, 8z, let VrfV^, be the components of 
velocity in these directions, and { correspond¬ 
ing components of spin. 

Let A BCD be a central section of the element 
with diameters rSd and Sz. 

Then 

2^. r 80 8z = circulation round A BCD ...(1). 

The contributions to the circulation from the sides AB and CD are 



1 P 

VerSe~^ j^{verh6) Sz 
making up 


and 


_/ 


|ver 80 -H^|^(v 0 ?*S 0 ) 


-^\r 80 S 2 . 

oz 



* ‘On Vortex Motion,* Trans. Roy. Soc. Edin. xxv, 1869; also Math, and Phys 
Papers, iv, p. 49. 






.VTT. POLAR COORDINATES 

-9 cylindrical and polar 

' Sin.na.y the oontHhutions of the sides BO and B a.e ^ 
making up 

Hence from (1) we get 
Similarly 


4-25- 


and 


^‘.T%nz. 
rdQ 

^^'rde dz' 
2 ^-“^ &r 

1 d(V0r)_^r 

2 ^—" ^ rd0 


.( 2 ). 


^ - , L/, ■ - - / 

Ipt (r. 6, o)) be the centre of 

In like manner of lengths 8r, r 80, r sin 6 8a>, and 

an element of volume ^ velocity in these directions and i ,,,, { 

let 0. be the by taking the circulation round 

::rr«uor«'“ -‘nr ““ 

a(g^rsin0Sa>) 

2^.r^smeS0Sw=-^ rsm^aoj 

^ . \ 


or 


A /a(gu,sin0)__agfl' 
^^'”rsin0\ 

1 e(7._i 9(ga.^) 

^^”"rsin6aa> ^ ^ 

ar 


(3). 


similarly 
and 

4 - 3 . Classification of 

every closed curt e can f connected region. Otherwise 

out of the region is call < niultiply-connected space 

the space is S of the region, or insert 

it is possible to dratt boundary, without breaking 

U.e space Into ,lTbe doubly— 

: “7 H11 rcb“::;- c.„ be wn, tbe .giou. ».p.y 

connected or of nueh « a spbete or 

A region bounded y > g g^j-faces one within the 

elli,isoid or the spaec ^ gi,i,piy.connected, for every 

other suc h as concent p^ P J 

closed curve withm it is r d ^ disconnected regions as is 

across mtlioiit ditidi g ^ - doubly- 

-rt^ii^forri^iie^an.dr 

space into disconnected regions (hig. 2). 





MULTIPLY-CONNECTED SPACE 


73 


4-3 


Fig. 3 represents an anchor ring and another tubular region 
communicating with it, forming a triply-connected region; and 
in hke manner Fig. 4 shews a quadruply-connected region. It 
will be seen that in each of Figs. 2-4 the maximum number of 
barriers have been inserted without dividing the region into 

disconnected parts. 



Fig. 3 Fig. 4 


In the same way the space outside the regions shewn in 
Figs. 2, 3, 4 are respectively doubly-, triply- and quadruply- 
connected, thus for the space outside the anchor ring a barrier 
might be drawn filling the opening of the ring, for such a barrier 
would be bounded by a closed curve and would not divide the 
external space into disconnected portions; and similarly for the 
other figures. 
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CYCLIC CONSTANTS 

When in a multiply-connected region all barriers have been 
inserted that can be inserted without dividing the region into 
disconnected parts, if these barriers are regarded as temporary 
boundaries the region wall have been reduced to a simply-con¬ 
nected one. This will be obvious from a study of the figures. 

4-31. Circuits in a given region may be called reconcilable or 
irreconcilable, according as they can or cannot be deformed so m 
to coincide with one another without going out of the region, in 
simply-connected space aU circuits are reconcilable and reducible 
We can shew that in n-ply connected space n-l independent 
irreconcilable and irreducible circuits can be ^awn; for in a 
doubly-connected space such as an anchor ring (Fig. 2) one such 
circuit can be drawn and it cuts the one barrier. And it is clear 
from Figs. 3, 4 that for every region added to a multiply- 
connected space, which adds unity to the degree of connectivity 
and therefore increases the number of possible barriers by unity, 
one new circuit can be drawn passing through the new barrier 
and not reconcilable with any existing circmt. Thus m Rg. 3, 
which represents a triply-connected region, two such circmts can 
be drawn, and so on for any degree of connectivity. 

4-32 Cyclic Constants . The circulation in a circuit which 

crossesmilyonebarrierinamultiply-connectedregionand crosses 

that barrier once only is constant. 

For in the figure, which represents 
part of a multiply-connected re¬ 
gion, XY being the barrier, the 
circuit ABECDFA is a reducible 
one and the circulation in it is 
therefore zero, and as the flow 
along the parts AB, CD are ulti¬ 
mately equal and opposite when A 
coincides with D and B with C, 
therefore the circulations in closed 
circuits BECB, DEAD are equal 
and opposite; or the circulations in 
any two such circuits taken in the same sense are equal to a con- 

stant K, and if the circuit crosses the barrier p tim^ m the same 
sense the circulation will be pn. k is called the cyclic constant o 

the circuit. 









4*4 
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IRROTATIONAL FLUID MOTION 

In the same way if /Cj, Kg, ... be the cyclic constants of the 
n—\ irreducible circuits of an n-ply connected space, the circula- 
tion in any compound circuit will be pj/Ci + P 2 X 2 + ... + «„_i, 

where denotes the excess'of the number of crossings of the rth 
barrier in the positive sense over the number of crossings in the 

negative sense. Motion in which the circulation in every circuit 
does not vanish is called cyclic motion. 


4-4. Nature of the Problems to be discussed. The types 
of irrotational fluid motion with which we shall be chiefly con¬ 
cerned, in what follows, may be classified thus: 

(i) A finite mass of liquid is enclosed within a given boundary 

and possibly limited internaUy by other boundaries. Liquid 

motion IS set up by giving a definite motion to one or more of the 

boundaries, or by applying given impulses to one or more of the 
boundaries. 


(u) An mfim’te mass of liquid is limited internally by the 
surfaces of one or more bodies, and either 

(а) the liquid is at rest at infinity and the bodies are in 
motion; or 

(б) the liquid has a uniform constant velocity at infinity, 
and the bodies are at rest or in motion. 

We propose to prove the determinateness of these problems; 

i.e. that a definite liquid motion will result from definite motions 

of the boundaries, or from the application of definite impulses to 
the boundaries. 

As we have seen already, irrotational motion implies the exist¬ 
ence of a velocity potential ^ which satisfies Laplace’s equation 

dU dU 

and the solution of any problem in irrotational motion depends on 
finding a solution of the equation = 0 that will give the correct 

values to the normal velocity 9,^/aw, or to 4 , which may be taken 
^ a measure of the impulse, over the boundaries. In this respect 
e problem is akin to the general problem of electrostatics. 

fuZt- to prove the existence of a potential 

function w^ch wiU satisfy given boundary conditions, but we 

all prove that if the problem has a solution it is a definite one; so 

that, in any particular case in which we have found a solution 



gkeen’s theorem 4*4- 

that fits the circumstances of the case, we shaU know that since 
only one solution is possible our solution is the right one. 

We shaU begin by proving a theorem of Green s which of 

fundamental importance in physical investigations. 

4-5 Green’s Theorem*. Let be two functions of x,y,z 
which'with their first and second derivatives are tote and single- 
valued throughout the region considered ; andlet S denote a closed 
surface bounding any singly-connected region of space and Bn an 
element of the normal at a point on this boundary drawn into the 

region considered, then 

dx dy dy dz dz) 

dS - j j| <f>V^'dxdydz 



dS-^\^\^4>'V^dxdydz .( 1 ), 


where the surface integrals are taken over the closed surface 8 
and the volume integrals throughout the space enclosed. 



/ 

—, 

/— ^ - 


1 



,V 


111 


along a prism ot section dydi which intersccB the surface m 
elements dS., dS, where the inw«d-drewn normals ha,e *- 

direction cosines /i, ^2* 

. G. G«>cn. Essay on EUcMcity «nrf Maynstis,n. -828. or ^faO>. Pai^rs (ed. 
Ferrera), p. 23. 




4-52 


green’s theorem 
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The result is 

/J[^ ~ 

= -<f>^ldS, 

OX 

where in this expression dS is taken to include the two elements of 
area at the ends of the prism. 

Hence 


//J dx at -JdS-Jdxdydz, 

and by similar treatment of the remaining terms of the first 
expression in (1), and remembering that 





we prove the first expression equal to the second; and by inter¬ 
changing (j) and <j>' it becomes equal to the third. 


4- 51 . The statement of the theorem needs modification if the 

given repon includes discontinuities in the values of <^, or their 

first derivatives. But the theorem is still true if we surround the 

point or surface of discontinuity by a closed surface and exclude 

the enclosed space from the region of integration, provided that 

the remaining space is singly-connected and we include in the 

surface integrals integration over the extra surface or surfaces that 
we have introduced. 


4-52. Deductions from Green’s Theorem. We shaU now 

make some deductions from Green’s Theorem, but we remark at 

the outset that many of these are capable of verv simple inde- 
pendent proof. 

(i) Put <fi' = constant. Then 

~ff ^dxdydz-, 

and if 0 satisfies Laplace’s equation, we also have 



’\f ^ denotes a — 

flow of liquid into any closed region at any instant zero. 


kinetic energy 


4-52- 


(ii) If </>, <!>' are both velocity potentials, 

A A ^ # 


II 






dn 


dS\ 


. neciproc. .been... which has * 

„i„dthat ifpdeno^densdy,*^^^ “<* 

may be supposed to be applied. 

(iiil Put <i' = 4>. Then, if is a velocity potential, 

\ f ^ Ii J 


dj 

dx 


/^V 

1^2// 




Hence if , he the velocity and p the d.naity of the Uqnid. we 
ha"e“or the kinetic energy of the liqnrd w.thrn S 

A i% 


\P 


q^dxdydz= 


dn 


dS. 


Since is the impu.iv^ t 

motion instantaneous y therefore the last result is an 

“™“', 'It^tirirthe'S^eUy set np hy i»- 

example of the theor products 

pulses, in a °^ocity of its point of application. 

The result s^ depends 

liquid moving irrotationaliy in simp v 

only on the motion of its boundaries. 

4-53. For the present we shaU 4-52 (iif) 

potential of a liquid in sing or if <^ = 0 over the 

we see that, if the boundaries are at rest <l> 

boundaries, we must have 


jjjg*(ia:dy<iz = 0, 


.0 that, - 0 af every ^inf. "fbtiT.S 

sible m a closed jfleh moves irrotationaliy is 

frn;"r & ia ai» hronghf . reek 
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UNIQUENESS OF SOLUTION 
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4*54. Uniqueness Theorem. There cannot be two different 
forms of irrotational motion for a given confined mass of liquid whose 
boundaries have prescribed velocities or are subject to given impulses. 
For if two such motions are possible let ^2 denote their 
velocity potentials, then at all points of the boundaries either 
d<j>Jdn = d<f 2 l^'f^y or else ^^ = <^ 2 * But ^ 1—<^2 also satisfy 
Laplace’s equation and represent an irrotational motion in which 
either the boundary velocity d {<f>i — ^ 2 )/^^ is zero or tf>^ - is zero 
over the boundary. Hence in this case, by 4*53, the liquid is at 
rest, or — ^2 is constant everywhere. Therefore the two motions 
are the same. 


4*55, Mean Potential over Spherical Surface. If a region 
lying wholly in the liquid be bounded by a spherical surface the 
mean value of the velocity potential over the surface is equal to its 
value at the centre of the sphere. 

F or if (fj. denote the mean value of <j> over a sphere of radius r, we 

where dw is the sohd angle which the element dS subtends at the 
centre of the sphere. 


Therefore 


dr 




and the last integral is zero by 4-52 (i), so that is independent 
of the radius r; consequently the mean value of ^ is the same over 
all spheres having the same centre, and by continually diminish¬ 
ing the radius we get that this mean value is the same as the value 
of <j> at the centre. This theorem is due to Gauss. 


4*56. We shall now extend the last theorem to the case 
where the region in which the motion takes place is periphractic, 
that is bounded internally by one or more surfaces. 

Suppose that a sphere of radius r in the liquid encloses one or 
more closed surfaces and that the total flow across these surfaces 
into the given region is ^M. There must be accordingly an equal 
flow outwards across the sphere so that 


or 

where da> has the 



^dS=- 4:7 tM, 
d4> j 

dr ’ 

same meaning as before. 
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NO MAXIMUM OB MINIMUM OF <f> 


4 - 56 - 


111 *--" 


This may also be written 

1 9 

47r 

and by integrating with respect to r, we get 

ffida..* 

47T 


or 


&ii*-’T 

*.-»ii*''®- 




+ C 


( 1 ). 


where 0 is constant with respect to r bnt hi» yet to P«)V 
Independent of the position «* ^e »ph'^ to be at rest 

supposing tli'“pStod a s^rdistanee Sa in any 
Si» wTtLnt Iring its r«iius, then the conswpuent change 

in^pis d±rs^^_L([^l8xdsJ^8x. 

dx 47rr2 J J 


dx 


dx 


Hence dC/da is eqna, to the 

oa J over an infinite sphere; before dgda 

sphere has a very ^ (. jg not altered by displacing 

S::"eir satoe imal honndaries., 

4.57.Frototheprevionstwoarticie.^^^^^^ 

potential ^ cannot have a ^ sphere were described 

fignid, tor if there were such a point -d • Pd ^ 

:zz^rLZTZ ^ ^ 

a point at which * hai a mimmum value 

By a similar I'Se. Lap.-'. 

equation so does d<f>l , cannot have a maximum or 

• I « 9 ^ 1 CCt 


Kirchhoff. Mechanik, p. 191. 


^ Ibid, p. 199* 
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4'6 


must be points Q in the vicinity of P at which {d<j>/dx)^ is greater 
than the square of the velocity at P, and much more then is 
(d<f>jdx)^ + (d<j>jdy)^ + {d(j>ldzy^, or the square of the velocity at Q, 
greater than the square of the velocity at P. Hence the square of 
the velocity cannot be a maximum at P. It will be apparent in 
what follows that it may have a zero minimum value. 


4-6. Liquid extending to Infinity. When the liquid extends 
toinfinity the arguments of 4*53,4*54 cannot be appUed directly 

over an infinite 


// 


dn 


boundary surface; for, though the velocity may vanish at infinity, 
it does not necessarily follow that this integral vanishes when 
taken over an infinite area. 

As a first step in this discussion we shall make a further 
deduction from Green’s Theorem, 

If (f)' both satisfy Laplace’s equation, within a region bounded 
by a surface we have 





Let P be any point within the region, and put where 

r is the distance from P, Since becomes infinite at P we must 
exclude P from the region to which the theorem (1) is applied by 
surrounding it by a surface, say a sphere of small radius € and 
surface S. This surface must be added to the range of integration, 
and we get 



Since where is the solid angle subtended at P by 

dS, therefore the second integral tends to - 47r<^^ as e tends to 
zero, where denotes the value of ^ at P. For the same reason 
the fourth integral tends to zero with e. Hence we have 



Now consider an infinite mass of liquid bounded internally by 
certain finite surfaces S and let us apply the last result, taking 

RH 


0 





g2 infinite MASS OF LIQUID 4 6- 

for ex«n,.l bouBdar, . .pl.e» S of l»ge ra^u. S "tk “■*» 

at P. We have for any point P m the hquid 

10<^ 

^ rr ^ I 1 A 4 . 1 r» . ” i i x_yt?. —- i i 

(^p= 




-ill? 


dn ^ 


yi* 


3l 

r 
dn 


dS 


-yi-; 


0n 




dn 


^77 j J ^ ^ 

4 .U 4 - +v,p tntal flow of liquid across the internal 
rSs “ » LXt bbe V. 1 O 0 ., 

A. thp third integral is a deflnite constant C. And the total 
Lw «the ephe™ 2 i. eh .0 te,o,»th.t th, foerth mtegrel „ 

zero. Therefore ^ 1 




dn 


dS 


_iffi 

47TjJr 


d<f> 

dn 


dS 


(3). 


Now let P move to an inflnite distance from the ^ner hormd- 

™ d. the iXrr-^ 

veToofty'To'S"^ 

""“„.frp;r 4 ‘ 52 (^T«“hrs;e» 

S and a sphere S of large radius R and we get 


q‘^dxdydz=-^^'f>^^d^ 


dn 


dS. 


Abo because ot the coneUncy of the whole mass ot liquid 



d<f> 




and on the sphere S as its radius increases tends to a constant 
limit C, therefore 


q^dxdydz = (') 


071 


dS, 


when, the surtax integral extends to the inner boundaries 
only. 

Mtcannot bo assumed that^mustboc^^^^^^ 

all vanish there. For example, if ^ - log r tnon of fir , 

^ becomes iiiluiito. 
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Hence if the inner boundaries are at rest, or if<^ — C = 0 over the 
boundaries, we get ^ ^ ^ 

q^dxdydz = 0, 

so that g = 0 everywhere. That is, irrotational motion is impossible 
in a liquid at rest at infinity unless its inner boundaries are in 
motion. 


4* 61. Further, if the value of d<f)ldn, or of <l>, is prescribed over 
the inner boundaries there is only one motion possible. For if 
two different motions of the liquid were possible having equal 
values of d(j>jdn or of <j> at each point of the boundaries, let (f>i, <j>2 
denote their velocity potentials; then <j>i — (f>^ satisfies = 0, and 
is also the velocity potential of a motion giving zero velocity or 
making <j> — C zero over the boundaries. Hence as in the last article 
the velocity in this case is zero everywhere, that is the two 
motions are the same. 


4’62. Referring to 4*4 we have now only to consider the case 
in which the liquid has uniform constant velocity at infinity; 
and the determinateness of the problem in this case follows from 
the consideration that the problem of the relative motion is not 
affected by imposing on the whole mass of liquid and its bound¬ 
aries a velocity equal and opposite to the velocity at infinit 3 ^ The 
liquid is then at rest at infinity and it follows from 4' 61 that if the 
velocities of the boundaries are prescribed or if given impulses 
are applied to them there is only one possible motion of the liquid. 


4-7. Minimum Kinetic Energy. If a mass of liquid be set 
in motion by giving prescribed velocities to its boundaries, the 
Kinetic Energy in the actual motion is less than that in any other 
motion consistent with the same motion of the boundaries. 

Let T be the kinetic energy of the motion of which (j> is the 
velocity potential, and T-^ the kinetic energy of any other possible 
state of motion in which the velocity components at (x, y, z) are 
^ 1 . ^ 1 - These components must satisfy the equation of con¬ 


tinuity 


dv^ dwi 

—--\— -A -^ = 0 

dx^dy^ dz 


( 1 ), 


and give the same normal boundary velocity as in the other 
motion, which condition is expressed by a relation 

luj^ + mVj^-\-nw^ = luA-mv-\-nw .( 2 ). 


6-2 
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Now 

T^-T 


kinetic bnekgy of infinite mass 


4 - 7 - 


(u 




+... + .■.}dxdydz 


B.t. by i i„«g«.on U. tb.t »ed i„ tbe p.oot ot G^n’s 

Theorem, 

- ... + ...|dld!)ii 






J J .. d . 


+ 




= 0 . from ( 1 ) and (2) 


Hence 


Ti-T = \p 


{iu,-uf + (v^-vf + i.w,-wndxdydz 


... - —r 3 ”:: ' 

S=;:' 5 -.-ESS:-“f 

4 . 71 . Kinetic Energy of an Inffnlte Mass of Et,»id 

moving irrotationally. 

W, have, ee .0 4 - 6 . 

q^dxdydz=-^j{<l>'^hn ’ 

boundaries is zero, j j ^ dS = 0, 


dn 
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that the kinetic energy is 


-Snfj^ 


8ri 


dS. 


r , I 1849 p 92, or Math. o<xd Phys. >- P' ‘O''' 
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4*8. Irrotational Motion in multiply-connected Space. 

We have seen in 4*32 that the circulation in any circuit in an 
(n H-1 )ply-connected region is of the form 

"f" P2^2 H" • • • "h Pn^n .(1)> 

where the ks are the cyclic constants of the n irreducible circuits, 
and the p’s are integers. 

If - j: (udx + vdy-hivdz) .(2), 

be the flow along a path from a fixed point ^ to a variable point 
P, the value of depends on the particular path; because, if 
^PP and ACP are two paths, the circulation round A BPCA is 
not generally zero. Hence is indeterminate or many-valued to 
the extent of the addition of an expression of the form (1). 

By displacing P parallel to the axes in turn we obtain from (2) 

u=~d<j>ldx, v^-d<f>ldy, w=-dtf>ldz; 
and these are single-valued expressions whether ^ be multiple¬ 
valued or not. 


4*81. Kelvin’s Modification of Green’s Theorem, In our 


proof of Green’s Theorem in 4*5 we assumed that <j), </»' were 
single-valued functions in the region considered, but if either be 
a many-valued or cyclic function the formula needs modifica¬ 
tion. Thus, if we suppose <{> to be cyclic, the second expression in 
4*5 (1) must be corrected so as to take account of the indeter¬ 
minateness of (f). We can do this by supposing all the barriers that 
are necessary to reduce the region under consideration to a simply- 
connected space to be inserted: then we may regard <j> as single¬ 
valued throughout this region and the correction to be made con¬ 
sists therefore in including in the range of the surface integral 
both sides of each of the barriers. 


If d(Tj. be an element of area of one of the barriers and Kj. the 

r r 

corresponding cyclic constant, we have to take I j 0 over 


both sides of the barrier. The values of, being taken in opposite 

directions on opposite sides of the barrier, are equal in magnitude 
but opposite in sign at corresponding points; while the value 
of (f) on the positive side of the barrier exceeds the value on the 
negative side by the cyclic constant , so that the contribution 
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multiply-connected space 
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of this barrier to 


the surface integral is taken once 


over the barrier. 

Hence the theorem becomes 

\0a: dx dy dy dz dz ) 




0^ 

071 


-dS- i <l>'^’‘^'dxdydz... (1). 


No extra terms arise because of the indeterminateness of ^ in the 
last integral, if we suppose that V^' = 0, for the indeterminate 

part of </> is a constant. . , . ^ i ^ *4.1, 

It is clear that the coefficient of each /c is the total flow m the 

positive direction across each barrier due to a velocity potential 

1* 

If we assume <{>' to be cyclic with cyclic constants /<i', k^', etc., 
we get another relation similar to (1) in which <i>, <j>' are inter¬ 
changed and k/ is written for . 

4-82. Kinetic Energy of Cyclic Irrotational Motion. If 
we put (^' = .^ in 4-81, and take to be a velocity potential, we 

get for the kinetic energy of the motion 


T 


1\^^/ V^2// 


d<l> 




( 1 ). 


This assumes, of course, that the barriers do not obstruct the 

motion of the liquid, but move along with it. 

If the liquid extend to infinity as in 4- 71, we must replace the 

first term on the right by 

dd) 

/ I /^\ 



dn 


dS 


( 2 ), 


where C is a constant and the integral extends to the “temd 
boundaries of the liquid, the G term being omitted if the total 

flow across these inner boundaries is zero. 

4- 83. Determinateness of Irrotational Motion in multi¬ 
ply-connected Space. If the cyclic constants kj, ... ic„ are 
Tiven and the boundary velocities, we can shew that the motion is 
determinate. For supposing the space to be rendered simply 
connected by the introduction of suitable barriers, let there be 





87 


4*9 MOTION DUE TO SOURCES AND DOUBLETS 

two possible motions represented by velocity potentials <j>, <!>' 
which both have the same cyclic constants. Then — will be a 
velocity potential having no cyclic constants, i.e. the velocity 
potential of an acyclic motion, in which, in addition, the velocity 
is zero at all boundaries. Hence by 4*54 and 4-61 the two 
motions are identical. 


4*831* Example. Let us take, as an example, two-dimensional 
irrotational motion in the space between two coaxial circular cylinders; 
and suppose that the velocity at distance r from the axis is c^/r at right 
angles to the radius vector. 

We have seen in 1*81 that the velocity potential is given by 

6 = — c*tan“*^. 

^ X 


This is a many-valued function, the region being doubly-connected, and 

the cyclic constant »c = circulation 

= 27rr X c^jr 
= 27^C^ 


so that the circulation in any closed path is uk or 27mc^, where n is the 
number of times the path embraces the cylinder. 

To find the kinetic energy of the liquid contained between unit lengths 
of the cylinders we may proceed directly taking 


(b c* 

T = ip 277rdr = Trpc^log6/a, 

a 

where a and 6 are the radii of the inner and outer cylinders: or we may shew 
that we get the same result from the expression (1) of 4*82. The first 
integral in that expression is zero because d<^/dn vanishes over the fixed 


boundaries. 

For the second integral, — Jpx 



d<f, 

dn 


duy we may take as barrier a plane 


through the axis of the cylinders; — the velocity perpendicular to the 

barrier, is then the whole velocity c^/r, and the integral becomes 

fb c2 

it pK I - dr pKC^ log 6/a = -npc^ log 6/a. 

j a f 


4*9. Motion regarded as due to Sources and Doublets. 

Referring to the theorem represented by 4*6 (2), viz. 



it follows from 3*3 and 3*31 that the velocity potential at P is the 
same as if the motion in the region bounded by the surface S were 
due to a distribution over S of simple sources with a density 

1 9(i 

-^ per unit area, together with a distribution of doublets 
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With axes pointing inwards along the normals to the surface of 

t:: SetlXe . be dra.vn in a licpiid and M ^ 
denote the velocity potentials of possible ions made d 
outside S respectively, with the condition that vamshes 
infinity. If P is any point inside S, we have 



9- , 

dn 47 r 


r'JJds. 

r cn 


Also since P is not within the region of velocity potential 


II 


si 


where dn, dn' are drawn inwards and outwards from the surface 8, 
so that 0/0/1 = - djdn'. Then by addition 


<^p — 


1 


47T 




If we take </>' = </> at the surface 8, we have 

47 rJJ r \ 0 /i dn j 


( 2 ); 


dJ) d<f>' . 

and, if we take £ = , we get 


0 - 


1 


<^p — 


1 


An 




(3). 


Equation (2) shews that when the velocity potential is con¬ 
tinuous but the normal flow across S is discontinuous the motion 
inside might be produced by a distribution over the surface of 

simple sources of density - 4 :;; ( 

Equation (3) shews that when the normal velocity across the 
surface is continuous, but the velocity potential discontinuous 
tlie motion inside S might be produced by a distribution over the 
surface of doublets with axes along the normals inwards of 
density (</.-<^')/l 7 / per unit area. Such a distribution mig 

coiled a double sheet. 
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MISCELLANEOUS EXAMPLES 


1 Explain the meaning of the term rotational as applied to fluid motion; 

and determine the character of the circulatory motion of fluid, round a 

straight axis, which is not rotational. 

Shew that, in such a case, minute bubbles of air in the circulating fluid 

wiU be sucked in towards the axis. (St Jolm^s Coll. 1896.) 


2 \Vhen a body immersed in a fluid executes periodic vibrations it 

appears to exert an attraction on other bodies at rest in the fluid. Give a 
general explanation of this phenomenon. (Coll. Exam. 1903.) 

3 Prove that if the velocity potential at any instant be kcyz, the 

velocity at any point (x + i/ + ly, z + D relative to the fluid at the point 
(T 1 / z\ where A n, t are small, is normal to the quadric xr)i + + z$ri = 

co’i^iant, with centre at (x. y, z). (Trinity Coll. 1897.) 


du (dv du\ , fdu dw\ 

4. Prove that if 8y)'^^\dzi Bx) 

and/I, V are two similar expressions, then Xdx^.dy + vdz is a perfect 

differential if the forces are conservative and the density is constant. 

(Coll. Exam. 1902.) 


5. Shew that, if a heterogeneous incompressible liquid moves irrota- 
tionally under the action of conservative forces, the surfaces of equal 
pressure and equal density coincide; and that a homogeneous liquid 

cannot move irrotationally under the action of non-conservative forces. 

(Coll. Exam. 1901.) 

6. Shew that the theorem, that under certain conditions, the motion of 
a frictionless fluid, if once irrotational, will always be so, is true also when 
each particle is acted on by a frictional resistance varying as its velocity. 

(Coll. Exam. 1895.) 

7. If p denote the pressure, V the potential of the external forces and q 
the velocity of a homogeneous liquid moving irrotationally, shew that 

is positive; andV^p is negative provided that Hence prove 

that the velocity cannot have a maximum value and the pressure cannot 

have a minimum value at a point in the interior of the liquid. 

(Coll. Exam. 1900.) 


8. Shew that in the motion of a fluid in two dimensions if the co¬ 
ordinates [Xy y) of an element at any time be expressed in terms of the 
initial coordinates (a, 6) and the time, the motion is irrotational if 

9^^) , 3(^)^0, (Coll. Exam. 1903.) 
0(a,6) ^S(a,6) 

9. Prove that, if 

(0x2 + + cz2), V = i (?x2 + my^ + nz^), 

where a, 6, c, 1, w, n are functions of the time and a + 5 -f c = 0, irrotational 
motion is possible with a free surface of equi-pressure if 

+ a2 + d) e2f {Tn + b^ + b) (n + + c) 

are constants. (Coll. Exam. 1903.) 



Aix^ + y^ + z*) ^ztan 


EX AMPI^ES 

, •* „„tor.tial of an irrotational fluid motion is 

10 Shew that if the velocity potential 
equal to 

... o,,0.,,. ...... 

components \ diff 

sin ddo)* , 

M- nnd narallel respectively. Also if the fluid be homo- 
along the mondian and [ that 

genoous and the motion irrotational. p ^ ^ ^ 

ee ^^(St John’s Coll. 1906.) 

anddeducethat<^ + f0=^’(e*“t^^i^)* ^ ^ 

. 1 «.n+mn in two dimensions, on the surface 

1 ,, 2 the coordinates of a pomt referred 

;o':X“a£centm of the sphere. ^ 

13. A rigid envelope is filled 

rtelSoC^n after the 

14. A space is conditToJs for the continued 

pencous incompressible fluid conservative forces. Prove that 

.'ii'»•'*' »'>” ““• ® ““ 

bounded by 5 is f [ dif>d<^ 


~P I) dt &n 

,1. .h, lenity «.d ». .n .t.to no™,l to dS 

Space considered. 

. *u r^rinPinle that the kinetic energy set up is a 
15. Deduce from the liquid bo given at rest, com- 

minimum that, if a mass o me , jf (^j^y motion of the liquid 

plotely filling a closed JrbitrMily proscribed normal velocities 

bo produced suddenly by gi g enhioot to the condition of constant 

to all tho points of it. Thomson and Tait.) 

voluinc, the motion produced IS in otational. 

,„ i, .1,.,ok.i.y «• ."v vf‘ 

imitationally in two dimensions, pro\o that 


dS, 
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17 . Shew that the curvature of a stream line in steady motion is 
1 i (?+ y), where p, p, q are the pressure, density and velocity of the 

f V the potential of the external forces, and 3^ is an element of the 
non^al to the stream line, and hence obtam the velocity potential 

KC—.on., ,™-ion., 

confocal ellipses. 

““Stri .Hooon.. on,.. .pH.. ^ 

19 Incompressible fluid of density p is contained between two coaxial 

■ '^l»r cvlinders of radii a and b{a<b), and between two rigid planes 
circular y ^ distance I apart. The cyUnders are at rest 

^®!?Sflu d is circulating in irrotational motion, its velocity bemg V at 

T fscl of thTinner cylinder. Prove that the kinetic energy is 
the surface ot the inner cy .Trinity Coll. 1896.) 

wpO^FMogb/o. 

20 Liquid of density p is flowing in two dimensions between the oval 

r r - r, r, = ^>^ where r,, r, are the distances measured from two 

feed pcflutT if the motion is Rotational and quantity , per unit time 
cross^ any line joining the bounding curves, then the kmetic energy is 

npq^llogbla. (Trinity Coll. 1895.) 

21 A thin sheet of incompressible fluid moves on the surface of a sphere 
of unit radius. Shew that the velocity potential and stream function are 

• rrntA functions of the Cartesian coordinates of the stereographic pro- 

3 of r " t o 

u otiH its axis of instantaneous rotation cut the sphere m 0. the 
T ' b?„c L at any p“Int P of the boundary differs from . cos OP by a 
Lnstent, where a, is the instantaneous angular velocity the^ounfery. 



CHAPTER V 

SPECIAL PROBLEMS OF IRROTATIONAL MOTION 

IN TWO DIMENSIONS 


5.1 In Chapter in we introduced the stream function ^ for 
motion in two dimensions and found expressions for it m certain 
cases. We propose now to make use of it for the determina ion of 
two-dimensional irrotational motion produced by the motion of 
a cylinder in an inhuite mass of liquid at rest at infimty, or for the 
disturbance produced in a steady stream by the pesence of a 
fixed cyUnder. For the sake of simplicity we shaU suppose the 
cvUnder to be of unit length, and the liquid and the cylinder to be 
confined between two smooth paraUel planes at right angles to the 


axis of the cylinder. „ . <.■ ww n 

The stream function ^ must satisfy Laplace s equation V V = 0 
at all points of the Uquid and must also satisfy the boundary 

conditions as follows: 

( 1 ) When the Uquid is at rest at infinity then at infinity 
0 </«/ax = O and 9./>/3i/ = 0. 

( 2 ) At any fixed boundary the normal velocity must be zero, 
or the boundary must coincide with a stream Une 0 = const. 

( 3 ) At the boundary of the moving cyUnder, the normal com¬ 
ponent of the velocity of the liquid must be equal to the normal 
component of the velocity of the cyUnder. 

Condition (3) may be expressed by a formula for iji as Mows: 
let a point of the cross section of the cyUnder chosen as on^n 
have velocities U, V parallel to the axes of x and y and let 

the cylinder turn with angular 
velocity tu, so that the velocity 
of a point whose coordinates 
are x, y has components 

U-wyy F + tox. 

Let ds be an element of arc of 
thecross section of thecylinder. 

The velocity of the liquid in the 
direction of the outward normal 
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5-2 

is - dijfjdSy and the cosines of the angles which this normal makes 
with the axes are dyjds and —dxjdsy so that 

ddf /T7 

-- = iU-coy)^^-(V + u>x)^. 

Whence, by integrating along the arc, we get 

ip=Vx—Uy + ^o}{x^'^y^)-\-C .( 1 ). 

This is the condition for the most general type of motion of the 
cylinder and of course includes a simple translation w = 0 and 

sayF = Osothat ,f,= -Vy + C .(2), 

or a simple rotation U —V = 0 and 

i/i = + C.(3). 

5*2, Circular Cylinder. The solution of the problem indi¬ 
cated in 5*1, viz. to determine a two-dimensional irrotational 
motion satisfying given boundary conditions, has been effected 
in a hmited number of cases; and the method of solution has 
frequently been an inverse one. That is to say, instead of a direct 
investigation of a solution of V2j/; = 0 which will satisfy given 
boundary conditions, known solutions have been studied to see 
what kind of boundary conditions each will satisfy and the 
problems have not been formulated until their solutions have been 
obtained. As an example let us consider the motion represented 
by the functional relation ^ ^ I ^ 

A 

or <j> + itlj = — (cos d — i sin 6). 

T 

s in S 

This gives >Jj= - - —, and if we take this value for ip in the 

boundary equation 5* 1 (2) we have 

A sin 0 rr • n ^ 

-= — Ursind-\-C. 

r 

This equation represents a family of curves, and if we put 
(7 = 0 and A — Ua^, the family includes a circle of radius a. Hence 

i/f =-sm 6, 6 = -cos 6 

r r 

are the stream function and velocity potential due to the motion 
of a circular cylinder of radius a moving with velocity U parallel 
to the x-axis; the origin being always on the axis of the cylinder. 
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u the velocity potential and Stream function are 

jrr;«" eJL »" 

jrojLe. - - "ni" 

Sf: :„ir rt2;rX«.> * - -— 

rtwitional velodty, to. is UrcosO^ hence stem Pcsm. 
must be added to <j>, so that ^ 

<^=f/|r+-jcos0, ./.= £/^r--jsine. 

be moving or at rest. 

5.21 Another method of solving problems of the same class 
• ; find a ^locitv potential that will satisfy the given boundary 
oond^tioiiTe to fiL a ^ that wiU satisfy = 0 at every point 
of the liquid, and make the normal velocity - d<f>ldn assume e 

proper values at the boundaries. 

^ ta this connection it is nsctnl to rememtev H" “ 

ordinnles in two dimensions l.cpl.cc s equst.on tokes the tern 

dr^ di- dd- 

and that it has solutions of the form 

r'‘coswe, r"sin?i0, 

^vhere n is any integer, positive or negative, 
any number of terms of the form 

A r"cosn0, B„r"sinn0 

in the negative direction of the x-axis is represente y 

^ = Ux=Urcos6, 

these terms can only involve negative powers of r. 


Hence the sum of 
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P)/A 

The boundary condition is — = 0, when r = a, and if we assume 


that 


this leads to 


(/,= (Jr 008 0 + — COS0, 

^ r 

U — Ala^ = ^, or A^a^U, 


whence as before ^ “j pos 6, 

and the conjugate function is 

5*22. Two Coaxial Cylinders. As a further example let us consider 
a problem of initial motion. Let a cylinder of radius a be surroujided by a 
coaxial cylinder of radius 6, the space between the cylinders being filled 
with liquid. Suppose the cylinders to be moved suddenly parallel to 
themselves in directions at right angles with velocities C/, V respectively. 

The boundary conditions for the velocity potential <j> arc: 

(i) whenr = a, ^^= — Ucosd, 

(ii) whenr = 6, ^= —Ksin0. 


To satisfy these assume that 

B 


then 


and 


<i> =■ cos 9+ (^Cr + — ^ sin0; 

— U cos 6~(A— cos 6+(^C — sin 9, 
~V8in9={A — ^ cos 0 + ^(7 — sin 9, 


for all values of 9. Hence 


from which we get 


-S=- 


u. c-J=o, 

C-^ = - F- 
62 


/ ( 62 \ ^ 62 F / ^ 


and the conjugate function 


a^XJ ( 62 


62 F 


- 2 ~;:2 ( r ~—\ cos 9 . 

^ a^ — b^\ rj a^ — b^\ r/ 

It must be remembered however that these equations only represent 
the motion at the instant when the cylinders are coaxial. 
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CIRCULAB CYLINDER 
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5*23. Equations of Motion of a Circular Cylinder. Re¬ 
verting to the case of 5-2—a cylinder moving in a liquid at rest 
at infinity—we have to calculate the forces acting on the cylinder 
owing to the presence of the liquid. If the extraneous forces have 
a potential Q. and act on the cylinder and liquid alike their 
resultant effect is, from Hydrostatical considerations, a force 
equal to the difference between the forces exerted on the cylinder 
and the liquid displaced, i.e. if a, p are the densities of the cyUnder 
and hquidthe resultant extraneous force is (a-p)l<j times what it 
would be if the liquid were not present. Omitting the extraneous 
forces, the part of the pressure due to the motion is to be found 

from the equation 

? = .( 1 ) 

of 2-2 (3). 

Let the centre of the section be the point 2o=^o + ^2/o> 
if U, V denote the components of velocity of the cylinder, 

U = Xo, V = ^o- 


Let 




(£±iZ) . (2), 


z-z. 


this being the same type of relation as 5-2 (1) with the constants 
adjusted to give the correct hquid velocity normal to the surface 
of the cylinder. For if we put z - ?„ = re*®, so that r denotes 
distance from the axis of the cyhnder, we have 

^ + i^ = -{U + iV)(cose-isine) 


and 


^ = —((7 cos 0-1-1^ sin 


(3), 


making the normal velocity on r = a 


Again since 

therefore 
dS .difj 


-?^=t7cos0 + Fsine. 
dr 

dw 

Z-Zq~ (z-Zq)^ 

— ((/-!-rF) (cos 0-i sin 0) 

+ ([7 + iF)2 (cos 29 - i sin 20) 


or 






5-231 

Hence on r = o 
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Also 


B<i> • • 

-^=a(?7cos^+Fsin^) + (C/3-F2)cos 29-{-2UVsin 26...(4). 

dw 


g2 = 


dz 


— a^ 


jU-hiV) 

(2-«o)^ 


_a^iU^+V^) 


(5). 


Now the components of force on the cylinder are 


=-/: 


I*2tt 

apcosddO and Y=—J apsinOdO, 


Putting r = a in (5), substituting from (4) and (5) in (1) and per¬ 
forming the integrations, we find that 


and 


X= —TTpa^lJ = —M'tl 
Y= ~npaW= -ilfT, J 


( 6 ) 


where M' is the mass of liquid displaced by the cylinder (of unit 
length). 

Hence if M denotes the mass of the cylinder and X', Y' the 
components of what the extraneous force on the cyhnder would be 
if no hquid were present, the equations of motion are of the form 


or 


MU= + 

o ' 

= X' 

M + M'- a ’ 


* ^ p 

or MU = ~^X' and a similar equation in V and Y'. 

Hence the effect of the presence of the liquid is to reduce the 
extraneous forces in the ratio a-p-.a + p. 

Result (6) implies that if the cyhnder were to move with uni¬ 
form velocity the resultant pressure set up by the motion or the 
resistance to motion would be zero. This is of course contrary 
to experience. It will be seen later that a small amount of fric 

moHr considerably the character of the 

th^result Ihf '““f" neighbourhood of the cyhnder so that 

hqmd ^ ^ 

5*231. We may also obtain result of 5*23 fmrvi i 

energy. By 4*71 the kinetic energy of 


~^P j 


d<f> 

dr 


ds 


RH 


7 
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5 * 231 - 


integrated round the boundary of the cylinder. And since, if U denotes 
the velocity of the cylinder, ^—IJ~ cos 0, therefore 

j^Jcos^ede 

= i7Tpa^U^ = iM'U^, 

Hence the presence of the liquid may be considered to increase the 
effective inertia of the cylinder by an amount M'. And if X denote the 
force parallel to the axis of x, 

(J M C/* + i M' U^) = rate at which work is being done 
dt 

=:XC7; 


so that 


or 


(M + M')~=X. 
^dU „ ^,dU 


so that the pressxire of the liquid, apart from any extraneous force acting 
on it, is equivalent to a force -M'dUjdt opposing the motion. 

5*24. Circulation about a moving Cylinder. To complete 
the discussion of irrotational motion of a liquid about a moving 
cylinder, we must include the possibility of cyclic motion, since 
the liquid occupies a doubly-connected region. The solution is 
com])leted by adding to the velocity potential and stream 
functions terms that will correspond to a constant circulation k 

about the cylinder. 

The appropriate form may be found thus: by taking the 
circulation round a circle of radius r whose centre is at the origin, 


we get 


^ O 

-^•27rr=/c, 

rod 


/5 K 

80 that (i= --- and the conjugate function is i/i = --logr. 

^ ZTT 


Hence 


<t> + i>l) = -^(iogr + id) or w=—\ogz 


(I). 


Hence, with the notation of 5*23, we mny put for the whole motion 


This gives 


so that 


Z^Zq Ztt 

dw_ ^ jU-hiV) ■ 

dz~ ^ (2-Zo)2 '*'27r(c-Zo) 


( 2 ). 


(CTjjF) tK 

(2 —Zo)2 27r(2-Zo)’ 


dw 




-2iB 


IkC 


-i9 


2nr 




= ^(t7'‘+ K») + ^-^, + -^(t^sinfl-Fcosfl) ...(3). 
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5*24 CIRCULATION 

Again d(l>ldt has the same value as in 5*23 (4), plus a term arising from 
the C3reuIation, viz. the real part of - iV ( C7 + iV)j27T {z - Zq), or 

k{V cos 0— U sin d)f27rr. 

Whence by substituting in-5-23 (1) and integrating we get 

f27T 

apcos0d0= -rrpa^O-KpV 

2 Tr 


and 


f27r 

* = -/ opsm0d0= -npa^V-hKpU 


(4). 


(5). 


( 6 ), 


Hence if, as before, M denotes the mass of unit length of the cylinder 

and M' = 7rpa^ and there are no extraneous forces, the equations of motion 
Ar@ * 

(M + M')U^~KpV) 

{M + M')V = KpU 

These equations give UU +VV = 0, or 

C/ 2 _|_ 7* = const. 

and UV~VU ^ 

t/2q_[/2 M + M'* 

i = . 

where f = tan-i(r/t;) is the inclination of the direction of motion to the 

&XiS Ox X» 

Equations (5) shew that the cylinder is acted on by a force (velocity) 
at nght angles to the path. We shall see subsequently that this force d 
independent of the cross section of the cylinder. 

. describes a circle of radius 

for!eT.l" f‘=y*‘o^or are subject to a field of 

Then Tf b^ rh T ‘*^0 negative direction of the axis of y. 

Then If a be the density of the cylinder, the equations of motion are 

7T<ja‘^U= -npa^U-KpV, 

7raa2K= -7rpa^V-\-KpU~7T{a~p)a^g, 

U-hnV = 0 
V-nU= -g\ 

The solutions of which are 


and 


U = g'jn — c sin (n< + a) 
K = ccos(n^ + a); 


so that if a;, y denote the coordinates of the centre of the cylinder referred 
to fixed axes, by another integration ‘'yimaer relerred 


and 


^ c 

= a:o + ^ cos {nt + a) 

2/= 2/0 + :^ sin M + a), 


so that the path is a trochoid. 


7-2 
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The existence of the transverse force due to circulation was first investi¬ 
gated by Lord Rayleigh* as the explanation of the swerve of a ball in 
tennis, golf, cricket or baseball, the circulation of the air being due through 
friction to the spin of the baU. The same force is the basis of modem 
Aerodynamics. Since the force clearly only depends on the relative motion 
of the cylinder and the liquid, it will be unaltered if we superpose on the 
whole mass a velocity equal and opposite to that of the cylinder, so that the 
cylinder will then be at rest in a stream of liquid circulating about it. 

5*25, In the case of a fixed circular cylinder in a steady stream with 
a circulation k superposed, we have 

^ = u(r + ^')cos0-|^ .(1)’ 

where the velocity of the stream at infinity is — Cf parallel to Ox. 

The velocity on the cylinder r = a is therefore 


-^-=2Usme + 

rdd 


K 

27ra 



If there were no circulation there would be points of zero velocity on the 
cylinder at 0 = 0 and 0 = tt, the former being the point at which the on¬ 
coming stream divides. But when there is circulation the positions on 

the cylinder of these critical points is given by 

sin0=— kI^tto-U .(3)» 


and they only exist when I « I < i-^Ua . -W- 

The lines of flow are then as indicated in the figure, N, N' being points of 
zero velocity. It is clear that any point on the circumference might be 



made a critical point by a suitable choice of the ratio k/ 17; and we shall see 
later that this fact has an important bearing in the theory of aerofoils. 

When (4) is not satisfied because the circulation is relatively too large 
there are no points of zero velocity on the cylinder but there is such a point 
below the cylinder on the axis of y in the figure. At this point a stream line 
crosses itself and the Uquid between this stream line and the cylinder 
circulates continually round it and is not carried onwards by the stream. 

• See Lord Rayleigh, ‘On the Irregular Flight of a tennis ball’, Jfens. o/ Math. 
1877, or Sci. Paptra, I, p. 344. Also Greenhill, Mesa, of Math. 1880. 
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5'3. Conjugate Functions. Elliptic Cylinders. Suppose 
that we have a relation 

and that in addition 

so that X, y are conjugate functions of Then ^ are also 

conjugate functions of y. For, the elimination of 3 gives a 
functional relation 

from which we obtain 

d(f> __ dtp d(j> dip 
d-q' dq 


Since 


and 


^ _ d<p dq 

dx dx dq dx* 

d^^d(p d^ d<p dq 
dy d^dy~^dqdy* 


therefore, by squaring and adding and remembering that 


.nd p- -?5 

dx dy dy dx’ 


we get 


(^Y~ I 

\dx] “ 1(^1 + 


0 


10 

(\9* 


W )’ 


or 

dw 

dw 

dn 


di ~ 

dC 

dz 

1 


Similarly we can prove that 


dx^^dy^~ I ^ ^ ’ ■^^®re A = ^ 




5 - 3 - 


ELLIPTIC CYLINDER 


102 

Geometrically, if we draw the curves 4> = const., ^ = const, and 
8 si, 8 s 2 denote elements of <P intercepted between ^ and <^ + 8 ^, 
and of 6 intercepted between </« and i/« + 8 ^, we have 

_ . « « A 

0S 


[J l9x/ \dy) l\9f/ 



and 


as, 


:\2 

I =the same expressions. 


Though for the curves | = const., 7 ; = const, the corresponding 
relations are of course 07 ^ 

5*31. Elliptic Cylinders. 

The relation 2 = c cosh ? or x + iy = c cosh -f- irj) 
gives a: = ccoshfcos 7 ] and y = csinhfsim 7 . 

Let I have all values from zero to infinity and r, aU values fron 

0to27r;then ^ = const, and = const. 

represent confocal ellipses and hyperbolas respectively, viz. 


1 

X 


cosh^ i’’’sinh* ^ 

the distance between the foci being 2 c, and in any particular 

ellipse T) denotes the eccentric angle. 

In dealing with eUiptic cylinders, it is useful to observe that 

the equation 02 ^ 020 _ ^ 

has solutions of the type 

coshl ^ 

sinh (nOL 


—— = 1 and 


X 


y 


c^cos^T] c^sin^T) 


= 1 , 


exp! 


sin 


and that e-"f must be used when vanishing at in^ty is required, 
i.e. when the liquid extends to infinity. For confocal elhpses the 

form (A coshBsinh n$){nr,) may be used. 

To determine the stream fuwtion when an elliptic cylinder 
moves in an infinite liquid with velocity U paraM to the axud 

plane through the major axis of a cross section. . 

^ Let the cross section be the ellipse x^ja^ + 3 / /6 = 1 ■ This is the 

same as ^ = a, if a = cco 8 ha, 6 = csinha. 
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The boundary condition is ^ = — Z7y +constant, where ^ = a, 

i.e. where y=:csinhasin 7 y. 

Since the effect is to vanish at infinity and sin 17 is the only 
variable factor in the boundary condition we must therefore 
assume a complex relation which gives to ifs the form e-^sin 77 . 
Assume therefore that 

so that «A=-As“fsin 77 . 

Then at the boundary ^ = a, we must have 

— Ae““sim 7 = — ?7csinhasin77-i-^ 

for all values of rj. This requires that 5 = 0, and ^ = C/ce“sinh a. 

Hence , > 

^ — —U ce“ s sinh a sin 77 

IS a stream function which will make the boundary of the ellipse 
a stream line, when the cyhnder moves with velocity U. 


Also 


ce“sinha = 6 e“ = 6 {a + 6 )/c = 6 


therefore 

0 =- 

~Ub 

/a-\-b t . 

/^_^e-fsinq 

and so 

<f> = 

Ub 

jd’\-b > 
/^_^e-fcosi, 


( 1 ) 


To examine whether this is a correct solution it is easy to 
verily that it makes the velocity vanish at infinity. 

If the cyhnder moves paraUel to the axial plane through the 

mmor axis of its cross section with velocity V, we get in hke 
manner ® 


and 


jd -j- b t 

Va-rj' 


a + h , . 
~^e-?sinr, 



( 2 ). 


and^hf^r" T confocal elhpses 

eUinse to itself in the hquid; the 

t/f= Vce-^ cos 77 , 

(f>= Fcc“^ sin 77. 
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But these equations would make the velocity infinite at the 
edges (^ = 0 , Tj = 0 ), and therefore cannot represent real conditions. 

In reahty there is a region of ‘dead water’ behind the body, 
separated by surfaces of discontinuity from the moving liqmd. 
The foregoing analysis assumes continuous motion. 

5-32. Liquid streaming past a fixed Elliptic Cylinder. 

This case may be deduced from 5-31 by superposing on the 
liquid and cyhnder a velocity equal and opposite to that of the 
cylinder. Thus when the general velocity of the stream is -17 
parallel to the major axis, we must add Ux to the value oij>, and 

Uy to the value of»/»; so that 

A=Ub e-^cosr)+UVa^- cosh|cos 17 , 

^ V a —6 

and 4,= -Ub y|^e-«sinr,+ t 7 v^^* 8 inh|sinT,. 

5*33. Elliptic Cylinder rotating in an infinite Mass of 
Liquid at rest at Infinity. If a> be the angular velocity the 

boundary condition is 

<l, = ^w(x^ + y^) + C; (5.1(3)) 

or, putting a; = c cosh ^ cos 17 and y = c sinh | sin 17 , 

^ J (cosh 2 ^ + cos 217 ) + (7, where ^ = a. 

Since the efiect is to vanish at infinity and the only vanable 
term in the boundary condition is cos 2 r,, therefore we must 
assume a complex relation which gives to ^ the form e cos 2r). 

Assume therefore that 

so that 4, = Ae-^cos2r,. 

Hence at the boundary ^ = a, we must have 

^e-*“ cos 2 r 7 = J toc* (cosh 2 a + cos 217 ) + 0 

for all values of 77. And this is the case, provided 

A = ^ ajc*e*“ and (7 = — J wc* cosh 2 a. 

Therefore ./»= i cos 2ri gives a stream function which 

makes the boundary of the ellipse a stream line, when the 
cylinder rotates with angular velocity oj. 
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kinetic energy 

Since cV“= (a+ 6)2, we may write the results 


and 


^ — i (a + 6)2 e“2^ (jQg 2^^ 

^ J oj (a + 6)2 e- 2 ^ sin 2?y. 


It is easy to verify that the velocity vanishes at infinity. 

5-34. of the previous motions may be superposed. Thus if the 
elhptic cyhnder be moving parallel to itself with velocity v in a direction 
ma^g an angle 6 with the major axis of the cross section, we have from 


and 


. _ /a + 6 . 

0-6® ^(°^o®’?cos0 + asin7;sin0), 
0= (6sin7;cos0-acos7?sin0). 


5-35. Circulation about an Elliptic Cylinder, 
irrotational motion is cyclic, with cir¬ 
culation K round the cylinder, we can 

take this into account by means of the 
function 

To verify that this gives the correct 
value to the circulation, we have that 
the circulation 

• i-a* 


If in 5*34 the 

i7 + cf 7 


/ da'^ 

taken round the cylinder, = _ 

Jo 


drj 



dr) 


I 


2n ^ 
0 27r 


dr) = K. 


Hence if in addition to the velocity v of 5*34 tho i 

we have ^ circulation . about the cylinder. 


and 


V; 

V: 


27r 


^TT 

Energy. In any of these cases of a cylinder 

e«w C asT,: 4^ r “ 


T 


d<f> 

dn 


ds. 


r.!d of the cylinder 

and w. an, s„pp»„g ^ before that the liquid i. confined between 
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two siDOotti plsriics at unit distancG apart. But is th.6 

normal velocity outwards, and dipjds 
is the normal velocity inwards, so that 

d<f>ldn = dtjjlds, 
and therefore 

As an example consider the rotating elliptic cylinder of 5-33, bounded 
by the elUpso ^ = o. Her© w© hav© on th© boundary 

,/, = J oi (a + e-^ cos 2ij, 

and ^ = i t 

f2n 

so that T = -^pwHa + b)U-*‘ j ^ sm^27,d^ 

= ^7rpw^{a^-b^)^ 

gives the kinetic energy of the liquid. 

5-5. Liquid contained in Cylinders. In cases of two- 
dimensional motion of liquid contained in a cylinder moving 
parallel to itself, the boundary condition is clearly the same as 
was obtained in 5-1 for the motion of a cyUnder surrounded by a 



liquid. 

As examples let us consider the following: 

(1) Let w=-Uz, 

or ^ — — Uxt tj/— Uy^ 

This represents a motion satisfying th© boundary condition for uniform 
translation whatever be the form of th© boundary; and the velocity at 
every point of the liquid is - d^jdx or U, so that the Uquid m the cylinder 
moves as if solid, and by 4-54 this is the only motion possible in simply 

connected space. 

(2) Let «’= -iAz\ 

or ^ = Ar»sin20 ./r= - Ar*cos2fl 

= 2Aa^, =-A(x*-2/*). 

Let us adapt these forms to the boundary condition for umform 
assuming the liquid to be contained in arotating cylinder. From 5-1, at the 

boundary we must have 

or (ia)-l-A)x* + (4a.-A)J/» = B. 

Hence the boundary of the section may be an ellipse 

a:>/a> + = 1. 


provided 

or 





a*-6* 
o* + 6 ** 
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^yli^der 

secJZ momentarily coinciding with the axes of the cross 

If g denote the velocity, 

/a2_62\2 

Hence the kinetic energy T of unit length is given by 

9 'r-i 2(a'‘-bY 

a* + 62 

cee^Ihl'^^Th" P'-o- 

rv) e^ed toTh coordinates are 

theSforr - —y --d y + <.:r; 

i-u>y=-^i= 


and 


so that 


and 


dx 


y + wx=-^-i = 


Oi) 


a^ + b^ 

a 2 + 62 


y 


XI 


2 a 2 


y-- 


262 


a 2 + 62 


ij)X, 


Hence 


^_i. 4a262 , 

^ + ,— a - a> 2 a; = Q, 


which leads on integration to 

x^B cos 


(a 2 + 62)2 


2 ah 


and therefore 


02 + 62 
2a6 


-ocu^ + a , 


y~ — ^Ssin (- 
o \a 


+ 62 


oji + a 


pa;tiJ 2 iTel^g:u*;^°‘j°;'j;j 7 '° harm^ ^^e paths of the 

^(a^ + b>)la^I ° boundary ellipse, described in time 

This makes That is, we must mcrease ^ by - J a, (ir^ + y^). 

/ — 1 ^2 —62 ^ ^ 

__ cua^b^ fx^ _ y 

A 1 — 


o2 + 62 Va2'^62) 


shewing that the stream lines are similar eUipses 

.,ii:sr4s? rr,“ r.i‘ -ion. „ 

W=:iAz^j 

4 = -^r2sin30, ^^ = ^r2cos 30 = ^ (a:3_ 3^^2j 


or 
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TliG boundary condition for rotation gives, in this case, 

^ (X® - 3x2/2) = i to (x2 + 2/2) + 

to be satisfied at all points of the boundary. 

To include the line x = a in the boundary, we must take 

Aa^ = \ wo^B, 

and — 3Ao = ^a>; 

so that the equation becomes 

X® - 3x2/2 + 3a (x® + y^) = 4a®, 

or (x —a)(x—\/32/ + 2a)(x+V32/ + 2a) = 0. 

These three lines form an equilateral triangle with its centre at the origin; 
and the motion of Uquid in a prism having this tri^gle for section and 
rotating with angular velocity cu is given by 

^ = -^,r»sin3fl, ^=-£r»cos30. 


6a 


5*51. The stream function has been determined for the motion of 
liquid produced by moving cylinders of a great variety of forms. We have 
discussed some of the simplest cases very fully and append here a list of 
other cases with references to shew where the investigations may be 

found. 

1 Rotating rectangular prism or box. Stokes, Trans. Camh. Phil. 
Soc. vm, or Math, and Sci. Papers, i, p. 60. Ferrers, Quart. Journal, xv, 
p. 83. Greenhill, ibid. p. 144. Basset, Hydrodynamics, i, p. 96. 

2. Rotating semicircle. Hicks, Mess, of Math, vm, p. 42. 

3. Rotating quadrantal sector of a circle. Greenhill, ibid. p. 89. 

4. Rotating sector of a circle. Stokes, Trans. Camh. Phil. Soc. vm, or 
Math, and Sci. Papers, i, p. 306. Greenhill, Mess, of M^h. x, p. 83. 
Basset, Hydrodynamics, i, p. 98. Lamb, Hydrodynamics, 1932, p. 80. 

6. Rotating rectangle bounded by two concentric circular arcs and two 

radii. Greenhill, Mess, of Math, ix, p. 35. 

6. Rotating arcs of confocal ellipse and hyperbola. Ferrers, Quart. 


Joumaly xvn, p. 227. 

7. Rotating arcs of two confocal parabolas. Ibid. 

8. Confocal elliptic cylinders— translation and rotation. Gree^ill, 
Quart. Joumal,xyi,p.22J,and Encyc. Brit. 11th edition. Hydromechanics . 

9. Rotation and translation of inverse of an ellipse. B^et, Quart. 
Journal, xix, p. 190, xxi, p. 336, and Hydrodynamics, i, p. 102. 

10. Rotation and translation of a lemniscate. Basset, Quart. Journal, 
XX, p. 234, and Hydrodynamics, i, p. 106. 


5- 6. Applications of the Theory of Functions of a Com¬ 
plex Variable .Some well-known theorems in the theory of func¬ 
tions of a complex variable have direct applications to the kind 
of hydrodynamical problems considered in this chapter. In par i- 
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cular Cauchy s Theorem, that if C is a closed curve in a region 
within which f (z) is a regular function of z then J / (z) dz = 0; with 

its immediate corollary that if O' is another doled curve inside C 
or surrounding C andf (z) is regular in the region formed of G O' 
and the part of the plane between them then 

\ f{z)dz={ f(z)dz. 

Jc Jc' 

iUso the integral theorem in the theory of residues that if 

f z) IS regu^rona closed curve G and at all points within it save at a 
number of 'poles' then 

f (z) dz ^ 2171 {sum of residues off(z) at its poles inside G)-, 


g (3) + ^ 


^ +...+ 


2-a (2-a)2. {z-a^’ 

at a 'anitT'^ ^ -d- - 

/( 2 ?at a of viz. 6, is called the residue of 

irromio2!^mor'^■ ® two-dimensional 

./ the hydrodymimkal prmuru on tht conlmoJaftJcylLur are 

dw\^ 



dz 


and 


dz 

'dw\^ 


L fe 


onmound. & 


Jpoosdds and Y= - f 


where in steady motion 

^ ^(m 2 + i,2). 

in a Tripos question Proof given above was outlined 




no 


theorem of BLASItrS 




Therefore 


{u^-\-v'^)dy and Y =-^pj + 

J c* ^ 

where the integrals are round the contour C' of the cylinder. 
Now the contour of the cylinder is a stream line and on every 

stream line dxlu = dylVy so that 


and 


X = ^p\ {2uvdx - (u^ - v' 

J c' 

r {{u^-v^)dx-\-2% 
J c* 


)dy] 


2uvdy} 


(3). 


Again since 


d^Jl + M^-u + iv, 

dz dx dx 


therefore 


r = (u^-v^-2iuv)(dx + idy) 

J c' V ^ ^ 


= X-iY 


(4). 


Now in the plane outside the cylinder a singularity in the 
function (dwjdz)^ would only be occasioned by a physical singu¬ 
larity in the fluid, such as a ‘ source ’ or a ‘ vortex It follows that 
if we take a larger contour C surrounding C' and such that be¬ 
tween C and C there are no such singularities, or, more generally, 
such that when such singularities exist the sum of the residues of 
{dwidzf at all poles between C and C is zero, then the integrals 
of this function have the same value for all such contours and 

.e*)- 

Again, with the same notation, the total moment about the 
origin of the pressure on the cylinder is 

N= (y co&O - xm\6)'pd8 

J c 

= 1 p[xdx-\-ydy) 

J c 

= -^p[ (u^ + v^)(xdx + ydy) .(6). 

Jc' 

Making the same use as before of the stream line relation 
dxju = dyjv, it is easy to see that 

N = r [{(u'^-v^)y-2uvx]dy-{(u^-v^)3: + 2uvy}dx] 

J 0' 
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and that this is the real part of 

and subject to the same limitation as before regarding singu- 

lanties m the hqmd the integral may be taken round anyLntfur 
whicli surrounds the cylinder. 

The advantage of being able to use any such contour will be¬ 
come evident later. It lies m the fact that if all parts of the con- 
tour he at a great distance from the cylinder it is sufficient to use 
n approximation to the expression for w as a function of z. 

Streaming with Circulation. Theorem of 
Kutta and Joukowski. The relation 


«^ = £logz 


( 1 ), 


or 




represents fluid motion in which ^ decreases by ,c in making a 

Let this circulation be superposed upon a steady stream 

-7/ ’ JTl 7 ® direction of the axis of .r is 

^ cyhnder of some form in the finite 
gion of the plane, its cross section containing the origin The 

sented at a great distance by terms of the form 

A B 
z 

fc'o”igif' “-i “■“‘“P 8re..t cfisw from 

., 2 ,. 

Thm by 5-61 the force ejertod on the cylinder is giyen by 


X-iY = 


■ *'"1 ( 


dv)^ 

d^) 


u+ 


iK 

^TTZ 


__A \ 

^2 + -J 


dz 
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taken round any contour at a great distance 

Expanding the integrand in the form lip \u^+ ■ ■ ] > 

function is seen to have a pole at the origin with residue - 
so that the integral = -ipKU {5'6). 

Th. .f .h. 

‘only t.™ wWoh oo„.,ibu«, to th. «olt i. th. 

which is equal to -ipKU, 

Hence we have X - iY = - ipKUy giving 

X = 0 and Y = pkU .(3) - 

There i. thus a transverse force on the cylinder at right angles to 

ThTconple ■>» ‘th hyt"d» tistt be calculated as the real part 
of-I p ' /^y2d2(5'61),butwhenwesubstitutefor w;from ( 2 ) 

Ibove"i'rfl be found that th, ternts .hich eontribnte « the 
result'contain A, so that the couple depends on the form 

'1t"t“i be observed that the velocity «12vr due to oiKulatton 
i„c“ rses the general velocity of the stre.rn on o* »d o^k 
cylinder and decreases it on the other; that the pressure i, 

..■■■■. H 

.27rr 



H 

V 27rr 



U 


^ ^ WiM 1910. An earlier publication is attri 

MSO JoukowsUi. 1916. P- 139. 
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greater on the side of less velocity causing a resultant force on 

the cyhnder across the stream towards the side of greater 
velocity. 

Since the hydrodynamical pressure on the cylinder is only due 
to the relative motion of the fluid and the cyhnder, any common 
velocity may be superposed on the cylinder and fluid without 
affecting the result, so that the same formulae will give the 

resultant pressure when the fluid is at rest at infimty and the 
cylinder is in motion. 


5*71. Example. Consider the relation 


K . ,Z 

w = - tan“^- 

TT C 


( 1 ), 


or 


tan-{^ + z^)=:E±^ 
K c 


• 

Since tan - (^-1,4) = it is easy to eliminate ^ and ^4 in turn and 


obtain the equations 


+ ^1 /-ccoth= c2cosech2 .(2) 

(a: + ccot~^y + y2 = c2cosec2^ . 

so that the curves 4. = const, and 4 = const, are orthogonal families of 
coaxial circles, with 2 = ± ic as the limiting points C, C\ 

Consider a two-dimensional flow in 
which the ^-circles are stream lines and V 

let if/-a. be a fixed circular boundary 
(cross section of a cylinder) of radius 

a = c cosech ^, with its centre A at the - 

point ^0, c coth ^ 

Though (1) represents w as a. many- ( ( A^ 4 — 1 - 

valued function, yet the velocity com- \ \ S 
ponents being given by / 

dw K c [ \ 

dz TTZ^-hc^ _ \ 

are single-valued and define a definite O p x 

motion. 

Again the circulation round the cylin¬ 
der is the decrease in ^ in going round 
any , 4 -circle. But if P is the centre of a C' 

-un.CP, 'r r= 11 r: 

R H ^ 
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K. SO that the circulation round the cylinder is - k in the positive sense 
or /f in the clockwise sense. 

■ A . « 


^ the motion by considering the velocity 
on the axis Oy; putting i = 0 m (4) gives 


K 

U— - 


nc'‘-y^’ 


v = 0 


(5) 


makinc « positive above the cylinder and negative below it 

Now app?y the theorem of Blasius to find the resultant fluid pressure 

on the cylinder. 

aw _ K c 

We have ~dz^ 


and 


K^C* ( 


dz 


.. + <=“)* 

inteirrated round any contour between which and the given circle there is 

ehet. write «»+ ! whe<. ! » Thee 

« U V 


1 


(22 + c*) 2 (2ic^ + n' 


4c*Cn 2c 


^ + 


so that the residue is - i/4c», and the value of the integral is 7r/2c». 

■ A 


Hence 


Y 


or 


x = 0 and Y=-px*/4»rc .(6)- 

V ^axt^vlTg^Lw rordTcyUnrpraUe“Ul^^^^^ 

e““ eltele ef redie. h with ih, ..etee B e. e 

that of the given circle A. boundary, if the cylinder 

"’In Ihfclse of the flow between two cylinders, we have 

OB — OA—d and OB*-*6* = c* = OA* —a , 


C)B + OA = (b*-o*)/<i; 

OB = (6*-o* + «i*)/2d 
= {(6* - o’* + d*)* - 46W}/4(i*. 

u follows from (6) that in this case 
cylinder tending to increase the distance between their axes 

pKHI2i^^{{a + h^d)(b + d-a)(h^a-d){h-d + o>)) . 


SO that 
therefore 
and 


Lx • A K,r rsw.tH Atti della iJ. Acad\ dei Lincti, 6 A» I* 
• These results were obtamcd by Cisotti, AU 

1926. 
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5-72. Reaction on a Moving Cylinder. Other Formulae. 

Let the motion of the eyhnder be dehned as in 5-1 by the 

veloeity components U,V oi a, point of its cross section and by an 

angular velocity w. Let the reaction on the cylinder per unit 

length be represented by a force X, Y and a couple N; we shall 

obtain expressions for X, Y and N as products of U, V, w and 
certain line integrals. 

In steady motion the pressure in the liquid surrounding the 
cylinder is given, as in 2-41, by 


and 


PIp = const. -H('>^-U)^ + (v-V)^} + u,(xv-yu) .( 1 ), 


^J,pds, Y= - J 


& + af) dxdy, 


where I, m are direction cosines of the outward normal to the 
element ds of the contour C of the cylinder. 

The method IS now to substitute for p from (1) in (2) and 

transform the integrals by making use of Green’s Theorem in 
tne lorm 

jjlP + mQ)ds=Jj' 

where the contour G in the first integral is the complete boundary 
of the area A of integration on the right, the contour is described 
m such a sense as to have the area on the left and here (I, m) 
represents the normal drawn outwards from A 

We must therefore assume an outer boundary for the hquid 
and take account of contour integrals on tliis part of the boundary 

ioundarT' the outer 

boundary. Since no tubes of fiow can end in the liquid or on a 

fixed boundary, therefore all such tubes start from the moving 

ype which would be produced by a doublet or doublets, !o that 

if potential at a great distance is 

of order I r and the velocity is of order 1/r^. On the large circle 

we may also assume that llx^mjy, so that the factor mx-ly is 
Taking the variable terms in the pressure we have 


'^l(u^Av^)ds~p^ 
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Considering the first integral, since on an infinite circle it clearly 
vanishes, we have by Green’s Theorem 

= J {lu^ + muv)ds . 

where we have made use of the equation of continuity, and again 
note that the integral round the infinite circle vanishes. 

Hence (3) becomes 

of the cylinder, so that ^ 

lu + mv = l(U+ + .^ ’’ 

Therefore X = p j ^ ’ 

or, since m = - dxjd^ and I = dyjds, 

X = pf (V + o>x)^ds 

^ '3s ^ .(7)*. 

and similarly Y=-p 

This gives . g, f 

X + iY=-ip(t/ + iF) + 

f 0</) , _ 

If there is » circulation . round the pylindet to - J 5 «• 

•n't X + iV-i«p(tl + »>') + f" j'5*.'**' 

including » a special c.» the theoren. of Kutta and douhowsb^ 

. Thi. Jl..u»lon 1. to os 

»"■“- ” 

in slightly different form. 
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If there is no circulation, then by an integration by parts we 


get 


Again, from (1) and (2) 


(9). 


and since the first integral would vanish when taken round the 
infinite circle its value is, by Green’s theorem. 




and, by making use of the relations ^ = and ^+^ = 0, this 

oy cx dx dy 

IS seen to be equivalent to 


-// 


dxuv dxv^ dyu^ dyuv 
dx dy dx dy 


dxdy. 


so that N = p J (lu-\- mv) {xv — yu) ds 


P I {U — ojy) -{• V (V-h cox)} (mx~ ly)ds 

4/ C 


...( 11 ); 


whence by using (6) we find that 


N=-p {mu-lv){xU+ yV)ds 

J c 

= -pj^(Ux + Vy)^^ds .(12). 

When there is no circulation, an integration by parts gives 

<f>(Udxi-Vdy), 

J c 

N = real part of p{t7-iF) r <l>dz .( 13 ). 

J c 

When there is no circulation the formulae (9) and (13) may be 

further modified thus: taking the formula 5* 1 (I) for on the 
contour (7, we have 

j^ tl/dz=j {Vx— Uy-hloj{x^-\-y^)}[dz~hidy); 
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«'ke ce»<r»« 0/ 

cylinder . {(l<r^i^,fl\dxdv = 0. 


V c 

j ^dz = A{U + iV) . 


and + = 

80 that f = + •■ 

J c 

where A is the area enclosed by the contour. 
It follows that (9) may be written 


X + iY 


-pcoj wdz + ip Ao) (U + iV) .(9)> 


and we may write (13), adding a purely toagl-ary term, 

N > real part ot (p(O-iPlj^•>* + + ’'“H' 

or, from (14) i 

N-realpartof|p(Cr-iI')J^(* + W')*) 


i.e. 


N = real part of p ((7 - 1 Y) 


5-8. Formulae for \y 

7et“nt Z Zoi the momentum of the liquid hounded 
by a contour C are given by 




. 

intepated over the area bounded by the oontour 0. It follows 
Alternatively, instead of (1), v'e have 

a K 




■j dxdy 


( 3 ). 









5-9 


MOMENTUM 


119 


Also, by adding (2) and (3), we get 


J wdz, {w = <1, - iifi) .(4). 


It follows in the same way, that, if the liquid is contained 
between two contours C, C' of which C' is the outer, then 


Jo.'**-'’/, 


and similar formulae corresponding to (3) and (4). 

These expressions for the linear momentum may lead to results 
independent of the shajies of the contours. For example con¬ 
sider the momentum j,reduced in liquid contained lietween two 
long cylinders, set m motion impulsively, so that their velocity 

components are U, V and U', V at right angles to their lengths. 
Then, on C, 

ip= i x-Uy (5-1) 


and 


J 


Similarly J 


= A(U+iV). 


where A, A'are the areas of the cross sections of the cylinders 
Hence, from (5) 


or 


^x+>^^ = pA'(U' + il’’)-pA([/ + if') 

H ^ = M'U' - MU and = M'V - MV, 


T I’®'’ length of cylinder, and 

M M denote the masses of liquid which unit lengths of the 
cylinders would contain. ^ 

5-9 Example. Ayi elliptic cylinder, semi-axes a and 6, is held with 

Its leyth perpendicular to, and its rnajor axis making an angle 6 with the 

^r^iony a stream of velocity V. Prove that the magnitude of the couple per 

umlcyh on the cylinder due to the fluid pressure is np («■= - sin 0 cos e 

and determine its sense. 

tt’ = ^COsh(f-y) . (jj 

Where A is real, C = i +iy. y= +ip and z^c cosh f. 

cyh^dei™ ^ = wo take to be tlie boundary of the 

Then - w + = 

dz - - ■ ’ . 


csinh C 


( 2 ). 
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At a great distance from the cyUnder | is large, and u 
v=-Vsme, so that (2) takes the form 

giving A = cVef^ and )3 = 0. 

Therefore ^ = Ve‘ (cosh y - sinh y coth ?) 

= Fc» ^cosh y - sinh y • 


5-9 

— V cos 0, 


For large values of z this gives 

dto 


dz 


= Ve' 


C‘\\ 


cosh y - sinh y ( 1 + 22 */ J 


/ c*sinhy\ 
= Fe«(e-v- 


Hence 




This function has a pole at the origin with residue 

_p2cae2a-vsinhy= — jW(e^ —e * )» 
f ^ dz taken round a large contour surrounding the cylinder 


so 

has the value 


__,n^F 2 (; 2 (e 2 «_cos 20 + isin20). 

By th. theorem of “."j j'^^^The - ign m tel.tioo 

r.hfdS;r.“«d fo7y .bo™ mdift.. .h. ooupi. t..d.«... 
" TSm« Si ‘otr." „p.y fmm 5.72 


exaisiples 

1 . An infinite circular cylinder of radi^^ 

of th^fluid at distance r from the axis of 
the cylinder exceeds the hydrostart.ic pressure by ^ 

where A is the component 

direction of r. u. and are the component veloc.t.es m a_ P P^^^ ^ 

to that direction. 

2 . In the case of tlio 1 where u 

TeZd r. re: zrr z: zzZo,...«.1. d..«- >• 

Zomtc the me*, of h,»id di.p..«l by the d- 
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3. Shew that when a cylinder moves uniformly in a given straight line 

in an infinite liquid, the path of any point in the fluid is given by the 
equations dz'_ Va^ 

dt {z'~Vt)^* dt~{z~VtY^ 

where V = velocity of cylinder, a its radius, and 2 , 2 ' are a: + iy. where 

a:, y are the coordinates measured from the starting point of the axis, along 
and perpendicular to its direction of motion. (Coll. Exam. 1897.) 

4. The space between two fixed coaxial circular cylinders ofradii a and 

6, and between two planes perpendicular to the axis and distant c apart, is 
occupied by liquid of density p. Shew that the velocity potential of a 

motion whose kinetic energy shall equal a given quantity T is given hv Ad 

^here ^2 , ^ 

7TpA^c\o^bla=: T. 

Work out the same problem for the space between two confocal elliptic 

(St John’s Coll. 1903.) 

5. A circular cylinder of radius a is moving with velocity V along the 
axis of a:; shew that the motion produced by the cylinder in a mass of fluid 
at rest is given by the complex function 

w=,j, + i4, = a^UI(z-Ut), 

^here 2 = 3. + 

Find the magnitude and direction of the velocity in the fluid; and deduce 
that for a marked particle of the fluid, whose polar coordinates are r, 0 
referred to the centre of the cylinder as origin, 

Idr de U fa^ A / 

rdt'^'^dt~r\^^ -e‘j and sin 0 = 6. 

Hence prove that the path of such a particle is the elastic curve given by 

where p is the radius of curvature of the path. (St John’s Coll. 1911.) 

6 An infinite cylinder of radius a and density a is surrounded by a 

fixed concentric cylinder of radius 6. and the intervening space is filled with 

liquid of density p. Prove that the impulse per unit length necessary to 
start the inner cylmder with velocity F is 

TTO^ . 

ft 2 ^ 2 U^ + />)^^“(CT-p)a2}7. (Trinity Coll. 1912.) 

7. A stream of water of great depth is flowing %vith uniform velocity V 
over a plane level bottom. An infinite cylinder, of which the cross section is 
a semicircle of radms a, lies on its flat side with its generating lines making 
an angle a with the undisturbed stream lines. Prove that the resultant 
fluid pressure per unit length on the curved surface is 

2a H— fjpaF^sin^a. 

where H is the fluid pressure at a great distance from the cylinder. 

(Trinity Coll. 1896.) 

b long coaxial cylinders ofradii a and 

evS of density p and the inner 

cyhnder is suddenly moved with velocity V perpendicular to the axis, the 



22 examples 

length I of the inner cylinder is ^ ^ 

, V.Hry .1,.. th. ..«.» tootlop. *»'r‘S;S"'”‘ “ 

J pit. tPM. '>y P<^ ‘1^” “ 

(x+\f + y^ = ^’ 

which are external to each other, are 

r 1 2 2 

>p=y[; 


1 + 


.1 


x* + 3/ 


t/»= —x + 


X 


{x + l)’^ + y^ (x- 1 )* + 3 /M 
2 (a:+l) . 2 (a:-l) 


and -A- -® + a;2 + ys + (STTF+y *\)^ + y fl .the 

“trir° ^ 

‘x-orihin s j: b»-- 

the cylinder has moved t ro g ^2_a® (M.T. 1931.) 

& + ocoth^ 

^ circular cyhnd.^ 

":;^r:::..eradiusofthe^^^^^^^ 

12. An elliptic cy^^der. the ^Tof iSTro^ secSn. 

is moving 7SX “h L'at rest at infinity, the 

through an '^finite Pro!e that in order that the pressure may every - 

XrhVp'rsitr ^ < 20 ^/( 201 .. (^.t. i906.) 

13. In the two-dimensional urotational m^^ 

a; + {7/ = ccosh(| + i^), 

a^-b^ = c- anda = ccosha, b = csmha, 

.K„ V....i.y .t .py point u^ 

q,a_ps^_^. I + s,n» y 

and that it has its maximum value F ,a . 6)/a at the end ojtlm mja^ 
U. An infinite two-dimensional stream 

2 , 4 „r»cosn 0 . is disturbed by the msortion of a stationa y 


V 

1 
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obstacle r = c. Shew that the pressure on the cylinder is in the direction 

go 

0 — 0 and of amount £ A„ ^ ^ ^, where the A’s are independent of the A ’s. 

(M.T. 1921.) 

15. Shew that with proper choice of units the motion of an infinite 
liquid produced by the motion of an elliptic cylinder parallel to one of its 
prmcipal axes is given by the complex function 

w = where z = 2 cosh 

Deduce the formulae 

and trace the curves .^ = const., ^4 = const., indicating which parts are of 
physical interest. (St John’s Coll. 1909.) 

16. Prove that the relative stream lines of the liquid bounded by the 
hyperbolic cylinders 

x{x~y)-a^ = 0, y(x + 2/)-62 = 0 

are the quartic curves 

{x(x-y) — a2}{y(x + y) —62} = const. (M.T. 1881.) 

17. If liquid be contained between two confocal elliptic cylinders, and 

two planes perpendicular to the axes, prove that if the outer cylinder be 
made to rotate about its axis, the inner will begin to rotate with sech 2 (fi - a) 
times the angular velocity of the outer cylinder, supposing c cosh a. c sinh a 
the semi-axes of the inner cylinder, and ccosh /S, csinh B of the outer- 
neglectmg the inertia of the cylinder. 'P 1881 ) 

18. An elliptic cylinder is placed in a steady stream which at infinity 

makes an angle a with the major axis of the cylinder. Shew that on the 
ellipse the pressure is greatest at the points %vhere the stream divides, and 
least at the points where the fluid is moving parallel to the stream as it 
meets the ellipse. (Trinity Coll. 1906.) 

19. Prove that when an infinitely long cylinder of density a whose 
cross section is an ellipse of semi-axes a, 6 is immersed in an infinite liquid 

of density P the square of its radius of gyration about its axis is effectively 
increased by the quantity ^ (a 2 _ 62 )ii 

8^ —^5— • (XJniv. of London, 1907.) 

20. Determine the character of the two-dimensional fluid motion inside 

the ellipse (a. 6), for which the stream function is fc (g + ; and find the 

pressure at each point in the cross section when there is no field of force. 

(St John’s Coll. 1901.) 

21. ^ infinite elliptic cylinder with semi-axes a, 6 is rotating round its 

re^st nT ^ of density P which is at 

rest at infinity. Shew that if the fluid is under the action of L forces the 

moment of the fluid pre.ssure on the cylinder round the centre is Upc* 

where c2 = a 2 ~ 62 . ,, -r-* 

(Coll. Exam. 1902.) 
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velocity j^^^.,.(6^„„_6„a.)/(a,a„-bi6„)(a.b.-a„b„), 

M being the mass of the liquid, and 2c the CoU. 1900.) 

23. An elliptic cyl-dej -hose semhax^^^^^^^ 
in two by a plane through the axt ^ streams past the cylinder, its 

cross section. An infinite ^ity ^,Uel to the major axis of the 

velocity U at infinity consequence of the motion of 

cross section of the ^ portions of the cylinder is 

the liquid the pressure between the two p 

diminished by ^ ^2 cosh a + c“ sinh alog tanh ia} ^ ^ 

per unit length of the cylinder. • v, a •„ 

24 . A fa«i .i»p«o f r.t Ji.. 

surrounded by infinite hqui stream function of the 

26. A iMn •he" >" 

of the liquid inside to that of the liquid outsiQ ^^26.) 

Circular b^«. 

V, ■ small shew that when the motion is parallel to the axis of x. the 
Tp^p^imrvaltof the velocity potential is 

n+1 ^^ 


•• n— 1 1 

l?cose + .g^cos(n+l)0-^“sricos(n-l)e, 

V ^ (Coll. I 


ua 


(Coll. Exam. 1901.) 
2, hi,«iA .1 den.ity , i. “■ 

P„,. «».. If. I.•"» “ m« 

cylinder is 

28 . If f, V be ®°"j"«“*®,^“""l^‘“"alfsurmSndi?tht^^^^ then the 

'£SJeL7T^^oZ:::i —homogeneous fluid of densi y 
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p contaiuod between two curves and whicli are rotating witli unit 
angular velocity about the origin, can be expressed in the form iMk'^ and 
Mk^ respectively, where 

Mk^=y + 

taken round the boundaries. (M.T. 1895 ) 

29. Shew that the angular momentum, of a two-dimensional motion of 
a homogeneous fluid, about an axis perpendicular to the plane of the motion, 

is p jzutftdsy the integral being taken round a cross section of the containing 

vessel, where ru is the perpendicular from the axis to the normal of the cross 
section, p is the density and ^ the velocity potential. 

If the vessel be rotating with angular velocity w, and Iw, Iqco are the 
angular momenta about the axis of rotation, and the line of centroids of 
the cross sections respectively, And an expression for I in a form which 

does not depend on the shape of the vessel. (M.T. 1897.) 

30. Prove that, if 2a, 26 are the axes of the cross section of an elliptic 
cylinder placed across a stream in whicli the velocity at infinity is U 
parallel to the major axis of the cross section, the velocity at a point 
(a cos Tjy b sin rf) on the surface is 

U {a+ b) sin t) ( 6 ^ cos^ t) -t- a^sin^ 

and that, in consequence of the motion of the liquid, the resultant thrust 
(per imit length) on that half cylinder on which the stream iraninges is 
dimuushedby /a + 6U, ,/a-6Vl 

where p is the density of the liquid. (jyj T J 924 j 

31. An infinite cylinder contains fluid and is rotating with angular 
velocity a, about its axis Oz. Shew that the two-dimensional irrotational 
motion of the fluid may be determined by use of the relative stream func- 

^ constant on the boundary, and satisfies tho equation 


— 2uj at internal points. 


dz^ dy^ 

Shew that the kinetic energy of the fluid is less than its kinetic energy 
when it IS rotating as a rigid body with tho same angular velocity by 

,dx) 

(Univ. of London, 1915. 


ip 




dxdy. 


61 A circular cylmder of radius a and infinite length lies on a plane in 
^ infinite depth of liquid. The velocity of tho liquid at a great distance 
from the cylmder is U perpendicular to the generators, and the motion is 
irrotational and two-dimensional. Verify that the stream function is tho 
imagmary part of tii = .aC/coth(W^,. 

plane^ Prove also that the pressures at the two ends of the diameter of the 
cylinder normal to the plane differ by 7T^pU~l32. (M.T 1929 ) 
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33. AboUowvesselofthef'^°f*^':^^“^"'^"^epo^eiidicular 

„H?b,“-./(rb.'S».«““^^ 

_ m '•'VI. 

bourhoodt 


(1) 

(2) S = 

(3) 


m and M being real ? 


(Univ. of London, 1911.) 


and iw oeuig. , 

— eb rsSL-trr 

^ x^la^ + y‘l^^=^’ . 

which is possible wder the B are constLts. 

the point xy are X-Axy , ^ (Dublin Univ. 1911.) 

36. In a two-dimensional ^"’’otational sections^are the 

fluid, the space ,„flth fluid, and Ci is whoUy inside C,. 

curves and C, is completely Bled ^ single-valued, 

Ifthe velocity components ar . g. 

shewthat r 14 ,<U= {xgds-j ^ds, 

u of tto’angle between the outward normal and the 

where I is the cosine of the ang outward normal. 

axis of X, and the differentiation ^ curve C, moves with 

An infinite solid cylinder, irifinite expanse of inviscid, mcom- 

velocity U along the axis of x m an ii^ (single-valued) velocity 

pressible fluid, of constant den^“ Shew that T, the kmetic 

potential of the fluid motion, dehned as r 

energy of the fluid per unit length, is equal to j ^ds. 

use the equaUty above to prove th^ 

T = yUH2nX-A). (M.T.1934.) 

where A is the area enclosed by C. 


CHAPTER VI 


THE USE OF CONFORMAL REPRESENTATION. 
DISCONTINUOUS MOTION. FREE STREAM 

LINES. AEROFOILS 


6*1, Conformal Representation. If 


(z + iy), or t=f (z), 

and we take tj) and (x, y) to be rectangular coordinates of 
points in two planes which we may call the t plane and the 2 plane, 
then the point (^, rj) in the t plane corresponds to the point (x, y) 
in the 2 plane and the functional relation between t and 2 implies 
( 3 ' 21 ) that at an ordinary point the ratio Bt/hz of small corre¬ 
sponding elements tends to a limit which is independent of the 
direction of 82. Thus let P, Pj, be near points 2, 2j, and 
Qy Qiy Q2 the corresponding points t, Then we may write 

z^-~z = Z2 — Z = 



and since the limit of BtjBz is independent of direction, therefore 

QQx 


TfT and TTT tend to the same limit. Hence the ratios 


pp. 


Toe^^t 


QQ 


and 


pp ultimately equal, as are the angles ^2 ~ and 82 — 0-. or 
2 


Q1QQ2 P1PP2) this estabhshes the similarity of the 
corresponding infinitesimal elements of the two planes, though 
corresponding finite areas of the two planes are not similar. Such 
a relation between the two planes is called the conformal repre¬ 
sentation of either plane on the other. 
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of the two planes vail not ho d g P multiple- 

of the function t = zi, 

. ae^cribe. a c«a. — 
describes an arc of angle |a so that corresponding 

r: be L areas oceapied by a Eaid ^ “ 

f,, be the °' ‘ P“"^" “to ' Zt I * be tbe velocity 

;lrn°X,:d"?unction of aay motion within the cho»in 

area in the «plane given by 

^ + = .-a a 

, 1 I_ Ip 7 )^ = const. If wG substitute 

and let the boundary be ^ 

for I r, their values in terms of fr, y, we get a relatio 

cj, + iJ> = X2(^ + ‘^y'>’ , . ,, 

1 -f w li: -n^-F lx v), the corresponding boundary in the 

and, 'tJ't/i' Hence the same fnnctiom <f and 0 

=0::&=;sr.r,“-'‘- 




= \^) \^y) ’ 


„ may cali t the velocity of the transfo.mation, and as ,n 
we see that veloc . oi P = veloc. of 11. 

Thn, the Ritual velocities plJ Z. 

oared The directions of motion at corresponou s i- 

^^al angles with eotmsponding line, m the a»as. 

^ ^ ^ ^\dxdy = h'^dxdy, 

- ^dxdy dxdyj . 

corresponding elementary ama. in the , ‘f » P'““ 

ratio h-i 1. Hence the lun.t.c ptaetic 

occupy corresponding aieas are q distributed 

energies of the two motions are equal, but ditterent y 

over the areas of motion. 


Since 


d^ dt] = 
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CONFORMAL REPRESENTATION 12^ 

6 - 12 . If a source exist in one fluid there will be a source at the 

corresponding point of the other fluid. This follows at once from 

the fact that ijj is the same at corresponding points in the two 

fluids, so that J dijs taken along corresponding arcs of curves must 

have the same value. That is, the flow across corresponding arcs 

is the same. At a pair of corresponding points at which t and z 

possess no singularities a small curve surrounding one corresponds 

to a small curve surrounding the other, and Idijj round either 

curve represents the flow across it. Hence to a source at one such 

point must correspond a source of equal strength at the other. 

But care must be taken at a zero, infinity or branch point of the 

function that < is of 2: or that z is of t. A source will always 

correspond to a source but the strengths may difler; thus in the 

case ^ = 2*, since a semicircle round i = 0 corresponds to a circle 

round 2 = 0 and the flow across both is the same, if there be a 

source of strength m at 2 = 0 the corresponding source at ^ = 0 
must be of strength 2m. 

If a doublet of strength m exists in the 2 plane at a point 
which occasions no singularity in t there will clearly be a doublet 
at the corresponding point in the t plane, the axes of the doublets 
will be in corresponding directions, i.e. they will make equal 
angles with any two corresponding hnes through the points, and 
the strength m' of the doublet in the t plane wiU be given by 

7n' lm= I dtjdz | =h, 

for the strength of a doublet is the product of the strength of a 
source and an infinitesimal length. 


6 * 121. Example. Consider the transformation 

i = 0</c<l. 

If we use polar coordinates r, e in the s plane and p, x in the t plane, this 
relation may be written ^ , a 

so that ^—^ 0 ^ p = r^. 

Suppose there to be liquid in the z plane bounded by the real axis, i.e. 

from e-0toe=n. The corresponding boundaries in the t plane are 6 = 0 
and d=KTT. 

First let the motion in the z plane be due to a source of stren^h m at the 
origin, then , ^ ® 

The corresponding motion in the t plane is therefore given by 

^ + -mlog/*= — ^-log^, 


R M 


9 



130 cosrosMAL HsrEESSHTATIOK 6-121- 

.„d tw. ,.p~.At. ™t»" “ * "r’l'.l”'*'' " 

“s™ w u ^ 

r. 5 r=iTi :5 r 

^ + i^= -mlog ( 2 -a) {z-a'). 

If b = a« and fe' = be the points in the t plane corresponding to a and o' 

the motion in the « plane is given by , , ^ , 

^- 1 - 1 ,/,= —mlog(t’' —fc^) (i* — 

T. inv„ 03 ... .6. lo™ «»«■‘rr thtrX"’ 
point 6, we write -b+ ’ jj^nce it follows that in this 

6 -2 We may use this method, by proper choice of formulae 

bouodpry from that with a simpler boundary. Thu. to AM the 

motion of a fluid with sources or ^ 

infinite area on the z plane with a boundary y) ^ 

suppose Sslmfr boundary. If this 

r^^d“n:.r, he th. ve|ocity pomutia. -dst^f 

r ;?h: rr r. tra„,- 

I, T) as the formula _ i- and the area of motion trans¬ 
forms into the straight bn tj replace 

forms into the incite -a on one side of 

the sources and The motion in the«plan. 

due to the sources ancl doublets n- “"J^jeotthe 

inferred by placing sing e images of f -b ru for the motion 

bne , . h. and so we f + S r and y w. get 

‘;a 1 ; Intrrofr^t g-r—n in the r plane due to the 

sources and doublets Pi, Pzy •••• 

A2 .. Examples. I- Te/lad i-*' 

2 / = 0, y = 6 due to a source at the origin. 

Wo want a solution of 


ax* ay* 

that will make -q constant when x 

y^b. 


= 0.y = 0. or 




6*21 


CONFORMAL REPRESENTATION 
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If we put Tf = 


so that 


/ (x) sin ^, we get 

/ (i;) = ^ sinh + B cosh , 

o o 


and we shall have t; = 0 when a: = 0 if S = 0 , 


Hence -q = 

and the conjugate function is 


. . yTrx . ny 

ri = A smh sin ,- 

6 o 


so that 


^ ^ cosh ^ cos; 

o 0 

— A cosh^+ iy) = A cosh ^ 


transforms the given boundary into the straight line r) = 0, and the point 
^ = Ay T) = 0 corresponds to x = 0 , y = 0. 

If we place a source of strength m at this point, we have for the motion 
in the t plane 

—mlog(« —^). 

Therefore the motion in the z plane is given by 

<f>-\-iip= —m\ogA ^cosh^— . 
or omitting an additive constant 

4>'hiip= — 2 mlogsinh^; 

and it is to be observed that since the straight boundary in the t plane 

corresponds to a right angle at O in the z plane, the motion in the z plane is 
due to a source of strength 2m. 

2. Verify that, if r, s be real positive constants, 

z-x-iriy, a^pe'^, = + 

the steady motion outside both the circles x^-{-y'^-¥ 2 i 9 .r = 0, x^ + y^-~ 2rx = 0 

due to a doublet <u the point z = a, outside both the circles!of strength u and 
inchnation a to the axis of x, zs given by putting </, + itf, equal to 

? G -1)- Q - ij]. 

where z = a„ia the inverse point to z = a with regard to either one of the circles. 
The transformation « = or ^±15 (M.T. 1896.) 

i e y ^ 

makes the given circles correspond to straight lines , = - 1 / 2 s, , = l/ 2 r in 

the plane and the space between these lines clearly corresponds to the 
space outside the circles. 

To correspond to the doublet of strength yatz = awe must take one of 
strength g ~ = ^ at the point ^ 1 

“2 *=o P*" 'a 


9-2 
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To get the direction of this doublet in the « plane, we observe that the 

doublet at a makes an angle a ^ 

and therefore makes an angle J tt - (2 P a) 
v,ith the circle of the same coaxial family 
that passes through a; and this circle trans¬ 
forms into a parallel to 0| m the t ptoe ^ 
so that the doublet in the t plane makes 

anangle47r-(2p-a)withi, = (cosp)/p. 

InsLd of taking an infinite senes of 
imaees of this doublet in the parallel _ 

. _,. 2 s «=l/2 r in the . 

TnW we mike an'otherlubstitution which transforms the strip of the 
t plLe’into the upper half of a plane ; viz. 

„ A. 2?rc(|+iTJ+i) 

2irc(<+2-J rv*-= IE'+ iy'= 6 ^ 



2 ' = e » -- 

u- „fl'-27ic('r,-l--Vsothat,as7,increase3from-l/2stel/2r, 

for this makes 0 - -^ttC i tj -t- P , . . 

•"ml"” ™“y'=o^ l-‘■*«»w 

. a \dz \ _ ^ineila. i a doublet 


l± at, becomes a doublet 

a *' 


dz' 

di 


t^ila 


at z' = e®"®*^**; i*®* ^ doublet 


1 2 ,rce*-‘'“ 1 = 


g2iic(aln ^>/p, 


’pto.7“ ;i» ••=( 2 - '“f«' “ ■ 

y^j„ + a-2j3-K277CC0sP)/p, 

"'Sii® doublet gives rise to a motion represented by 

g£irci/a 


W 


_ piirciw 

. . .-’•‘fi'S 

^i=(Fir^ 


»rMCei(a-2P) 


e 

cos ttc 




sin ttc 



e<(.- 2 ft cot ffC 


B„. .w. doubiot “Sy'c::™ 

cally placed with regard to the line y 
to Rive rise to the other term m «>. 



6-31 


discontintous motion 
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6 3 . Discontinuous Motion. We have now anived at a 

point in the theory of motion of a perfect fluid at whicli it is 

agam necessary to emphasize the difference between this and 

real fluids. In any steady motion, apart from external causes, 
we have 

plp = C-\q\ 

where (7 is a constant, so that for large velocities the pressure 
will be negative. This is physically possible, and in the case of 
a hquid there is then the question whether ‘cavitation’ ac¬ 
companied by evaporation takes place or not. In many cases 
smgle liquid elements would be in the region of low pressure 
for too short a time for the necessary transfer of heat to cause 
evaporation, but if the liquid contained dissolved gas a separa¬ 
tion might take place. In the flow of a gas there is no question 
of cavitation because indefinite expansion is possible. So far as 
we are concerned with ideal liquid, cavitation would prevent 
the estabhshment of the large negative pressure and infinite 
velocities which the theory of continuous flow sometimes re¬ 
quires, e.g. m 5 - 31 . But in real fluids viscosity is the imjiortant 
consideration, and the shghtest amount of viscosity is effective 
m so modifying the motion, before any cavitation takes place, 
that no large negative pressures are brought into being. In the 
perfect fluid theory it is assumed that when an obstacle hinders 
the flow of a stream there is generally a region of ‘dead-water’ 
be^nd the obstacle; this region is separated from the rest by a 
surface of stream fines and there is a discontinuity in the tan¬ 
gential velocity as we cross the surface*. We have seen in 3-72 
re^ons why such a surface should be unstable, but in the analysis 
which follows in the examples considered in the next few articles 

we shall proceed on the hypothesis of the existence of a steady 
state. ^ 

6- 31 . We propose now to consider some cases of discontinuous 
two-dimensional motion, such as the flow of liquid through an 
aperture, and the impact of a stream on a plane lamina. The 
earliest solutions of problems of this nature were by Helmholtzf, 

1808.'^'^'^'^ discontinuirUche Fliisaigkcitsbewogungen’, Berhn. MomUsberichte, 



i:h 


discontinuotts motion 


6 - 31 - 


and KirchhofE* who developed a general method of treatment 
applicable to cases in which the fixed boundaries are rectihnear 
and where there may also be surfaces of constant pressure whmh 
may he free surfaces of the liquid or surfaces 

of liquid at rest from the rest of the hquid. The given fixed 

boundaries are portions of stream lines, the othe^r 
may be regarded as free stream lines and the solution of the 
problem wUl determine their form and position. Along the fixed 
boundaries the direction of the velocity is known but not its 
magnitude, and along the free stream lines, the P^ess^e h g 

the velocity is constant in magnitude though its 
consta , We must point out however that the 

f of a ipt and flow past an obstacle are different 
to°h»“cw and that in the Inller cane the reenlu oj the free strmm 
liJaecry are 0/ (illfe pr«clj«i importance beeame Utey are nnMy 

at variaTice with reality- 

6-32 In any particular case it is our object to find a suitable. 

o <i) and ih in terms ot x 

relation between w and 2, 1. . P stream lines 

and V When we have found the equation of the stream unes 

4, = const., it will of course include the equations of the fix 

‘’“of tUe purpose Kitchhofi introduced the Intermediate 
function 


^ dw 


dz u + tv 


( 3 - 51 ) 


\\ 

is 


•here «is the inclination to the a axis ot the velocity «, so that« 
^ alon, a h„d —“"f C- 

s“ion”to obt'ain a 

the elimination of ^ between this relation and dzjdw - 4 g 

integration a relation between w and 2. 

6-33 In our two-dimensional problem we have a certo 

s “stonir 

* CreUe, 1809. See also Mechanik, chaps, xxi. xxu. 
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free stream lines 13.^ 

2 consists in making two intermediate transformations*. Thus 
consider the function 

^ = log { = log + i 0 . 

Since the figure in the 2: plane is bounded by fines for which 
either 6 is constant or q is constant, and we may by suitable choice 
of umts take unity to be the constant value of q along the free 
stream fines, hence if the z plane is conformally represented on 
the fi plane the fixed boundaries {61 = constant) on the 2 plane 
will correspond to fines parallel to the real axis on the LI plane 
and the free stream fines (? = 1) on the 2 plane will correspond 
to portions of the imaginary axis on the Q plane. Thus the 
figure on the £1 plane is rectangular and bounded by straight 

We next make use of a theorem due to Schwarzf andChristoffel t 
by which a rectilinear polygon in one plane can be transformed 
into the real axis m another plane, which we will call the t plane 
This theorem enables us to determine the relations between O and 
< and between w and t that will transform our figures in both the 
12 and w planes into the real axisin the t plane, so that points which 
ought to correspond in the 12 and planes both correspond to the 
same point on the real axis in the t plane. The elimination of t 
then gives w in terms of 12 or log (- dzjdw) and hence we get the 
reqmred relation between w and 2, though it is sometimes more 
convement to retain t as a variable parameter. 

6 - 4 . Theorem of Schwarz and Christoffel. If 2 = .T + iy 

and < = f + ir] then any polygon bounded b v straight fines in' the 2 
plane can be transformed into the axis of points inside the 
polygon corresponding to points on one side of the axis off - and 
the relation that effects this transformation is 


dz 




^■-1 






where aj, aj,... a„ are the internal angles of the polygon in the 
2 plane, and f j, f^. f^ are the points on the axis of f that corre¬ 
spond to the angular points of the polygon in the 2 plane. 

t ‘Sul’’nrnw'®‘' ^ ', Crelle, i.x.x:, 1869, p. 105. 

p. 89. temperature stazionare’, Ammli di Maknmtica. i, 1867, 
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theorem of SCHWARZ AHD CHRISTOFFEL 
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To verify this, we observe that dzjdt is never zero or infimte 
except at the points -1. on the real axis of f Also if 

dzldt^ Re'^ where R is real, the argument 6 remains imchanged 

so long as / is real and does not pass through any of the valu^ 

^ hence the argument of dz is constant so long (hes 

f fVif.^ f , and all points z which 
between any two of the values^1,^2 f 

correspond to point, b.tweenf, and , say. on the am of f, he 

on a straight line in the 2 plane. • £ in vbp 

Hence it appears that points on one side of the axis of | m the 

t plane correspond to points within a polyg^ on the z plane and 

that the points correspond to the cornem^ 

Now consider the change in the argument of dz/dt as“^g 

along the f axis, passes through the point . It is clear that the 


only factor that will give rise to any change is (t - ^rV 


, and we 


1 


I 

/ 







i-risr:”- - si irr 

circle «- = ee'», so that ^ 

(t-ir ^ ; 


polygon corresponding to the corner is a. 


6-41. When we wish to transform a given polygon in the z 

- rdt- r.fr/pC-x 

^he^l7hsonhTsfd^^^^ 

f £ £ provided they are taken in the proper order, 

tL nolvKon whose sides are in the right directions 
b^if the polygon is to have definite shape, only three o t e 
points can be chosen arbitrarily. 




137 


6 42 THEOREM OF SCHWARZ ANT) CHRISTOFFET 

By consideration of the function 



it can be shewn that if the point f = c» be taken to correspond 

with one eorner of the polygon the corresponding factor in the 
expression for dzjdt is omitted*. 


6-42. As indicated in 6-33 the cases with which we are concerned will 

be those m which the polygon is rectangular. For a rectangle 

— *3 = «« = 2 » 

and if the comers correspond to the points on the f axis we 

dz_ A 

~ V{(< - fi) («- fj) («- ^3) (t - ^,)) • 

(i) If we take fi = -1, fj = 1, f, = oo it is clear that two sides of the 

rectangle are mfaiute, so that we must also have = - oo, and the relation 
IS, in this case. , 

A 

dt 1 * 

This gives 3 = ^cosh->«+B; and if we take B = 0, which only means 
moving tho origm in the 2 plane, we have 

t^coshzjA, 

and the following values correspond: 

2=0, i-rrAy CO, CO-k-iwA. 

The ar^ in the z plane is then a strip of breadth parallel to the real 
axis and extending from a; = 0 to a: = 00, 



and the pomts in the two diagrams that correspond are indicated by like 
sumxes; z^, z^, 23 , 24 corresponding to — 00 , — 1 , 1 , 00 . 

(u) pother method of representing on the t axis the comers of the same 
strip ot the z plane is to regard the strip as a triangle of zero angle in the 

* See Forsyth’s Theory of Functions, Art. 268. 
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RECTANGLES 


- 6-42- 

direction z = (X), we may then take any three points on the | axis in the 
t plane to correspond to the comers, say the points — 1, a, 1, as shewn 
in the figure. 

y 


^3 


z plane 




X 



t plane 

u 

_ 


-CO -1 G a 

The relation connecting z and i is then 

dz ^ A 

which gives on integration 

cosh"^ ^ ^ 


00 


xA 


z — 


Vl-a* 


t — a 


+ B, 


or 


z = C cosh'^ —- 4* B. 

t — a 


If we choose the constant B so that z = 0 when ^ — 1 we find B = 0; then 

t=l makes z^i-nC so that the width of the strip is ttC, and t=.a makes 
z = 00 as it ought. 

(iii) As another case let us consider what sort of rectangle will correspond 
to the four points t = — oo, 0, 0, oo. The relation between i and z is 


z-B 
A 


dz A -, . 7 ^ 

or z — A\ogt-^B, 


Considering ^ = e , we have as corresponding values 

t— — 00 , 0. 00 and z = oo + i7rA, —oo + iwA (or —oo), oo. 

So the rectangle in the z plane is a strip of width ttA extending the whole 
length of the real axis. 

y 


z plane 


a 


X 


1 

1 

V 

t plane 

h 

h 

^3 
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JET OF LIQUID 
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po, ,. .„p^..* a. £i" :Lr„“i”"‘p:'“j’“?“■ 

The region on the plane which is to correspond to the given region’otTh" 


fp~CO 



^'Xl^lTuZTXz i: •'■• “ p'“-. -»■« 

velocity along yl"S' we have fl -0 « ^ 

n plane the lines - 4 'S", ^S are 0 = 0 and ‘ 

^g to the free stream lines BG B'C' for 7 ’^^^^'^pond- 
imaginaiy axis. « S C for which 9 = 1 are parts of the 

We have now to transform the areas in fV.^ , 1 

intotheupperhalfoftheiplanesothflfpn and in thefi plane 

^ planes are represented by the same n ' comers in the w and 

P.«,.ul„point,„„.h.„i,t. 

edges of the slit B,£'to co^espo^d to t = f friT 

The la diagram is then as indicated where ^ ''°''‘'®spond to 

to be ^ = 0 so that B is the origin in this ’dia^lm ‘ 
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JET OF LIQUID 


6*5 


The relation between w and i is as in 6*42 (iii) 

and w = 0 when i=l, so that B = 0; 

also w = iTT when f=—1. But log ( — 1) = iw, 

therefore ^ = 1 and w = log t. 






The diagram in the H plane has the point B' for origin, and the relation 
between Q and t is by 6*42 (i) 

n = C cosh“‘ 

and n=-in when i=l, so that D--in; 

also 0 = 0 when t=-l. But cosh-^ - 1) = t7r. 

therefore n = cosh“^i — itt, or i=—coshO. 

But n = log{ or log(-^)- 

hence we have cosh log { = — t = — c*®, 

or ^ + S-' = - 2e“. 


From which we deduce 

-^ =?= -e“±Ve*»-l, 
aw 

and the fact that ^ or e*^lq is infinite when i/» = 0 and (f, 
the lower sign must be taken. 


= CO determines tliat 


Hence wo get 


fi = e“ + Ve««'-l, 

aw 
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borda’s mouthpiece 


and the integral of this is 

adjusting the constant so that z = 0 when -w = 0 

^ To find the equation of a free stream line, we have along the stream fine 

r\ g 


d<k 


r.t"™ r.™ »“"• •" •«. ,i.. 

a=-^=- real part of u; = - real part of log«, 
where t is real and lies between - 1 and 0 ; also ? = 1 so that 

*S=n = cosh-i<-i,r or «=-cos 9 , 
where $ vanes from 0 to - i tt . 

Hence on the stream line B'C' 

5 = Iog(-sec 0 ). 
dxids = Gose, 

since e gives the direction of the curve, therefore 

da: = sin 6d6y 

iind ^ , 

aJ= 1 — cos 6, 

‘1iITa^^‘ --‘deration that 9 = 0 when x = 0 . 

5 imilarly 2^ = log (tan 5 +sec 0)-sin 0 

Since the ultimate breadth of the Jet when the free stream lines become 
paraUel is and this is attained when 0 = - ^ for which the value of. is 

umty, it follows that the breadth of the slit is ,r 4 - 9 nnri 4 -u ■ 

contraction 7 r/{ir-h 2 ), ^ + 2 and the coefficient of 

mtz: .r.r s — 

the problem. “ not to affect 
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borda’s mouthpiece 
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We shall adopt so far as possible the same notation and lettering as in 6' 5. 
The boimdary stream lines ABC, A'B'C' are i/» = 0 and tp = 7r, so that the 
diagram in the lo plane is the same as in the last case. If we take the same 
set of corresponding points on the real axis in the t plane as before, we have 
the same diagram in the t plane, and the relation between t/j and t is still 

w — \ogt. 

The diagram in the Q plane is also the same as before but bow the line 
is 0 = 0 and A'B' is 0= 27r so in the relation 

n = C cosh“^ t + D 

we have 0 = 0 when t=l, so that B = 0, 

and n = 2 i 7 r when «=-l, so that, since cosh'M-1) = i’r, 

we have C=2 and 0 = 2cosh-^ t. 

With the origin at B in the z plane (also in the w and O planes) we get 
along the free stream line BC, or </i = 0, 

^S—<l> = W = \ogt, 

where t ranges from 1 to 0 and 

since g=l, i0 = fl = 2cosh*i«. so that t^cosid, 

and 5 = log sec 

dxfds — cosd and dylds — s\TLd 

give x = sin 2 40 -logsec 40 and 2 / = i{0-sin0) 

as the equations for the free stream line BC. 


ir=-CO 








t^co 


A' 


B' 


C'C 

t plane 


B 


CC' 


B' 

7= -1 

;=o 


^ = 2 


tr 


n plane 


^-1 


A' 
^=00 


-CO 


B A 

When the two free stream lines BC, B'C ultimately become parallel the 
distance between them is ,r. and the value of 0 bemg we get y-\n, so 
that the total distance between the walls A B. A'B' of the opemng is 2^ ^ 
the coefficient of contraction is i. This is in agreement with Borda s theory 

as stated in 3*63. 

6-52. Impact of a Stream on a Lamina. We shall suppose the 
width of the stream to be infinite compared to that of the lamina and the 

lamina to be fixed at right angles to the stream. 

The stream line ./- = 0 which strikes the lamina at ite middle ^ 

divides there into the branches CAA', CBB'. If wo take .^ = 0 at C. the 
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“ r f ^x: “;v- 

between w and t is then > * » 1» <X) . The relation 

dw 

for the interior angle of the «, polygon is 2,x. This gives 

v) = \At\ since w-0 when t = 0 .( 1 ) 





~dial«l .„d II,, , i' by b 42 Sf™ " 


dq_ B 

dt ~t 


0 = C'cosh-^ 



or 
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But when — 1 the diagram shews that 0 = 0, therefore Z) = 0; and 
when i = 1, we have O = — irr, but cosh"*- (— 1) = itt, therefore C = — 1. 

0 = — co 3 h“^( — 1/0 or i=—coshO .(2), 


Hence 


but 


~ 2 C 

0 = log^, therefore f = ^ ^ „ 


( 3 ). 


We have now to determine the constant A in equation (1), and its value 
must depend on the width of the lamina. 

Along the stream line CB, since 0 = 0 therefore ^ = Ijq and 

i= -2gl{l-\-q% 

-l+Vl-i* 

which gives 


q = 


t 


We take the positive sign in order to make 5 = 0 when i = 0, for the velocity 
must be zero at the point C where the stream line breaks into two branches. 

Again, along CB, since ^ = 0 therefore 4> = v)-\At'^, and, the velocity 
being wholly along the x axis, 

— q = d^jdx = Atdtjdx. 


Therefore 


l-Vl-t* 

At^ =- 1 - 

dx t 


or 


dx = 


Ai^dt 


If I is the width of the lamina, this gives 

r-\ t^dt 

and by writing t = sin x 

il= ~A{\ + in), so that 


21 


and 


u;= — 


TT 


+ 4 


,(4). 


Relations (3) and (4) contain the solution of the problem.^ 

To find the Cartesian equation of the stream line BB we have q=i 


so that 


Also 


Again 

therefore 


i 0 = n=-cosh-^-V 0 » or cos 0 =-l/<. 

U* I sec* 6 

^ = 0 , so that 

d<l>ldh= —q — “ 1 » 

I (sec* 0 — 1 ) 

® =-n—» 

7r + 4 

measuring 8 from B where 0 = 0, is the intrinsic equation. 

Then dx = cos dds = 21 sec 0 tan 0d0/(tr + 4), 

so that, taking the origin at C, 

2 W 

x = -—, 8 ec 0 + 

7r + 4 \ 

and dy = sin Ods = 2/ sec 0 tan* OddUn + 4), 

y — {sec 0 tan 0 — log (sec 0 + tan 0 )}. 

TT + 4 


i) 


whence 
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6 -53. The same problem with obliaue w 

in the same way, but the stream line that divides is^ot proceed 

that strikes the barrier at its middle point. 

We get a similar set of diagrams rsee riAvt no • ■ 

theno^tsA' A r Ti r. ^ wherem, in this case, 

rne pomts A., A, O, ii, ii correspond to « = oo ] n i ^ j .. 

relation between«; and i is > * » 1, oo, and the 

dw 

w=:iA{t-ay . 

6mce«;=0 when^ = a. .. 

Also for the relation between Q and t we have by 6'42 (ii) 

dn c 


or 


C1=C cosh“i — ~ ^ + j) 

t^a 


But when -1, the diagram shews that 0 = 0 therefore n-n i 

when.= l wehaveQ= butcosh-^-lj^ 

a^ — 1 


Hence 


or 


0 = —cosh'^ 

t-a * 

0^—1 

y---=COshn = J(J+^-l) 


.( 2 ). 

Also, if the stream makes an acute anele a with tho k 
direction of AA' and BB' is given by 0= - (.-oc) when 1 

t(7r-a) = cosh'io, or a=-cosa. 

Therefore (2) may be written 

^cosa +1 

= .(3). 


and from C to B 


On the barrier from A to 0 

6=-tt and ^=-l/g, 

0=0 and {=1/^; 

therefore ^ ^ ^ cos a + 1 

2? ~ i + cosa * 

- rSiT ‘ ‘ -nl - be, „„ 


This makes 


q= ± ^co 3 g+ 1 —sinaVI —t^ 

t + cos a 


le signs bemg adjusted so that q shaU not become infinite 
Also along the barrier ^^ure 

^^f = 0 and j> = w = ^A{t-c)^^ 


so that 


= +^=+A(«- 


ft \ ^ 


A(« + cosa) —= _ ^ cos g + 1 - sin g VI - 

dx 


Hence 


and 


RH 


t + cos g 

dz= — A (<cosg + 1 + sing'\/ 1 ^ t^) di^ 


lO 
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Integrating this and taking the origin at the middle point of so that 
^ = 1, ^ = — 1 give equal and opposite values for x, we obtain 

x= — iA {(t^— l)cosa + 2i + sina(i\/1 — + sin“^ i)}.(4). 

If we put ^ — 1 we get half the width I of the barrier, so that 

i = (4 + 7rsina) .(5). 

Hence u} = l(t + acosa)^/(4 + nsina). 





If in (4) we put«= — cos a we get for the distance from the middle of the 
barrier to the point where the stream divided 


x — iA |2 cos a (1 + sin® a) + sin a| 

= |2 cos a (1 4-sin* a) + —sinaj Z/(4 + Trsina) .(6). 

Taking p/p = C-ig*, we get on the free stream lines p/p=C'-i; and 
this gives the pressure of the ‘dead water’ behind the lamina. Therefore 
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the difference of the pressures on opposite sides of the lamina at any point 

liie resultant thrust on the lamina is therefore 


/ 


But 

therefore 

and 


-ip j^-g)qdx. 

q = +(<cosa + l-sinaVr^)/(t + cosa), 

= ± (t cos a + 1 + sin aLVT^^)l{t + cos a), 
qdx= +A(t + cosa)dt, 

therefore the tlirust = - 1“ * sin a 

= inpA sin a 
_ nplsmoi. 

4 + 7rsina . 

For the distance of the centre of pressure from the end A we have that 
tlie moment of the pressure about the centre 


t’‘dt 


( 7 ) 


( 8 ). 


/. 


To reduce this integral we notice that it is the same as H) if w« i 
the centre ^-^mate of 

x- = i^cosa = Jji2255_ . 

* 4-}- TTSma .v^/> 

on the up-stream side of the middle point 

elonS" WadeTew'erO? ^ 

that the hinct. energy of theIa“"|.oufdbe mfi° 

TdSiYerfar s s: itr ^ho jid^ 

in which the surfaces of discontinuity mVup and “nt 

wake forms behind the body. ^ ^ ^ general an eddying 

oSmfE7h 7l'“i “t- 

I! For a full bibliography of the subieef ®^tion, Art. Hydromechanics, 

PP. 118-122, where an aeeLnt fs g “erof 18- 

Brmouin, H. Villat. U. Cisotti and other writers ^e^-Civita, M. 

Brscontnruous Motion involving sources and vortices’, Proc. L.M.S. 1898 


ro -2 
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STEADY FLOW ABOUT A CIRCLE 


applications of conformal transformation to curved boundaries have been 
developed by Leathern* by the introduction of cxirve factors into 
Schwarzian transformations. 

4 

6*6. The hydrodynamical applications of conformal repre¬ 
sentation which have received, most attention in recent years are 
concerned with the theory of aerofoils. They are to be foimd in 
the Journals of Aeronautical and other Societies and in a large 
number of books on the subject of Aeronautics. We must limit 
ourselves here to the consideration of a few cases of transforma¬ 
tion of a state of steady flow about a circle. 

6*61. Steady flovi^ about a Circle. Recapitulation. Such 
a flow is represented by 

w = (U + iV){z-Zo) + ^-^^^^^ + ^^og(z-z^) ...(1), 

where is the centre of the circle and k the circulation. 

The velocity components u, v are given by 

. d<l> .d4> dw „ (U-iV)a^ _^ 


v(2). 


so that the velocity at infinity has components - {7, F; and if we 
put V=Q cos p, V = Qsmp, then Q is the velocity at infinity 



and its direction makes an angle /S with the negative direction of 
the X axis as in the figure. We may now write (1) and (2) 

(2-Zo) + -—+ ^log(2:-2o) .(Ih 


and 


z —Zq 

. dw ^ , XK 


( 2 '). 


• Phil. Tram. R.S. coxv, A. 1916, pp. 439-487, and Phil. Mag. xxxi. 1916, pp. 

H. Glauert, Aerofoil and Airscrew Theory, 1926; and N. Joukowski, AAv- 
dynamique, 1916. 
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If we assume that there is a point of zero velocity on the circle at 
2 = 2o + = Zq — we have 


0 = Q (e*^ — \ _ 


^/c 

27ra 


i—la 


or 


K = 47TaQ sin (a + ^) .( 3 ). 

This (for values of/<: not too large) gives two points symmetrically 

situated about the diameter perpendicular to the stream. These 
are the points iV, N' of 5-25. 

6-62. Joukowski’s Condition. When the state of flow is 

transformed by a relation t =f (z) the velocity in the t plane is 
given by j j , 

/ cito divo dz dz 

= = + .(4). 

Now the transformations which prove useful in aerofoil theory are 

such as give m the t plane the contour of a figure with a ‘ trailing 

edge, and this imphes a singular point in the transformation i.e 

a point at which dzjdt is infinite. But in an actual state of flow 

about an aerofoil the velocity is not infinite, and it was pointed 

out by Joukowski that to get a finite velocity (u’, v') at the 

traihng edge, where dzjdt is infinite, it is necessary that (u v) 

should be zero. This implies that the point on the circle which 

ransforms into the edge of the aerofoil must be a point of zero 

velocity in the motion about the circle, and from (3) this requires 

that the circulation shall bear a definite ratio to the velocity of 

the stream. It must be noted that the circulation « is the same 

m both planes, but the velocity at infinity in the t plane is 
(^\az/dt\ (Mnfimte). 


6*63. A Joukowski Transformation. Let 


t 




(1)*, 


or 


^=i(''+7)cos0, = 


This transforms the circle r = « into f = a cos 0, u = 0, i.e into the 

Any contour which surrounds the circle r = a will transform 
into a contour surrounding the line BA, and may be constructed 

* N. Joukowski, A&odynuinique, 1916, p. 14.j. 
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JOUKOWSKI TRANSFORMATIONS 


6-63- 


thus: let P be a point z on a contour to be transformed, P' the 
inverse of P in the circle r = a, then P" the reflexion of P' in the 
real axis is the point a^/z, and 
if R is the middle point of P"P 
the vector OP is half the sum 
of OP and OP" so that P is the 

point ^ + or t. 

Now take a circle of radius 
a' in the z plane slightly larger 
than the circle r = a and touch- ® 
ing it at B. The contour ob¬ 
tained by transformation must 
touch the line BA on both sides 
at P, and is a ‘fish-shaped’ 
figure extending a little be¬ 
yond the line BA at the end A. 

From (1) we have^^= ^ - , so that the points B and A, 

i.e. z=+a, are the infinities of dzjdt. Comparing with 6-61 and 
6‘62 we see that B should be a point of zero velocity in the 
motion about the circle. With the centre of the circle as origin, 
this means that in 6*61 (3) a is zero and 



/c = 47ra'Qsin/3. 

We might now eliminate z between (1) above and 6-61 (1'), 
expressing as a function of t to get the flow about the aerofoil, 
and then use the theorem of Blasius to determine the resultant 
thrust upon it due to the motion. But we will reserve these 
calculations for a more general type of transformation. 



Consider 


the transformation 






where A \ B' are two points in the t plane which correspond to the points 
^B in the z plane. Without loss of generality we may regard the planes 
os superposed so that the points A'y B coincide with the pointa Ay B. 

We may call these points the poles, and 2 — ^ or the exponent of the 

transformation. 

If wo put r - r - P = r'c*®'. = pe*^ and f-B' = p'c'^’ wo see 

^~fz=k{e-6') .(2). 
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corresponding points in the . and « planes, the 
in fhT^ transformation to a circle C passing through B 

wSh art^o be ‘‘ the contours 

men are to be transformed, we may exclude the singular points A and B 

by drawing small semicircles w.th centres d and B^tside the cirX C 


\\ ‘ 




6 


kir 



B thel^de r " T ^ " P'“®- “ P P^ses 

in the and ^ ^^at from (2) the corresponding increase 

Plane ifh t Consequently the two arcs in the 

1 daneTnte ^^e major and minor arcs of the circle C in the 

2 plane intersect at B and A' at an angle (2-fc),r or y The circle C has 

thus become a figure C' bounded by two circular Ires 
h urther, if we apply the same transformation to a circle C, in the z plane 
which touches C at B and surrounds C, we shall get a coSour c"' i^tL 
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6-7 


In this general case there is no simple geometrical construction such as 
we had in 6* 63 for points on the contour but an analytical method has 
been given by Glauert*. 

Now suppose that the state of flow represented by 6*61 (1') exists out¬ 
side the circle Ci , and that the circulation k is such that B is a point of zero 
velocity, i.e. such that, in the notation of 6*61, 

K = ^naQ ain {(X + p) .(3), 

when a is now the radius of the circle Cj, and if we take the origin at B, by 
reference to the figure of 6*61 we see that the centre of the circle is 

Zq = ae*^. 

Let BA = 21, then, with the origin at B, (1) becomes 

. <«• 

Expanding z in powers of we get 

Z_ (fc L)t + Kl .. ^ . 

or 2 = Co + Cl < + Y + ^2 ■*" * • * 

Cj 2cs ... 

so that dt . 

Now from 6'61 (2') 

(2-2o)*^27r(2-2o) .^ 

1 1 
but -= 

^ Cq —2o + Cii + *^^ + ... 

Cj ^ ( Cli J 

"Ci/ 'c^H^ 

dw r^( iR , t/c / 1 Cq —2o\ 

thprefore ^Wt ~ ) . 

as far as 

Then by multiplying and squaring (6) and (8) we get 

, IkQc*^ jCi (Cq —^o)) /0^ 

■^^rvi —. 

By the theorem of Blasius the components of force X, Y on the contour 
Cl' due to the fluid motion about it in the t plane are then given by 

X-iY = iipj{-^ydt {5-61) 

• II. Glnuort. Report-^ and Memoranda of the Aeronautical Research Committee, 
Oil, 1021. 
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integrated round any surrounding contour. By the theory of residues we 

get 

x-iY=i{p.2ni.Vi9£!£i,- 

where from (5) Ci = ;fc. ^ 

Therefore X-iY=-ip,Qk{co8 p + isin p) 

^ — KpQksin^, Y=KpQkco3p .(10). 

Now Q is the velocity at infinity in the z plane, and since = 

from (6) at infinity j=c, = k, therefore the velocity at infinity in the 
ISeZ arrfimpTy*‘’“‘ components on the aerofoil C.' in the 

X = KpQ sinp, y=KpQ'eosp . {ll)t 

i.e. a force t> ^ nr * 

^~*<pQ .. 

We remark that since the circulation round a curve is 


-/ 


ds 


I 


“;;irnr2"z corresponding contours 

atS ^a-^ii^ eTgrB:s ^ ^ 

^-rraQ' . 

= sm(a + )3) 


and 


R _ 4:7TpaQ'^ . 

)fc ®'r‘(a + ^).(13). 


^ Again the moment about the origin B of the pressures on the contour 

dw\^ 


N = real part of - 



dt 


tdt (5-61) 


= realpartofvJ2Q2(a2 + CiC,c2'») + J^!+il^^„ , ,) 

[ ' 47T^^ TT 

wh.™ 

Whence we get 

or, putting Q = Q'f)c and using (3), 

TV — ft 

^ ~ ^ ^ + 2 (* - 1) ai .sin (a + ,8) cos ;8 + o^sin 2 (a + (3)| 

stTdTnTt"hft?y^i"^^^^^^ rra^r^" 

^trying fc, a and a a great variety of contours can be 
* Zeits.f. angew. Math. u. Meek, 1923, 1924. 
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obtained; in particular A; = 2 leads to Joukowski aerofoils with cusps as 
the trailing edges. 

It miist be observed that the foregoing results have been obtained from 
Joukowski’s hypothesis 6*62 of smooth flow at the trailing edge, and that 
in the case of real fluids we should need to consider the possible effect of 
frictional drag on the aerofoil and of the formation of vortices streaming 
from the edge (3*72). 


EXAMPLES 


1. The irrotational motion in two dimensions of a fluid bounded by the 
lines 2/ = 0, y = 6 is due to a doublet of strength fj, at the origin, the axis of 
the doublet being in the positive direction of the axis of x. Prove that the 
motion is given by ttu , tr 

Sketch the stream lines, and shew that those points where the fluid is 
moving parallel to the axis of y lie on the curve 

cosh {TTxjh) = sec {rrylb). (Trinity Coll. 1904.) 


nz 

2. Use the transformation 2' = e ® to find the stream lines of the motion 
in two dimensions due to a source midway between two infinite parallel 
boundaries. [Assume the liquid drawn off equally by sinks at the ends of 
the region.] If the pressure tends to zero at the ends of the streams, prove 
that the planes are pressed apart with a force which varies inversely as 
their distance from each other. (M.T. n. 1911.) 


3. A source is placed midway between two planes whose distance from 
one another is 2a. Find the equation of the stream lines when the motion is 
in two dimensions; and shew that those particles which at an infinite dis¬ 
tance are distant la from one of the boundaries, issued from the source in a 
direction making an angle 7r/4 with it. 


4. Fluid motion is taking place in the part of the plane bounded by 
the real axis and the lines x=+a and x = - a, which is due to a source at 
one comer and a sink at the other comer of the strip, each of strength m; 


shew that the motion is given by 


and that the equation 
7r/4 to the sides is 


X 1- w; X 
tflriii “I — v&ri . f 

4m 4a 

of the stream line which leaves the source at the angle 


ttX . , Try 

cos ^ = sinh ~ . 
9^7 2a 


(Trinity 


5. Prove that by proper adjustment of the constants (a, p, y, 8) the 

assumption z = olw-\- j3ey" + 8, {z = x-\-iy, «J=^ + i^), 

may be made to give the solution for the two-dimensional motion of a liquid 

in a straight pipe of breadth 6, and sides y= ±46. extending from x = — 00 

to X = 0. the velocity in the pipe at x = — go being V , and the pipe opening 

into an otherwise unbounded liquid nt rest at infinity. Find the values of 

these constants, assuming that at the point (0, 16) the value of ^ is <j>Q. 

(Trinity Coll. 1903.) 
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Xrr ‘^■’ at%!-:;, t: 

^ + tV= „- Iog[jS^E^£±^^)j:Exp^^^)} {Exp (X + iy) - EXD lx. - {„. un 

(St John’s Coll.) 

7. Determine the nature of the fluid motion in the space bounded by 

.... . y-^' ’^ (^* + y’) - 2y = 0, 

.h,.h,. g„„ by * + i, = «..b|. + iy,-.. (M.T., 894 ,) 


TV 


or *747 


TT + 2^/2 - 2 log, (I+.y/ 2 ) * 


(M.T. 1919.) 


JneLTS’JM fI"? T "” * ““ 

that the motion of the fluid is Jven by ’ respectively. Prove 

w = 4m log tanh (irzl^a). 

Also shew that half the stream lies between a: - 0 and f 
which cuts y = iaat the point n a: _ o and the stream line 

a: = -log(l+.^/ 2 ). (M.T. 1928.) 

rol ibTh™ “InK r““™*"y “"I" no .nt.™.! 

pressure on either of the circles is c r/r 'b* non-mteniecting circles, the 

.hch,„i.h,gpoi.„.f.h,ei,.,.,,e:rgi:'»^-^ 

11. Shew that the transformations (Trinity Coll. 1898.) 


= “{Virr-i_ 

7T 


nvj 


sec 


-1 


t); t = 


Wtlon /fo';^; fl^w o'f itfiLh!'’® t stream 

V at right angles to the straight shorrnf with velocity 

water, into which it flows- the motlr. otherwise unlimited sheet of 

Shew that the real axis in the t nin " treated as two-dimensional, 
of the liquid. ® «°^esponds to the whole boundary 

(Univ. of London, 1910.) 

12. What problem is solved by the transformation 

d{ z + iy) _ 1 _ /\/t+\\^ 

t-a \^t^\) » 

^ + iV = log(^ —a), 

potential and current 
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13. The sides of a vessel are two planes which extend to infinity in on© 

direction. The straight lines in the section, made by a plane perpendicular 
to the sides, are inclined at an angle 7r/n; 8ind they are symmetrically 
situated with respect to the line joining those extremities that lie in the 
finite part of the plane of section. Fluid escapes from the orifice, the 
motion being parallel to the plane of section. Shew that the coefficient of 
contraction is n 

1^^1+-^ sin^cot0d0^. 

In the case where n= 2, shew that the coordinates of any point in the 
free stream line may be expressed as 

a: = 2 tanh-i (1 + -^)^ + 2 tanh-i (1 - e“- 2 {(1 + e" + (1 - e", 

2 / = rr + 2 {(1 + - (1 - - 2 tanh'i (1 + 

+ 2tanh-i(l-e~i')i, 

where the middle stream line is the axis of a:, the distance along the free 
stream line from the edge of the nozzle is 5, and the scale of measurement is 
so chosen that the final breadth of the stream is 27r. (M.T. n. 1895.) 

14. Liquid moving in the plane (x, y) escapes from an opening between 
two fixed boundaries given by 2 / = 0» a:<0, and 2 / = A, x>6, the part of the 
plane for which y is greater than its value on the fixed boundaries being 
completely filled with liquid which is at rest at infinite distances. Find the 
equations of the free stream lines, and prove that the ultimate direction of 
the jet makes with the axis of x an angle a given by the equation 

? = itana+ ^ seca + -log(tan Ja). (M.T. n. 1897.) 

h -n ‘IT 

15. The fixed boundaries of a liquid moving in two dimensions are 

given by 2 / = 0 from x = —ootox = 0 and from x = a to x = 00 , together with 
2 / = 6 from x = —ootox=oo; prove that if c denote the ultimate breadth of 
the jet escaping through the opening in y = 0 from x = 0 to x = a, c is given 
by the relation c /26 c \ , 26 + c 

“ = It + 26 j W^c' 

and shew that if a = 6 the ratio of contraction is approximately 4/7. 

(M.T. n. 1900.) 

16. Discuss the case of a single source on one side of an obstructing line 
of finite length, when the perpendicular from the source to the line bisects 
the line, and prove that when the plane of motion bounded by the obstruct¬ 
ing line and the free stream lines is conformally represented in the portion 
of the plane of an auxiliary variable t which is above the real axis, the 
functions w and O are given by equations of the forms 

dw sin< ciD_ ^ _ 

dt~\ 

Also show how to obtain equations connecting the length of the obstructing 
line, the distance of the source from it, the strength of the source, and the 
velocity along the free stream lines. (M.T. ii. 1901.) 
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17. Prove that the formula 


dz 


= ^ . i + a*. + V( 1 -a=) V( 1 - 


w —a 


'—“ u + a 

where_« = e» represents (in two dimensions) the efflux of liquid by a 
Borda s mouthpiece (inward pomting tube) from the base of a cylindrfcal 

Prove that the coefficient of contraction is equal to 

n-V{n(n-l)}, 

where n is the ratio of the breadth of the vessel to that of the tube. 

Verify tins result from first principles. (M.T u 1902 ) 

18. Shew that, with the usual notation, the substitution 

M>=^logc3 + Blog(j, + A), 
where A, B,\ are appropriate constants and 

23 = {cosh (log {)}a, 

gives the fiow from a rectangular vessel with two infinite parallel sides and 
an aperture midway m the third side. ^ ^ ^ 

Deduce from this the solution for the two case^ (11 ^ i 

obstacle set perpendicular to an infinite streaT 2 Sow T " 

aperture in an infinite plane waU. ’ °M T^190^ 

19. Exemplify the treatment of problems in 

/>aP^(l — sina), 

where 


6 /a - 1 - sin a + ^ cos a log (cot* J a). 


(M.T. II. 1905.) 

are neglected. nima, and higher powers of e 

(Love.) 

r.r 

the SltjeS the velocity v of 

(M.T. II. 1907.) 
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22. Shew that the relation ^ = 2+- can be used to transform the 

z 

circumference of a given circle into (i) a circular arc of given angle; (ii) a 
circular arc whose chord is of any prescribed length not exceeding twice 
the diameter of the given circle. 


23. Explain the derivation of a Joukowski aerofoil by the transforma¬ 


tion 


^ n 
r=l ^ 


applied to a circle of centre Zq radius a. 

Obtain the lift formula 

L = ^TTpaU^ sin (a + j3) 

and shew that the moment about the point z' = Zq is 

M = 27Tpb^U^ sin 2 (a + y), 

where a is the angle of attack and /3, 6, y constants of the transformation. 

(M.T. 1931.) 

24. Shew that the relation 

i 

may be used for obtaining aerofoil sections with trailing edges of finite angle. 


-fnc_ / z-fc \" 
— nc” \z —c/ 


26. Shew that the relation 

. - z + o cosec 

t = z sin Aa —;-^♦ 

^ z + asm^a 


0<a<i7r, 


where a is real, will transform the circumference of the circle | z ] = a into 
an arc of the same circle subtending an angle 2a at the centre. 

Shew that, in a two-dimensional flow about such an arc, the lift produced 
by a steady current V parallel to the chord of the arc is 27TphV^, where h is 
the height of the arc. 


26. A flat plate of infinite length and width I is placed in a current of 
incompressible fluid with its plane at an angle a to the undisturbed stream 
lines, and its edges perpendicular to them. Determine the resulting flow 
on the circulation theory, assuming the velocity at the trailing edge is 
finite. By considering the pressures and velocities over a large cylinder 
whose axis is the median line of the plate, shew that the forces on the plate 
are equivalent to a force np UH sin ol per unit length perpendicular to the 
current, acting at a distance from the leading edge. (M.T. 1926.) 


27. A circle | z | = a is transformed into a thin aerofoil section of chord 
approximately equal to 4a by the equations 


^ a* 


Prove that the lift and moment coefficients are 


A:l = 7r(a-4- ^), 

= J fci + + JttDj — iTraCj, 

where a is the angle of attack, supposed small, and p, and (7* are con¬ 
stants of the aerofoil. (M.T, 1928.) 



CHAPTER VII 

IRROTATIONAL MOTION IN THREE DIMENSIONS 

"ertein special forms 

of solution of the equation 

dU 

aa;2 ^ 

We do not propose to enter into a general discussion of spherical 
and other harmomcs such as may be found in many text-books on 
pure and applied mathematics, and we shaU only have occasion 
to assume an elementary knowledge of these functions. 

^ through a Liquid at rest at 

infinity. If the centre of the sphere be moving along a straight 

hne with velocity V, the motion of the hquid will be symmetrical 

about this hne, and Laplace’s equation takes the form* 

= 0 .(I). 

A solution of this equation is known to be 

#=.2:(^,r.+Ajp,.(2), 

where P„ is Legendre’s coefficient of order n. 

In our special problem if we suppose the centre of the sphere 

0<P 

- = normal velocity = Fcos 6i .( 3 )^ 

due to the flow in the direction gam of hquid in the element 

d /d<j> , \ 

^ sill Qdddw j rfr, 

and the gain due to the flow in the direction perpendicular to r is 

d fdi \ 

But the total gain in the element is zero, therefore 
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when r is equal to a, the radius of the sphere, and 

d<f> 


— ^ = 0, at infinity 
dr 


(4) 


From (4) it is clear that the solution for cannot contain 
positive powers of r, and (3) suggests that we shall take* 


JL ^ ^ 

<^ = --0080 


( 6 ) 


as the particular form of (2) to suit our conditions, since 
Substituting from (5) in (3) we find that 


= cos 6, 


2B 


a 


cos 6 = 7 cos 6, 


for aU values of 6, so that B — 

Hence the velocity potential is given by 

^ cQg Q .(6). 

To find the lines of flow, at the instant the centre of the sphere 
is passing through the origin, we have 

dr rdd 

dr rdd 
cos 6 ^ sin 6 * 

so that the equation of the lines of flow is 

r=C sin® 6. 


7-12. Liquid streaming past a fixed Sphere. If we 
suppose the sphere to be fixed and the hquid to have a general 
velocity V, we can obtain the velocity potential from the last 
case considered by superposing a velocity - 7 on the sphere and 


• The student who is unacquainted with the properties of Legendre’s coefficients 
mav proceed thus. The condition (3) suggeeta that we should try to find a solution 
of (1) of the form <t> =/ (r) cos 9. We get on substitution 



of which the eolation is 


/=Af + 



On account of condition (4) we reject the solution Ar and proceed as above with 

^=sBr~*ooa$* 
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the liquid. This adds a term Vz, 
potential, so that now 
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or Ft* cos to the velocity 


^ = Fr cos ^ + JFa^r-s cos 0. 
For the stream lines we have 


dr 


rdd 


1—^1 cos d 


- 1 + 


a 


2r3 


sin0 


or 


— 2cotdd6^ 


2r3 + dr 

r^-a^ ‘ r 


3r2 


1 


7-2-a^ 


-rAdr, 


therefore 



This equation gives, for either this problem or the last, the hnes 
01 flow relative to the sphere. 


7-13. Equations of Motion of a Sphere. Reverting to the 
case of a sphere moving m a liquid at rest at infinity, we have to 
calculate the forces acting on the sphere owing to the presence of 
the hquid. If the extraneous forces have a potential Q and act on 
^e sphere and the liquid ahke, their resultant effect is, from 
Hydrostatical considerations, a force equal to the difference 
between the forces exerted on the sphere and the hquid dis¬ 
placed; i.e. if (T, p are the densities of the sphere and the hquid 
the resultant extraneous force is (<7-p)/a times what it would be 
If the hquid were not present. Omitting the extraneous forces 
the pressure is to be found from the equation 



^t the coordinates of the centre of the moving sphere referred 
to fixed axes be x^, y^, z and let U, V, W = z„ i) z be tbe 

velocities of the centre. Then ft„„ 7-,, ,6, .h.-ebe^ti po.tS 
at a fixed point of space (a:, z) is 


where 

and 


, 1 




Z-Z 


0 


r 


r^~{x — 


rr~ (x-Xf,)Xa-(y~y^)y^-^z-Zo)zQ 

= - U {x-x^)-V (y~y^)-w {z~z.). 



RH 
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Also d<f>jdt being the rate of increase of ^ at the fixed point 
{x, y, z) we have 

| = g,{t)(*-a:.)+ +)-^{V’+ +) + ^*{C'(«-».)+ +r 

.(3). 

A • \(TT / ^ . I ^ 

=^.iU^++)+^sW{^-^o)++Y .( 4 ). 

Hence on the sphere r = a we have 

P = F(t) + UU(x-x^)+ +}-i{U^+ +) + ^2{C^(a:-*o)++? 

^ (5). 

Then the components of the resultant thrust on the sphere due 
to the motion are given by 

X= - -jjj^dxdydz (Green’s Theorem) 

and similar expressions. 

Whence we get X = — , etc., 

or X,Y,Z=-p/'(f7, F, IT) .(6), 

where M' is the mass of liquid displaced. 

It follows that if X', Y\ Z' are the components of the ex¬ 
traneous force on the sphere when no liquid is present, and M 
denotes the mass of the sphere we have equations of motion of 
the form _ 

MU= 

a 

If A ^ 

i.e. MU = -^X' .(7). 

Hence the whole effect of the presence of the liquid is to reduce 
the extraneous force in the ratio tr —p: ct+ Jp. 

Result (6) implies that if the sphere were to move with uniform 
velocity, the resultant pressure set up by the motion or the resist- 
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ance to motion would be zero. This is contrary to experience and 

motion of a perfect fluid. In a real fluid the flow does not clot 
up agam at the rear of the sphem but separates from the 
urface leaving an area of suction behind, and iu the reartf the 
sphere there is an eddying wake. In point of fact there is no 
reason why the result here obtained should resemble obleted 
phenomena because we have assumed that the hquid slips over 
the surface of the sphere and a real fluid cannot do this^ 

7 14. We may also obtain result (6) of 7*1^ fpnm ■ i 

-W. F,.„ 4-7. tk. E™"-'* o' 


II 


integrated over the sphere. So confining ourselves tr. r 

With velocity V s es to rectilinear motion 

T = Jp/o laF cos 0. F cos 6.2na‘ sin 0de 

= livpa^V‘ = iM'VK 

the axis of a: aispiaced. And if X denote the force parallel to 

^-(iil/F» + Iilf'F2) = rate at which work is being done 


SO that 


or 


= XV; 

(M+iM') V = X, 

MV = X-iM'^ 

dt * 


so that the pressure of the liquid anart frnr« o 

on it, is equivalent to a force JilfV opposing the moC""^ 

7-15. Sphere projected in a Liquid under tfravltv A = 

let us suppose the extraneous force to be graJdv tinfe fh 
honzontal component of extraneous f ® 

constant; and as in 7*13 the vprfl'nflj +■ • ^ horizontal velocity is 

m«v.a in S;i"°"d“to Ih’™," " 

2(7 ^ p 

where U denotes the liorizontal velocity, 

T"°f • •p-”* 

space being filled with hquid The methSs t^nt rarljm b, the intervening 
-.hie u, tn de^rmine tie vc. 
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say, a givsn valocity is imparfcaci to oitlior of* tho sphorcs, or a givon 
impulse is applied to one of the spheres while the other is held fixed, or is 

free to move. 

Suppose the inner sphere receives a velocity V , the outer being fixed. 
The boundary conditions are 

— ?^=Kcos0 when r = a, 


and 


Assume that 


then we get 


Hence 


— ^ = 0 when r = 6. 
dr 

(f> = {at + ^ cos d, 

_^ + ^=V and -^ + ^ = 0. 


O' 




Va^ ( b^\ a 


If M bo the mass of the sphere and 1 the impulse necessary to produce 
the velocity V; we have r r 

MV=I-~ I I pcosddS, 

where p = p<l> denotes the impulsive pressure of the liquid. Therefore 


MV^I- 


Va^ / 


6^ — 0® 


o + 


2a2 



TT 


0 


cos* 6 .2770* sin Odd 


, 2Trpo*(2a* + 6*)F 

3(6*-a3) ■ 

If now the radius 6 of the outer sphere is increased indefinitely, we get 
for the limiting value of the impulse necessary to impart a velocity V to 

the inner sphere / = MF + §7rpa*F, 


or / = (M + p/')F. 

Comparing this result with 7*13 we see that the impulse necessary to 
produce the velocity V is the same whether we regard the liquid as ex- 
tending to infinity and at rest there, or whether we suppose it to be 
enclosed by a fixed spherical envelope of infinite radius. 

If we calculate the impulsive pressure on the outer sphere, in like manner, 

wo get 277pa*fe*r/(^® — 

which tends to the finite limit 27rpo*F, as b tends to infinity. 

It can also be shewn by simple calculation that the total momentum of 
the liquid in the direction of the impulse is -^7rpa*F'. whatever be the 
radius of the outer sphere; and thus we have a verification of the dynamical 
principle that the impulse J is equal, in every case, to the total momentum 

in the same direction ofthe solid and theliquid,togetherwiththeimpulsive 

pressure on the surroimding sphere. 


7'3. Stokes’s Stream Function. Motion symmetrical 
about an axis, the Lines of Motion being in Planes passing 
through the axis. Let the axis of symmetry be the axis of x 
and let w ( = Vy^^z^) denote distance from the axis. Let u, v 
denote components of velocity in the directions of x and tu. 
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thP fl ^ of continuity may be got by equating to zero 

rectangle dmdx round the axis. The total flow out paralfel to z is 
^ (u2TTwdm)dx- and parallel to vj, the total flow out is 

d 

:^{v27TTDdx) dw, 

of ooo- 

^ = 0 . 

This is however the condition that 

vvjdx-umdra 

may be an exact differential, and, if we denote this by # we get 

m dm' 

This function ^ is called Stokes's Stream Function* 
bmce the stream lines are given by 

dxju = dmjv, 


1 dJj 
v = -^ 

w dx ’ 


or 


rD{vdx~udw) = 0^ 


that is by # = 0; it follows that the equation 


^ = constant 

represents the stream lines. 

A property of Stokes’s stream function is that 2n times the 
^fference of Its values at two points in the same meridian plane is 
equal to the flow across the annular surface obtained by the 

be an element of the curve and 0 its inclination to the axis the 
flow outwards across the surface of revolution 

— f (v cos 0~u sin 0). 2TTmds 


Jt 
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We might also define the value of Stokes’s stream function at 
any point P as 1 /277 of the amount of flow across a surface got by 
revolving a curve A P round the axis, A being a fixed point in the 
meridian plane through P\ for this makes 

1 

tfi = — [v cos 6 — u sin 6). 27TW ds 
> 

= (vwdx — uwdru). 

J A 

And by varying the position of P, we get as before 

1 diL , 1 

u= -and V = - ^. 

zu ozu tu ox 

Also it is easily seen that the velocity from right to left in the 
sense indicated in 3* 1 across any arc ds is dijjlwds. 

7*31. When the motion is irrotational, we have the condition 


dv 9*^ _ Q 
dx dvj 


(4*25 (2)), 


which leads to 




1 dijj 




dx^ dm^ w dxD 


( 1 ). 


Also, assuming that and v = — d<f>ldw, we get from 

the equation of continuity 


02^ 1 

I ^ iS ^ 


( 2 ). 


dx^ ' dm^ w dw 

Equations (1) and (2) shew that <f> and i/» are not interchangeable 
in the way that applied to the velocity potential and stream 
function of two-dimensional irrotational motions. 

The corresponding equations in polar coordinates (r, 6) are 
frequently more useful than equations (1) and (2). If we take 
qr^qeto be the velocities in the directions of dr and rd9, then, since 
T 3 = r sin 6 and remembering that the velocity from right to left 
across ds is diplwds, we get 

1 0l/» 




and 


rsin 0 r90’ 
1 

rsinO dr' 

But in irrotational motioii 

qr=- fj. and qe=- 


rdd’ 





7-31 

therefore 


Hence 


Stokes’s stream function 

rHinedd dr iin^ ^ ^ 

^ ‘ 1_^ _ d ( I dJ, 

aii -1 Q f '^n ^ I - 
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(3). 


de 


sindde) dddr- 


that is 


»av 


or, putting cos ^ = /x, 


dd Isin dj) = ^’ 


2^V , 


dr^ 






(4). 



equation of continuity in polar coordinates, 1-5 ( 1 ) 


we get the equation for 


,.d,^ 


= 0 


(5), 


™mbem6 that in this case * i, a function of t and « only 

and (;,). 

Again from (3) we have 


and 


a0_ 

dfi. 9r ~ ~ or (« + 1) ,-"P„ 


( 6 ), 




5r 


- or (l-p2),-n-i^ _ 


3/x 


The last equation gives, on integration, as possible solutions 


, (l-u2) 3P 

0 = — tLs j-n+i l£^ 


n-hl 


d^ 


or — 


(i-P^) 1 ap„ 




dfM ’ 


it being easy to verify that these forms also satisfy equation (4). 
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7-32. Applications. Solids of revolution moving along 
their axes in an infinite Mass of Liquid. If 17 is the velocity 
along the axis of a: and ds an element of the meridian curve, the 

normal velocity at any point is 

Udwids or Ud(rsme)lds; 

and the normal velocity of the liquid in contact with the surface 
is --diPlwdsoT -dililrsinOds. Therefore 


or 


— Ursindd(TQm6)j 

iif = Ur^ sin^ 6 + const. 


( 1 ), 


is the boundary condition. 

We also have that */» has to satisfy the equation 

^2^ + (1-1^2) 1^2 = ®’ where/A = COS0, 

and we have seen that this equation has solutions of the types 


1-m" 


1 


- r 


and - 


dfx 


nr 


n 


dfi. ■ 


The simplest case is that of a sphere of radius a. 
Taking n = 1, we have a solution of the form 

./, = A(l-|Lt*)/r; 

then at the boundary we must have 

^(l_^2)/a=-iC7aMl-F*) + C' 

for aU values of fi. This requires that 


C = 0 and A=-\Ua^- 


Therefore 

But we know that 




Ua? sin^O 


( 1 - 


Therefore 


0^ in20. 

d<f> , t/a® 
r® ’ 

cos 0, as in 7*11. 


and 




7*34 STOKES’s STREAM FUNCTION 

7-33. Values of Stokes’s Stream Function in simple cases. 

(1) A simple source on the axis of x. 

XlerOi from 3^3 we have :^mlri but 

Therefore 0 = w/x = mcos0 or mxjr, 

(2) A dovbUt along the axis of x. 

Here, from 3*31, we have Go^Ojr^; but 
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Therefore 


^=- 




(3) A uniform line source along the axis. 

If m is the strength per unit length and the source extends from 0 to ^ 
we have, at any point P(^,-q), irom o to ^, 


/ 


OA 

0 


mcos^da: 


COA m{^~x) dx 
Jo V{(^-a:)2+‘^2} 


= w {Vie + v^) - - OA^ + 7,2)} 

= m{OP~AP). 



We might also obtain result (2) by differentiating result (1) Thus for a 

simple source ,1. = ma;/r, therefore for a doublet iiustora 




= —mdx 




Msin^$ 


^a wWe ce T °btomed by considering the flow across a circular 

defimW take! f perpendicular to the axis. By 

soM anl th„t fk "f u ««'es the 

sow angle that the circle subtends at the source, so that having regard to 

277^= — 27rm{l -COS0), 

or omitting a constant ^ = m cos 0. 

verification of the result of 

the centre f * ^ “ distance / (> a) from 

line sink of stre'^t^r the inverse point and a 

the inverse pSi^t It extending from the centre to 

for ihk V «e°essary to shew that the stream function ^ 

sphere ^ value on the 

P , “Sing 7-33 we can easily prove that on the sphere ,4=-TO. 
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7- 35. A comparison of the stream functions or the velocity potential 
due to the motion of a sphere with those produced by a doublet m an infimte 

mass of liquid, shews that a sphere of 
radius o moving with velocity U pro¬ 
duces the same effect as a doublet of 
strength at its centre. We can ^ 

now deduce the streamlines for a sphere 
in the presence of a doublet. For if we 

take two doublets of strengths M and 
M'at points A. A' on the axis of x with their axes directed towards one 

another, we have Afsin^fl M'sin'‘fl' 

<!>= -— + —7 



Hence on the stream line i/i = 0 


.'8 


M 

M' 


r 

or p = 


M' 


This represents a sphere with regard to which A A' are mveme points. 
TWs spLre may be taken as a solid boundary, and th^ we get the stream 
UrZ due to a doublet in the presence of a solid sphere. The image is another 
doublet at the inverse point, such that if 0 is the centre and a the radius of 

the sphere 


M' 


OA^ 


a 


= (Cf.3-43.) 


7-4 Ellipsoidal Boundaries. Motion of Liquid inside a 
rotating ellipsoidal Shell. Let 

equation of the surface and the components o 

angular velocity, referred to axes fixed in space and coincident 
with the axes of the eUipsoid at the instant considere . 

The component hnear velocities of a point {x, y, z) of the shell 
are xoi.-zoi,, 2 /co,-xa,„; and the c^ction cosm^ 

of the normal are proportional to x/a^ ylb\ zjcK Hence if be 
the velocity potential of the Uquid motion the boundary condi- 


tion is 

X d<f> 

dx 


y d<f> z d<l> 
^ dz 

CL 


— Xci>„) ...(1), 


where 


+ y^jb^ + = 1 


( 2 ). 


To satisfy this assume 

,f) = Ayz + Bzx+Cxy, 

this clearly being a solution of Laplace’s equation 
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1 

2 + ^'2 




1 

62 


+ ZZ(0 




+ xyoj 


from which we obtain the values of B, C and then* 



J. 




c2 —a2 

c2 + a2^*' 


a2-62 


.(3). 

Since this result depends only on the mutual ratios of a 6 c and 

not on their absolute magnitudes, it follows that the motion is 

the same m all ellipsoids of the same shape rotating with the 
same angular velocity. 

To find the paths of the particles relative to the ellipsoid. Let 

-n, 0 denote the coordinates of a particle P referred to the axes 

of the eUipsoid, then the velocities of P referred to axes fixed in 

space are f and similar expressions. 

Therefore 




or 


c^ + a 

(n - K) 

V = } .(4), 


where 


a = 


2co 


62+ c 




2co 


c2 + a2’ 




Multiply equations (4) by a/a^ y/c^ add and integrate and 
we get ,, „ ^ 

a|/a2 + ^7^/62 -j- y{/c 2 = const.( 5 ). 

Again multiply the same equations by -qjb^ ^lc\ add and 
integrate and we get 

+ C^lc^ = const.(6). 

The path of the particle therefore lies on the plane (5) and the 
elhpsoid (6) so that it is an ellipse. 

Again, if we assume that equations (4) have solutions of th 
lorm . 

f=Pe«p<, r)=Qe^P‘, ^ = Pe‘P‘, 

Bjerknes and Maxwell 

1882 p. 50 i" Hydrodynamics’. Brit. A... Rep. 


G 







172 


MOTION OF AN ELLIPSOID 




we get by substitution and the elimination of P, Q, R 


whence 


— y ^ 

y, ipjb^j -a 

- jS, a, iplc^ 

,2 *.2\ i 


= 0 , 


P 




2+'t2 + 


Hence every particle of the liquid describes an ellipse relative 
to the ellipsoid, like a particle moving under a law of force varying 
as the diLnce from a fixed point. And the periodic time for 

each particle is 27 r/p, where 


p = 2a6c 




+ 



\b^ + cV ' \c" + 

We notice that for a sphere (a = b = c) 

is the' period of revolution of the liquid relative to the 
spherical shell is the same as the period of revolution of the 
sLll; which means that the liquid is left at rest in space, the 

shell revolving alone*. 


7-5 Motion of an Ellipsoid in an infinite Mass of Liquid. 

Befot considering the problem it rvill be ^ 

from the Theory of Attractions some solutions of Laplace 

eauation and formulae connected with the ellipsoid. 

^2/a2 +2/2/62 + 2^0"= 1 is the equation of the boundary of a 

solid homogeneous ellipsoid of unit density, its potential at an 
external point (x, z) is 

ri x2 

F = iTa6cJ^^l + m 62 + m c^ + u) 


y a^ + u + u (a^ + (b^ + 

where A is the positive root of the equation 

^ <% 


X 


y 




-1 = 0 


+ A 6^ + A c® + A 

We may write this F = tt (8 - ax" - ^i/" - y2 ) 

■“ du i*” 

„ A ^ 

A = (a2 + M)i(62 + «)i(c2 + «)*. 


( 2 ). 


(3), 


where 


- - ,- r, etc.( 4 ) 

(a2 + M)A’ 


p. 370, or Math, and Phys. Pajiers, n. p. lOO- 
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The potential at an internal point is a similar expression with 
A put equal to zero, and, with a similar notation, may be denoted 

^o = ’^(8or“oa:=*-^o2/'-yo2^) .(5), 

where y, denote what 8, a, p, y become when we put 

The components ofattraction at an external point are Y Z 

where > > > 


3A dx' 


But 8F/aA = 0 in virtue of equation (2), therefore 

X=-27rcCK, Y=-2nfy, Z=-2nyz 


( 6 ), 


where it is to be remembered that a, y are not constants but 
lunctions of A or x, y, z. 

We know that V is a solution of Laplace’s equation and there- 
fore also so are X, Y, Z. 

Now consider an ellipsoid moving with velocity U in the 
direction of the x axis. The boundary condition is 

X d<f> y d<l> z dS 

(7) 


= U 


a 


dx b^dy ^ ^ 

over the ellipsoid, i.e. where A = 0. 

Let us try to satisfy this by the assumption 

<I> = AX. 


We have 


but when A = 0, 


— - 9 ^ / _L 


0a 


a' 


and from (2), by differentiating with regard to x, 

2x _ 0A / 


X 


a" + A dx \(a2 -f A)2 (62 + A)2 {c2 -i- A)2 

aA 


y 


or 


= 0, 


_ 2p^x 

dx a^ + A’ 


and similarly 


0A 2p^y 


Hence when A = 0 


and 

dz + A 


d6 

= - 277A 
dx 


( 2p^x^\ 

■ 
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Similarly 


dy 


= — 277^ 


(- 


2p^xy 




)■ 


and 


dz 


= -277^4 


I 2p^xz\ 


Therefore, substituting in (7) we get 


277^ 


2p^x Ix^ 
\a^ 


z^ 

+ — H— 


Ux 


2 ’ 


or 




277 (ao-2) 


Hence 


<^ = ; 


UcfX 


2 —a, 


( 8 ) 


gives the velocity potential of the liquid motion*. 

If the eUipsoid have a velocity of which U,VyW are the com 
ponents parallel to the axes, the velocity potential will be 


, U(fx , Vpy , Wyz 

9“ O -.'bo £? “b n 


2 — ctQ 2 — pQ 2 Yq 


7 51. Ellipsoid rotating in an infinite Mass of Liquid. 
Let the ellipsoid turn about the axis of x with angular velocity 


^ ” 

The component velocities of any point of the ellipsoid are then 
0 , - 20 )^, ycoj., so that, with the notation of the last article, the 

boundary condition is 


a2 dx 62 dy dz ^ ^ 




( 1 )> 


where A = 0. 

To find a solution of Laplace’s equation that will satisfy this 
condition, assume , nf..'/ ^v\ 


(j,= C (yZ — zY). 


This makes 


^/0Z dY\ 


= 2 C 


dw 


dy dz 


dy 

dzdy 


and taking 


^ - 27TCyz (y - P) 


( 2 ). 


* This result was first given by Green in his paper ‘Researches on the vibra 
tion of pendulums in Iluid media’, Trarw. iSoc. h'din. 1833, or Math. Papertf 

p. 315. 
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Rnd substituting in (1) we get 

■^c"-(s“s)l'^“»(r>-p).W’ 

and reducing this as in 7*5, we get, when A = 0, 


277(7- 




Therefore 


A- ^x(^-y)yz 

^ 6 ^ + c 2 

^(^0 - yo) 


(4) 


IS the required velocity potential*, where 


^ — y = abc(c^ — b^) f _ ^ _ 

Ja (a’^ + u)i (b^ + u)i (c^ + u)i ’ 


A being the positive root of 


X- 


4- 


y 


+ 


d^ + X 6^4-A c^4-A 


= 1 . 


axel ^bout the 

axes of X, y, z, the velocity potential will be 

- <f^P-y)yz _ w^(y~c)zx (« - j8) xy 

2 + 6^372(^0-70) ^ + 2 + J^|^'(ao-i 3 o) 

7-52. Spheroids. For a prolate spheroid b = c<a,y/e have 

^ du 


a = a6* 


{a^ + u)i (b^ + u)’ 
and putting a‘ + u = (a^-b^)v\ we get 

2ab‘ 


a = 


dv 


where a^ + X = {a^~ 6^) 1 . 2 . 


(a 2 - 62 )i;v v^{v^-l)* 


Therefore 




(1), 


where e is the eccentricity of the generating ellipse. 

* This result is due to Clebsch, see CrelU, un, p. 287. 
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7 * 52 - 


Also 


p 


~y — oft* j 


QD 


du 


^ (a» + u)i(6“ + u)» 


2(l-e*) 


/ 


cc 


dv 


j V (u*- 1) 

(l-c>) 




( 2 ). 


In this case = 1 /e'. where e' is the eccentricity of the generating ellipse 
of the confocal spheroid through the external point considered. 

For an oblate spheroid o = 6 > c, we have 

r* du 

a = ^ = a^c I 


^ (a2 + w)2(c2 + u)i 

and putting c* 4 - u = (a^ - c^) we get 


2a2c /■* dv _ 


where c* +A = (a* —c*) V®. , 

/I _g2)2 / \ 

Therefore a.= p = —^5— ''“ v^+l j 

du 


(3). 


Also 


= a»c j 


00 


^ (a* + M){c* + M)^ 


2a*c f” dv 


(a*-c")* 
2(l-e*)i /I 


V 


— cot" 




(4). 


In this case . is (1 - e'«)i/e'. where c' has the same meaning as above. 
Hence for an obUite spheroid moving along the axis with velocity IF, we 


have 




2-yo’ 


where y has the value given by (4), and y„ is the value when A = 0, or when 
v = {l-e^)^le. Hence 


Wz{\- 


1 


-1 ‘ (iirsi - •) 


- — cot"^ 


^V2 


sin-^'e-e’(l-e*)* 


i \ 

— cot * j. 


As a special case we may take c = 0 or e = 1. and we get for the case of 
circular disc moving at right angles to its plane 




In this case aV» = A and A is the positive root of 


4- W* 
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y^}K 


On the disc it.self 2 = 0and A = 0 -n i j. , , 

for we may write ' ^ ^ value, 

a, /i 

=±(«=-.^- 

taking the + or - sign on opposite sides of the disc The nnr.r.ai i 
IS ± W, hence for the kinetic energy of the liquid we have ^ 


~ip 



dn 


2W^ fa 

~ —(a"-t2=')^.27r«7d«7 
= 

•'» -<•-....... 

.JifTUf’wTtav* “ *'”* “• “• 

j UCLX 

^ ~ 2 — a ’ 

and the kinetic energy of tiie liquid is given by 

But on the surface of the ellipsoid the normal velocity =/C 7 , where 
{I, m, n) are the direction cosines of the normal. Therefore 

^ ‘ 2 ^^ JI 

and this integral is clearly the volume of the ellipsoid, so that 


T = i 


QL. 


2~ 


a 




or there is an effective increase in the inertia of the ellipsoid due to the 
pr^ence of the liquid equal to a„/(2 - a,) of the mass of hquid displaced 

ellipsoidal boundaries may be treated by a transformation of coordinates. 

^e7- 6. Laplace’s Equation in Orthogonal Curvilinear Coord inates. 

^ = const., /i = const., r = const. 

e three families of surfaces that cut one another orthogonally at all their 

curvilinear parallelepiped bounded by such 
surfaces, the opposite faces BC, AD corre- T ^ 

spending to A and A + SA, and so on; and 

the edges OA, OB, OC being of lengths 

0^1 , 082 , 83^ . 

If the coordinates of 0 are x, y, z those of 
A are 

* + + - + SsA. 



R H 


12 
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7 - 6 - 


Hence the direction cosines of the normal to the surface A — const, are 
proportional to ox» ^ ^their values are 


where 


Also 


/, 0 x . dy , 

"‘aA’ "‘axj’ 

[/dxv i^y\ 

= (aA) + (I) + U) \ ’ 


2 i 

lUv 


SV 4* V+ 


so that Ssi = 8 A //11 and similarly S^a = » Ssg — SV// 13 . 

Now if is the velocity potential of a liquid motion the total flow of 

liquid outwards across the surface of the parallelepiped is by 4*52 (i) 
— v^(f) time-s the volume, and we get from the pair of faces BCf AD a contri- 

SO that by adding similar terms we have 


V V - K ^ 2^3 sf) + 


a 

a^ 


\h^hidfij dv\hih^dv/) 


7-7. Confocal Conicoids. The equation 


_ 1 = 0 


( 1 ) 


represents a family of confocal conicoids, of which three cuttmg ortho- 
gonally pass through each point of space. If A, y, v are the three roots of 
the equation regarded as a cubic in 0 , and we assume that a> 6 >c, we 

know that oo>A> -c*>^> -b^>v> -a*, 

and that A, y, correspond respectively to an ellipsoid, hyperboloid of one 
sheet, and hyperboloid of two sheets. 

Hence we have 

■ (A-0)(M--g)(»^-^) .(2). 

ar. fl + 52 . -0 + + 0 (a3 + d) ( 6 ^ + 6) (c* + 0 ) 


an identity for all values of 6. 

If we multiply by a* + 0 and then put 0 = - a*, we get 



, (a= + A)(a* + M)(o^ +W 'j 

(a» - 6“) {a> - c*) • 


Similarly 

, (6» + A) (6* + At) (b’+ W 1 

y - (6>-c*)(6*-a*) 

.(3) 

and 

, (c® + A){c* + m)(c*+ v) 

^ - (c*-o»)(c*-6*) 'J 


By differentiating logarithmically we get 

. X Sy_, y_ Sz_, Z . 

0A"^S> + A’ 0A"*6* + A’ 0A ®c* + A 

.(4). 

therefore 

1 (a:* 2/* 1 ** 1 

}y~^ i(o‘ + A)* (6“ + A)* (C* + A)*j 

.(6)- 
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Hence h, = 2p , similarly h, = 2p ,, and h, = 2p,, where p„p„ p, are the 
bo?o[ds tangent planey to tiie ellipsoid and Ijyper- 

Again by differentiating (2) with regard to 6 and then potting 0 = A wo 


get 


X 


(A-/0(A-.) 


therefore 

Similarly 


{a^ + A)2 (a^ + A) {6^ + A) (c^ + A) * 

■A = (A — /n) (A — u) 

{a- + A) + AH^l) * 

4 (/i-i/)(/x-Aj 


and 


(0) 


J 


VV = 


{^-v){v 


V («^ + /^)( 6 =^ + /4)(c2+^) 

__(t^-A) 

tak^ Wo™ parameters A, p, r it follows that Laplace’s equation 

S (f - >’) |(a* + A)i (6H A)i (c^ + A)i % = 0 

, .(V). 

7-71 We can now find solutions of the preceding equation and give 
hydrodynamacal mterpretations to them. ° 

An obvious solution is 

^A (a2 + w)^(62 + w)i(c2 + M)^ 

and by assuming the existence of solutions of the form 

^ = ^X(A), 

it is easy to shew that there are solutions of tlie form 

du 


I 


and 


/ 


du 


^ (a^ + u)i(b^ + u)i(c^ + u)i' 

The last two correspond to the translation and rotation of an ellipsoid 

and give the s^e results as were obtained in 7-5, 7-51; the boundary 
conditions m this notation being ^ 

dx 


and 


dX ^ dX* 


dX~'^^VdX 


dz by 


dx)’ 


for the two cases. For the details of the work we refer the reader to Lamb’s 
Hydrcdynamrcs, pp. 152-165 (6th ed.), from wliich this investigation is 

7-8. Ellipsoid of varying form. As we saw in 7-71, or as 
IS clear from the theory of attractions, 

_ 

Ja (a2 + A)i(62 + A)i(c2 + ^ . 


12-2 
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7-8 


is a solution of Laplace’s equation. It clearly vanishes when 
A == 00 and it is constant over confocal ellipsoids, it may therefore 
represent the velocity potential of a Uquid motion due to an 
ellipsoid whose surface is changing form. For the velocity at any 

point being given by 


d<}> y d<l> Ckl _ 

0A ^ (62 + A)I (c2 + aT^ 


( 2 ), 


therefore, on any confocal ellipsoid, the velocity varies as the 
central perpendicular on the tangent plane. Hence the conditions 
are satisfied by supposing a boundary eUipsoid to vary so as to 
remain similar to itself keeping its axes fixed in direction. If 
the axes are changing at the rates d, b, c the general boundary 

condition 


df df a/ , df 

dt dx dy dz 


becomes in this case 




dx dy dz 


(3) 


But we have 


« 

d b C j-r 

-= =-=:X say, 
a b c 


d<f> 2Cp 

and on the surface A = 0, equation (2) becomes 

therefore, if we take Kabc = 2C, (3) and (2) are the same. 

Another expression for <f> that will satisfy the general boundary 

condition (3) is obviously* 

■^+r2/^ + 


and it will satisfy Laplace’s equation if 

A 



(4), 


d b c ^ 

- + T+- = 0 

a b c 


(5). 


This then is the velocity potential due to an ellipsoid which 
changes form so that its volume remains constant, for condition 
(5) is merely the condition that a6c = const. 

• This result is due to Bjerknes, QolL Nachrichten^ 1873, p. 829. 
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EXAMPLES 

1. A solid sphere moves through quiescent frictionless Ikpud whose 
bomidanes are at a distance from it great compared with its radius. Prove 
that at each instant the motion in the liquid depends only on the position 
and velocity of the sphere at that instant. Prove that the liquid streams 
past the sides of the sphere with half the velocity of the sjihere. 

(St John’s Coll. 1901.) 

2. An infinite ocean of an incompressible perfect liipiid of density o is 
streaming past a fixed spherical obstacle of radius a. The velocity is uni¬ 
form and equal to U except in so far as it is disturbed by the sphere, and 
the pressure in the liquid at a great distance from the obstacle is If. Shew 
that the thrust on that Jialf of tlie sphere on which the liquid impinges is 

pU-j\%}. (Trinity Coll. 1900.) 

3. A rigid sphere of radius a is moving in a straight line with velocitv u 
and acceleration/through an infinite incompre.ssible liquid, prove that the 
resultant fluid pressures over the two hemispheres into which the sphere is 

to its direction of motion are 
n^a ± IMf j Mu /«. where fl is the pressure at a great distance, and M 
IS the mass of the fluid displaced by the .sphere. (M.T. ir. 1910.) 

4. A solid sphere is moving through frictionle.ss liquid: compare the 
vebcities of slip of the liquid past it at different parts of its surfLo 

Provo that when the sphere is in motion with uniform velocity U the 
pressure at the part of its surface where the radius makes an angle e with 
the direction of motion is increased on account of the motion by the amount 

,^pC/2{9cos20- I), 

where p is the density of the liquid. (St John’s Coll. 1898.) 

5 Find the pressure at any point of a liquid, of infinite extent and at 
rest at a great distance, through which a sphere is moving under no 

over the sphere is m defect of the pressure II at a great distance by 
ipf/ , It being supposed that n is sufficiently large for the pressure 
everywhere to be positive, that is, that n>lpU^. (M X ] 908 .) 

6 . An infinite homogeneous liquid is flowing steadily past a rigid 

boundary consisting partly of the horizontal plane 2 / = 0, and partly of a 
hemispherica boss + irrotational motion wLh Lids 

at a great distance from the origin, to uniform velocity V parallel to the 
axis of z. Find the velocity potential and the surfaces L ecfual pressu^r 

(St John’s Coil. 1905.) 

7. A stream of water of great depth is flowing with imiform velocity V 
over a plane level bottom. A hemisphere of weight w in water and^of 
radius a rests with its base on the bottom. Prove that the average 

fhe hemisphere and the bottom is less tlum 

I’=>32ia/ll,7a3p. (M/p. 1994 , 
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8 . Prove that at a point on a sphere moving through an infimte liquid 
the pressure is given by the formula 

ip-P o)Ip = W cos 01 + (9 cos2 d - 5). 

where v is the velocity, / the acceleration of the sphere, and 0 , 0^ are the 
ancles between the radius and the directions of v,/ respect!vely, andpois 
the hydrostatic pressure. (St John’s Coll. 1909.) 


9. When a sphere of radius a moves in an infinite liquid shew that the 
pressure at any point exceeds what would be the pressure if the sphere 

were at rest by , 3 o 

2%/- 8,« +8 

where g is the velocity of the sphere and g' and/ are the resolved parts of its 

velocity and acceleration in the direction of r and the density of the liquid 

.. (Coll. Exam. 1894.) 

is unity. ' ' 


10 A sphere of radius o is in motion in fluid, which is at rest at infinity, 

the pressure there being H; determine the pressure at any pomt of the 

fluid, and shew that the pressure on the front hemisphere cut off by a plane 

perpendicular to the direction of motion is the resultant of pressures 

7Ta^{n-^pV^) and ^Trpa V in the directions respectively opposite to those 

of the velocity F, and the acceleration/, of the centre of the sphere. 

(Coll. Exam. 1910.) 


11 Prove that for liquid contained between two instantaneously con¬ 
centric spheres, when the outer (radius o) is moving parallel to the axis of a: 
with velocity u and the inner (radius 6 ) is moving paraUel to the axis ofy 
with velocity v, the velocity potential is 

- ^6-3 { + £) - + £)}' 

and find the kinetic energy. John’s Coll. 1898.) 

12. Liquid of density p fills the space between a solid sphere of radius a 
and density p' and a fixed concentric spherical envelope of r^ius 6 ; prove 
that the work done by an impulse which starts the sohd sphere with 

v,lo.ityVi. ^, ,Coll. 15.»n. ... 6 .) 

13. The space between two concentric spherical shells of radii a and 6 
(u> 6 ) is filled with an incompressible fluid of density p and the shells 
suddenly begin to move with velocities U, V in the same direction: prove 
that the resultant impulsive pressure on the inner shell is 

{3a®C/ - (a® + 26*) 7}. (Trinity Coll. 1896.) 

3 (a* — 6 *)' 

14 Incompressible fluid, of density p. is contained between two rigid 
concentric spherical surfaces, the outer one of mass ^d radius o, the 
inner one of mass A/, and radius 6 . A normal blow P is given to the outer 
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^ace Prove that the initial velocities of the two containing surfaces 
(V for the outer and V for the inner) are given by the equations 

ijif I 27rpa*(2a3 + 6’)l 27Tpa=b\. ,, 

U + gZTP^ +.a!)l y _ 2npa^b^ 

\ 3(a3-63) 

(Trinity Coll. 1896.) 

15^ A sphere of radius a is placed in an incompressible fluid oxtending 

to m^ty Each point of the sphere is moving normally outwards with 

velocity o. also the fluid at points very distant from the sphere is movine 

with velocity F in a given direction. Find the velocity potential at any 
point of the fluid. 

Also prove that the resultant pressure on the sphere is the force J — V 
m the direction of the stream, where M is the mass of the fluid displaced^ bv 

the sphere at the instant considered. (Trinity Coll 1897 ) 

16. A solid is bounded by the exterior portions of two equal spheres 

(of radius a) which cut one another orthogonally; and is surrounded by an 

udimte of liquid. If the solid is set in motion with velocity u in the 

direction of the line of centres, shew that the velocity potential of the 
resulting motion is - />/ ^ 

\ r* r'2 2V2R^)' 

where r r\ i? are the radii vectores of a point, measured respectively from 
the centres of the two spheres and from the point midway between them, 
^d e, e . 0 are the angles which these radii vectores make with the direc¬ 
tion of motion of the solid. (Coll. Exam. 1902.) 

17. A sphere of radius a is made to move in incompressible perfect fluid 
with non-uniform velocity w along the a: axis. If the pressure at infinity is 
zero, prove that at a point x in advance of the centre 


P = {^2 




a 


..6 



(M.T. 1928.) 

TT “ sphere of radius a moves with uniform velocity 

U through a perfect, incompressible, infinite fluid, the acceleration of a 
particle of fluid at (r, 0 ) is , 3 ,, 

(M.T. 1917.) 

19. The motion of an incompressible fluid being symmetrical with 
respect to an axis, and the parts of the velocity resolved along and per¬ 
pendicularly to a radius vector drawn from a point fixed or moving on the 
that'if direction making with the axis an angle 6 being U and W, prove 

2C C' .. . C . ^ C 


= + sin 2(1, 


^ = 1T‘=°®» + 4 ^ 4(1 + 3‘=°«20), ^3. 

the equation of constancy of mass is satisfied, and Vdr+ WrdB is an exact 
erential, C and C' being cither constants or functions of the time. 
Show also that if the fluid be unlimited in extent, and (7' = 0, the as¬ 
sumed motion would be produced by a sphere moving in any inamier with 
Its centre on a fixed straight lino. (Smith’s Prise, 1877 ) 
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20. A doublet of strength M is placed at the point (0, o, 0) with its axis 
parallel to the axis of 2 , prove that at points close to the origin the velocity 
potential of the doublet is approximately 


Mz ^ZMyz 


w 


a' 


neglecting terms of the order r®/a® and higher powers. 

Deduce that if a small sphere of radius c is placed with its centre at the 
origin, the velocity potential is then increased by the terms 

+(Univ. of London, 1911.) 
2 o3 ^ a* ' 


21. Shew that the image of a radial doublet in a sphere is another radial 
doublet, and compare their magnitudes; shew also that the velocity at any 
point of the sphere is proportional to tur-®, where r is the distance from the 
doublet, and w the perpendicular on the diameter on which it lies. 

(Trinity Coll. 1906.) 


22. Discuss the motion for which Stokes’s stream fimction is given by 

{aV-* cos e - r*} sin* 0, 

where r is the distance from a fixed point and 6 is the angle this distance 
makes with a fixed direction. (Coll. Exam. 1900.) 


23. Find the Stokes stream function «/» where fluid motion is due to a 
source of strength m (flux 47rwi) at a fixed point A, a sink —tn at another 
fixed point B, a translation of the fluid of velocity U in the direction AB 
being superposed; explain how this solution can be used to deduce the 
motion of fluid past a certain solid of revolution. If C/ = 8m/9o*, where 
AB= 2a, prove that the solid is of axial length 4a, of equatorial radius 
approximately 1 ’Ga, and has the same effect on the fluid motion at a great 
distance as a sphere of radius o{9/2)^. (M.T. 1932.) 


24. If A B be a uniform line source, and A and B equal sinks of such 
strength that there is no total gain or loss of fluid, shew that the stream 
function at any point is /1 1 \ 

C {(r. - r,)» - c»} (- - -J, 

where c is the length of AB. and are the distances of the point con- 
sidered from A and B. (Univ. of London, 1915.) 


25. A solid of revolution is moving along its axis in an infinite liquid; 
shew that the kinetic energy of the liquid is 



where tp is the Stokes stream function of the motion, tn the distance of a 
point from the axis and the integral is taken once round a meridian curve of 
the solid. Hence obtain the kinetic energy of infinite liquid due to the 
motion of a sphere through it with velocity V. (Coll. Exam. 1899.) 


26, An ellipsoidal cavity (semi-axes a, 6, c) in a solid initially at rest is 
filled with an incompressible frictionless fluid initially at rest. Prove that 
if the solid bo moved with velocities u, v, w parallel to the axes of the 
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cavity, and be rota^ with angular velocities p, r round the semi-axes 
the angular momentum of the fluid round the semi-axis a at any instant fs 


4 . (62-C*)* 


(Trinity Coll. 1902.) 


27. A.ri^d eUipsoidal envelope, without mass, encloses a perfect in- 
compressible fluid of mass M. The equation of the ellipsoid is 

+ y^fb^ + z^jc^ -1 = 0. 

^impulsive couple in the plane of xy causes the envelope to rotate initially 

^th angular velocity w. Find the initial velocity potential of the fluid 
and prove that the moment of the couple is ' 

iAftu(a 2 - 62 ) 2 y(aj 2 + 62 ). (Trinity Coll. 1910.) 

28 Prove that, if two rigid surfaces of revolution, one of which sur 

roun^ the other, are moving along their common axis with velocities 

, t/, and the space between them is filled with homogeneous liquid the 
momentum of the liquid ia M TJ M Ti v, liquid, the 

j V. , “4^^ IS where M., M. are the masqA.-? 

of liquid which either surface would contain. 

vid?d smfe^ea of any form pro¬ 
vided that the velocity potential is expressible in the form ^ 

{/(^» y. z)-^A)x. 

30. An eUipsoid surrounded by frictionless homogeneous liquid beeins 
St^^qui^^ i^ection with velocity V. Shew that, if the outer boundary 

? -UTlte M T set up in the hquW 

IS MV, where M is the mass of liquid displaced by the ellipsoid. 

(M.T. 1924.) 

thf between two confocal ellipsoids is filled with liquid and 

SraM to •^"^denly moved with velocitL U. U' 

^ = {(U- V )« - Cf (a/- 2,.) + t/'(a„- 2)}:r/{a/- a„ + 2 - 2^}, 

Tnd T fs thTr'a r ®of “ fo-- the outer ellipsoid, 

and y IS the ratio of the volume of the inner to the outer ellipsoid. 

about thlTv^ “,’’°"\°g®"®°us solid ellipsoid of mass M rotating 

inerUat “““out of 

iM\b^ + c^+L, _ ] 

i» Said “f “ '"««••> .bodt • diameter 

in liquid at rest at infinity the kinetic energy of the liquid is 

ca being the angular velocity of the disc and p the density of the liquid. 
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a — sm a cos a 
displaced fluid 


34 Prove that, when an oblate spheroid of eccentricity sm a moves 
par^Uef to its axi^ of figure with velocity 7 in mfimte flmd, the kmetro 

energy of the fluid is 

lA . -- 

(M.T.n.l910.) 

The eUinsoid j:*/a> + wW+ *’/<>’ = ^ “ surrounded by an infinite 
rZ of^ateS rotaSs ab^out the 'axis of .. Prove that the component 
velocities of any particle of the water. paraUel to the axes, will respectively 

be proportional to SN 

^~dy' 8x dz’ dy 0® ’ 

i = [ {(bTjr^ ■ V “’ + ■/- \b+<!>) 

• cz yi _ 

M 1 (a« 


+ 2 


M 


= 26> [“ — 
j « (o* 

'-"“■/I 


xydfp 


+ 0/ J (a* +1/«)^ (b* + (c* + 


(a« +./,)! (6» + ^)i (c» + ./i)i 

zxdtft 


(a* + 1 ^)* (6* + •Z')^ (c’ + 
and «is a positive quantity, given by the equation 

a . 


0® + €'^b* + €'^C* + € 

T> f haf if the eUipsoid be a shell filled with water, the values of L, M, N 
th 0 of" for the inferior limit, will similarly determme the ve ocity 

of “y jf P“^;,t7jd“ the potentials L,M.N. 

the surface of the eUipsoid, resp y gi [gnuth's Prize. 1881.) 


y 


+ 


= 1 . 



CHAPTER VIII 

MOTION OF A SOLID THROUGH A LIQUID 

8-1. In the foregoing chapters we have considered some 
simple cases of the motion of a solid through a liquid, chiefly 
from the kinematical point of view. It is now our pm^ose to 
establish dynamical equations for the motion of a sohd through 
an infinite mass of liquid, assuming that the motion of the hquid 
IS due entirely to that of the solid, so that it is irrotational and 
acyclic. The motion of the liquid is therefore given by a single¬ 
valued velocity potential, and by reference to 4* 61 we see that 
the problem is a definite one. 

8-11. The dynamical problem possesses features of special 
interest. It was first solved by Kelvin and Tait* by treating 
the solid and liquid as one system and using Lagrange’s equa¬ 
tions and the method of ignoration of coordinates. We shall 

approach the problem by a different method also due to Lord 
Kelvin. 


8-2. The Impulse. In the general problem which we have to 
consider, we shall suppose first that the liquid is finite in extent 
and limited by a fixed boundary or envelope, and we shall then 
proceed to the case of a solid moving in an infinite mass of hquid 
by supposing the boundary to increase in size until every part of 
it IS at an infinite distance from the moving sohd. We saw in 2' 71 
that any irrotational motion of a hquid may be produced in¬ 
stantaneously from rest by the apphcation of a suitable impulsive 
pressure at every point of the boundary, and we shall define the 
impulse of the motion at any instant to be the impulsive wrench or 
system of impulses that, apphed to the sohd, would generate the 
motion from restf. We shah caU this briefly ‘the impulse’. It is 
clear that the impulse is equal to the total momentum of the sohd 

and hquid together with the impulsive pressure on the envelope 
that bounds the liquid. 


* Natural Philosophy, Art. 320. 

t Lord Kelvin, ‘On Vortex Motion’, Tram. R. .S,k. Edh, 
and Phya. Papurs, iv, p. 15. 


. XXV, 18(10, or Math. 
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8-21 Example. It .vill be convenient to recall here the results ob_ 
s jl. sphere of radius a moving with 

tained in a simple ca^e 7 ^der consideration, by a 

concentric spher „«ip„lotedandshewntotendtoadefinitelimit 

motion instantaneously w^s alculate<^and he 

.hen 6 is is Lreased to infinity, and 

the same was she^.m to produce the motion always 

next article that * gpecial cases when the form of the 

Stpe"i« ihe impulsive pressure on the envelope and the 

momentum are indeterminate. 

8-22 The Impulse tends to a definite limit, *>« the 
Momentnm Is generallyindeterminate. Wehs™s™nin4-54 

“nhl that, whether the surrounding envelope he iimteo, 

“flrate, if the velocity potenti.l (or impuls.ve pressure) s each 
point of the surface of the solid is prescnbed. them is only one 
torn, of irrotatiooal motion possible. And tnnce any nmtatton.l 
motion could be produced instantaneously by the apphcation to 
the solid of a suitable impulsive wrench, and one and »ne 
„m of motion can arise from a given impulsive ™neh, .t follow. 

ftaT if the e,.velope be increased indefinitely so that ever, part of 

t becomes Infinitely distant from the t»lid, the sobd and hqutd 
tin raving a deliniie motion, this .notion ,««st still he the msul 
of a definil impulse. That is, as the envelope racmases without 

limit the impulse tends to a definite limit. 

tIs is „ 0 ?gener.lly true however of the impulsive pressure of 

the boundary. For the impulsive pressure at a point is measim 

b„;, and sice the envelope 1. fired the t.bes of fio. mmt U 

Start from and end on the surface of the moving sohd, so that at a 

great distance r from the sohd the velocity potential ^ inust be of 

fhe same order r-^ as the velocity potential due to a “et But 

the element of area of the infinite envelope is of order r . so the 

surface integral of the impulsive pressure on the envelope is m 

finim but dependent on the shape of the envelop, and 

fheretore indeterminate. Similarly the momentum IS in general 
indeterminate when the mass of liquid is infimte. 

8-23 Rate of change of Impulse=external Force. Con¬ 
sidering fii-st the case of a finite mass of liquid and using ax^ 
fixed in^pace, let I ,, be the x-componente of the impulse that 

would generate the motion from rest and of the impulsive pressure 
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on the envelope at time t; M, X the a:-components of the whole 

momentum and the external force acting on the solid; and 

(ly m, n) the direction cosines of the outward normal to the 
element dS of the envelope.' 



By the ordinary equations of dynamics we have 

dM ^ rr 

where the integration is over the surface of the envelope. 
But M = and ^ = 

where F (t) is an arbitrary function of the time. 

Therefore 


But 



dt 


W+F(t) Ids. 

, 



also F(t) is constant over the envelope and will give zero result 
when integrated, so that we get 


Now let the envelope increase until every part of it is at an 

infinite distance from the solid; then, as in the last article, d, being 

of order r~\ q is of order r-3 on the surface of the envelope, so that 

Jj q WS tends to zero, and /, tends to a definite limit /, therefore 
lor a solid in an infinite mass of liquid 
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As the motion, in general, would require an impulsive wrench 
to produce it instantaneously, and a linear impulse on the solid 
might result in an impulsive wrench on the envelope, we must also 
consider the rate of change of the moment of the impulse. 

With a similar notation let M'y N denote moments 

about the x axis of the impulse, the impulsive pressure on the 
envelope, the momentum and the external forces on the sohd. 

Wehave = N -jjp(ny-mz)d8. 

But M' = and = JJ pj> (ny~mz)d8, 

so that we get by similar steps 

= A 4- dS 

for the case of the finite envelope. When the envelope becomes 
infinite the surface integral vanishes as before and tends to a 
definite fimit so that 

—'— = A. 
dt 

8'24. Kinematical Conditions. Before translating the 
foregoing principles into formal equations of motion, we shall 
establish some kinematical relations. It will be convenient to 
take rectangular axes fixed in the body, the origin having 
velocities UyV^wm the directions of the axes, and the axes having 
an angular velocity whose components about the axes arep, r. 

If <!> be the velocity potential we may write* 

<l> = u<l>^ + v<f >2 + + ?X 2 + ^X3 .(^)> 

where denotes the velocity potential when the only motion of 
the body is a translation along the x axis with unit velocity, and 
Xi denotes the velocity potential when the body rotates about the 
X axis with unit angular velocity, with similar meanings for 

^2* Xzj Xs* 

If ly TYiy n denote the direction cosines of the normal at any 
point (Xy y, z) on the surface of the body, we have 

-^^^ = l(u-yr + zq) + m{v-zp + xr) + n{w-xq + yp) 
on 


* Kir nhh off, Mechaniky p. 224, 


( 2 ), 
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by equating the normal velocity of the liquid to that of the 
body. Whence by substituting the value of <f> from (1) and 
equating coefficients of u, v, w, p, q, r we get 



We may observe in passing that the values of etc. have 

been found in the case of an ellipsoid in 7- 5 and 7- 51, and that 

the problem of their determination is a definite one in the general 

case since they have to satisfy Laplace’s equation as well as (3) 

and ^eir derivatives vanish at infinity, for by hypothesis the 
hqmd is at rest there. 


8-3 Equations of Motion. Let r,. ^ X, p, v be the com¬ 
ponents of impulse, and X, Y, Z, L, M, N of the external force 
system acting on the body at time t referred to axes fixed in the 
body moving as in 8-24. At time t + U the coordinates of the 
origin referred to the axes at time t are uU, v8t, w8t, and the 
direction cosines of the axes referred to their former positions are 

(1, r8<, -gSi), (-r8<, l,p80, {qSt, -p8t, 1). Hence byresolving 
parallel to the new position of the z axis 

and by taking moments about the same line 

^ + ^X-=X + ixrBt~vqU-hr]wSt~Cvht + L8t, 
whence we get the six equations of motion 

i — =X, =L, 

+ ~ vpXr ~ = Mj 

t~iq-^'qp = Zf ^ ~Xq~\~ ^p ^ + = N. 

suggested by Lord Kelvin, these equations may conveni¬ 
ently be called the Eulerian equations of motion, since they refer 

to ax^ fixed in the moving body and correspond precisely to 
Luler s equations for the rotation of a rigid body*. 

* Math, and Pkys. Papers, rv, p. 70 footnote. 
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THE KINETIC ENERGY 


8*31. The Kinetic Energy. The kinetic energy of the liquid, 


by 4*71, is given by 




where the integration extends to the surface of the moving solid. 
From 8-24 (1) it follows that T is a homogeneous quadratic 
function of the velocity components u, v, w, p,q,r, so that we 

2T = Au^ + Bv^ + CvA + 2A'vw + 2B'iim + 2G'uv 


+ ^ + 2P'qr + 2Q'rp + 2R'pq 

+ 2p (F« + Gd + Hw) + 2q (F'u + G'v + H'w) 

+ 2r(F"w+G"t; + H"u;) ...(2), 


where the coefficients A, B, etc. by the help of 8-24 (3) can be 
expressed in the form 





J ^^3 , I ^*^2^ J C 


dn 


<f>2 


dn 


^‘dS,-A(4.,^^dS by 4-52 (ii) 


dn 


..(3). 


J'J' 71(^2*^’^ ~ 

j j xi 1^' =p j j xi i^y - 


etc. 


The kinetic energy of the solid is also a homogeneous quadratic 
function of the velocities, so that the whole kinetic energy of the 
solid and liquid is an expression of the form (2), wherein the 
coefficients are only represented in part by the expressions (3). 


8'32. Impulse in terms of Velocities. It is a well-knoivn 

dynamical theorem that the work done by an impulse is the 
product of the impulse and the mean of the velocities of its 
point of application before and after it acts. Accordingly an 
extra impulse 8^ in the x direction would do work hHu + m, 
where u + hi is the velocity in the same direction after the 
impulse 8^ has taken place; and if 8^ be infinitely small we may 
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take uS^ to represent the work done or the increase of kinetic 
energy. Hence when the ‘impulse’ receives infinitesimal in¬ 
crements S|, Srj, SC, SX, Sfj., Sv there is an increase of kinetic 
energy BT given by 

= + + + + .(1). 


But 


ST = !^8« + ^8. + f^8za + |:8p-f|’8, + g:S,...(2), 


du 


dv 


dw 


di' 


and if the velocities are all altered in a given ratio it is clear that 
the impulses will be altered in the same ratio, so that if we write 


we must also have 


Bu/u = Bv/v =... = Srjr = k, 
Hli == • *. = Bvjv = K. 


Whence by equating the two expressions for ST in (1) and (2) and 
substituting from the last equations we get 

'u^-\'VT] + wl^+pX-\-qyi~\-rv 

dT dT dT dT dT dT 
- “ 011+^ ^^ ^^=2 ... (3), 

since T is a homogeneous function of u, v, etc. 

By varying this last equation we get 


2ST — {uB^ + ^Sw) +... + (rSi/+ i/Sr); 
and therefore by subtracting (1) 


ST = f 8m -f + ^S?^; + ASp + ^Sg + vSr. 

since the small variations 

are arbitrary, we get 

Ihese results imply that the components of impulse are hnear 
functions of the components of the velocity, hence the kinetic 
energy may also be expressed as a homogeneous quadratic 
function of the components of impulse; and when T is so expressed 
we get from (1) the reciprocal relations 


KH 


U, V, w, J), q. 


dT dT dT dT dT dT 
dC ’ dr, ’ % ’ aA" ’ 0/^ ’ dv 
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8- 33. Equations of Motion. The equations of 8- 3 now take 

the form* ^ dT dT „ 

dv ^ dw^ 

ddT dT 0T 

dt dv ^dw ^ du 

ddT dT dT 

dt dw ^ du ^ dv 

d dT dT dT dT dT . 

'^dr^^dv ^ dw 
dt dq ^ dr dp dw du 

dt dr ^ dp ^ dq^ du dv 

In the case in which there are no extraneous forces we can 
obtain three integrals of these equations. Thus if we multiply 
them by u, v, w, p, q, r and add, we get 

+r^^ = 0.(1). 

"^dtdu^"'^ dtdr 

dT dT 

But 9r ’ 

^dT d dT ^ dT du ^ 

therefore ^Tt^^dtJu^dudt^ . ’ 

dT dTdudTdv , 3 , 

dt ' du dt dv dt 

,nil by subtracting (t) anil (3) from (2) we get the equaUon of 
energy or T-const. 

dt 

Again, if we multiply the first three of the equations of motion 
by dTjdu dTjdv, dTjdw and add and integrate, we get 

or f+ 7,2 +^2 = const., 

which represents that the linear component of the impulse or the 
intensity of the impulsive wrench is constant. 

• Kelvin. - Hv.lrokinetic solutions nnil observations', PAil. jui. P- 362, or 
Math, and i%s. I’a^cr.^, iv, p. 09. Also Kirchhotl, Mcchamk, p. 236. 
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And if we multiply the six equations by 

dTjdp, dTjdq, dTjdr, dTjdu, dTjdv, dTjdw, 

dTdT BT.dT dTdT 


we get 




+ 


du dp dv dq dw dr 


= const., 


or 


+ = const., 


which represents that the couple component or the pitch of the 
impulsive wrench is also constant. 


8-34. Directions of Permanent Translation. When there 
are no external forces the equations of motion of 8-33 are 
satisfied by p = q = r = 0, provided u, v, w have constant values 


such that 


u:v\w = 


dT dT 

du' dv ' dw 


( 1 ). 


In this case T is a homogeneous function of u, v, w only, of the 
form 2T = Au^ + Bv'^ + + 2 A 'vw + 2B'wu + 2C'uv ... (2). 

If we regard u, v, w as current coordinates the equation 

2T = const. 


represents an ellipsoid, and the equations (1) determine its 
principal axes. 

Consequently if the body be set moving without rotation in the 
direction of any one of the axes of this eUipsoid it will continue to 
move in the same direction without rotation*. 

The stability of the motions has been discussed by H. D. Ursell j*. 

8 4. Hydrokinetic Symmetry. The expression for the 
kinetic energy in 8*31 contains 21 constants, but the number of 
terms is reduced in particular cases. Thus the coefficients A', B\ 
C can always be got rid of by rotating the axes. Also 

(1) If the body has three perpendicular planes of symmetry 

the energy must remain unaltered when the sign of any velocity 
component is reversed, so that 

2T = Au^ + Bv^ + Cw^ + Pp2 _i_ Q^2 ^ ^^2^ 

(2) If the body is in addition a surface of revolution about 
Ox, the expression for 2T must remain unaltered when we write 

w, —r for w, r, v, q, respectively, for this is equivalent to 

* Kirchhoflf, Mechanik, p. 236. 

t ‘Motion of a solid through an inanite hquid Proc. Camb. Phil Soc. xxxvn, p. 150. 
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turning the axes of yz through a right angle; hence B = 0 and 
Q=E, so that 

2T = Au^ + B(v^ + w^) + Pj) 2 + Q (3“ + r*). 

The same expression holds when the solid is a right prism 
whose cross section is a regular polygon . 

(3) When the body is similarly related to the three planes of 
symmetry as in the case of a sphere or cube we have 

2T = A(u'^ + v^ + w^) + P{p^ + q^ + 'r^)- 

(4) Another kind of symmetry is that represented by the 
expression 

2T = A (mH +-P (P** + 9*+ ’■*) + 

the form of which is unaltered by any changes in the directions of 
the axes, and any direction is one of permanent translation. 
Such a solid is said to be ‘heUcoidaUy isotropicf. 


8-5 AppUcations. Sphere. Taking «. a, w as the components of 
velocity of the centre of the sphere 



2T = A{u^ + v^ + iv^), 

where 

ij, = U^i + V<f>i + » 

and 

o>x a’cosfl 
" 2r3 2r3 

Hence 

A=^MApll<l>ildS 


= M + rrpa^ f J COS® dsin Odd 


= M + W, 


where M' is the mass of liquid displaced. 

Therefore 2 T = (M + iM')(u» + a* + w>). 

and ,.? = (M + iAP) (“.«.«')• 

The equations of motion, in this case, become 

(M + m') (u, V, w) = (X,Y, Z), as in 7-13, 

V V 7 are the components of external force on the sphere. 

exert on the liquid displaced by the sphere. 

* Larmor, ‘ On Hydrokinetic Symmetry’. Quart. Journal, xx. p. 261. or Kirchhoff, 

to Ke'Ivi;? Hydrokinctic solutions and observations’. Phil Mag. xi.n, p. 365, 

“pofothetfJXi Strumt's HyJro,lg,.,nic.. Art. 120, or Urmor. loc. oil. 
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8 51, Solid of Revolution, Taking the axis of the solid for axis of x, 

2T = Au^-hB{v^-{-w^) + ep^-{-Q(q^ + r^) .( 1 ). 

Assuming that there are no impressed forces, the equations of motion of 

8*33 become . . _ 

Au = Brv-— Bqw . ( 2 ), 

Bv = Bpw — Aru .( 3 )^ 

Bw = Aqu~ Bpv .( 4 )^ 

= ® .( 6 ), 

Qq ={Q-P)pr-i-{B-A)uw . ( 6 ), 

Qr = {P-Q)pq'hiA-B)uv .(7), 

From (6) we see thatp is constant throughout the motion. We can also 
deduce as in 8*33 three integrals 

T = const. 

^ V + R2 (ya + ^ /a . 

-^Pup-i- BQ{vq-}-u>r) = IQ .(10), 

where 1, G are the constant components of the impulsive wrench at any 
mstant. 

From (1), (2), (8), (9), (10) we can eliminate w, r. Thus 

B^{v^ + w'^) = I^-Ahi^, 

Q{q^-\-r^) = 2T~Au^-B{v^-\-w^)^Pp^ 

BQ{vq-\-tur) = IQ — APup, 

therefore 


(ry — qw)^ 

= B^ {(y2 + w^) {q^ + r2) - (yg + v/r)^} 

a pol^omial of the fourth degree in ^uso that Au is an eUiptic function of 
the time. 

Again, if we put vjw=tan we have 
{v^ -j- w^)ip = wv ~ vw 


~p{v^‘i-w^)~Au{qv-\-rw)/B, from (3) and (4). 

Therefore jZ = n — lO — AP up 

^ ^ Q‘ P~AW ' 

having expressed u in terms of the time, the last relation gives v/w 
and (9) gives v‘ + w’‘, thenp being constant (8) and (10) determine q and r, 
so that all the velocity components are determined. 

elliptic functions was first performed by 

liirchhoff, and the problem has been discussed at length by Greenhill* and 
others. 

♦ American Journal of Mathematice, 1898, 1906. 
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quadeantal pendulum 

8*52 Solid of Revolution—Quadrantal Pendulum. The case 
considered in 8-51 is much simplified if the axis of the soUd moves in a 
fixed plane. Taking this as the plane xy vie ha,v& w = p-q-0, and the 

equations of 8*51 bccorne 

Au=BrVy Bv= -Aru, Qr = [A-B)uv, 



the three integrals reducing to two 

Au^ + Bv^ + Qr^ = const., 

and + = A 

the third being an identity, as the ‘impulse’ at any instant consists of a 

n te ufe^roordinates of the centre of gravity o of the solid referred 
to axes fixed in the given plane whereof the x axis coincides with the fine 
of the impulse I and makes an angle 6 with ox. 

r = d, Au=lc 03 dy Bv^-lsmd, 

30 that the first two equations of motion are satisfied identically, 
the fact that the impulse is fixed in magnitude and direction. The third 


equation gives 


Q$ + cos 0 sin 0 = 0 


( 1 ). 


( 2 ), 


or, if we write 20 = <^, ABQ ^ . 

shewing that the motion corresponds to that of a simple penduluin, the 
body moving according to the same law tlirough a quadrant on each side 
of ite moan position, as the common pendulum with reference to a half 
circle on eacLide. A body moving in such a manner is called a QuadranUd 
Pendulum*. This motion is acquired by a solid of revolution in an i^mte 
mass of liquid when it is given a rotation about an axis perpendicular to its 

axis of figure, or simply projected Without rotation. 

The body, as it moves, may make complete revolutions or it may oscillate 
about a mean position. 

(i) In the case of complete revolutions we may write the first integral 
of (1) 

where oi is the value of 0 in the position 0 = 0 and 

u>-k^ = (A-B)PIABQ .(*)• 


* Kelvin and Tait, Natural Philosophy, § 322. 
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Hence wt— ^ 

® {1 — K^sin^ 

- / ^- 1 -r, where ^ = sm 0. 

Therefore sin 0 = ^ = sn co^.( 4 ), 

where /f, as given by (3), is the modulus of the elliptic function. 

(ii) In the case of oscillations through an angle 2a about the position 
0 = 0, we may write the first integral of (1) 

\ sm^a/ 

= .( 6 )- 

Therefore wt = T , or if sin 0 ={ sin a, 

(sin^ a — sin^ 

= sina/'^__ 

Jo 

SO that sin0=^sina=:sinasn(to^coseca) .(6), 

where sin a, as given by (5), is the modulus of the elliptic function. 

To find the path of the centre of gravity we have 

x = ^^cos0-^;sin0=/f'^4-®-^-!f^ 

\ A ^ B 

and y = wsin0 + vcos0=/^l_.^^sin0cos0. 

Hence in case (i) 

“■^|z'^(:^“z)®"“from (4), 

lU-dn^ojh 

U'^Ib a ) I 

- r/J _■ ^-■g \ , 

^{a'^ABk^) ABk^ dn wt 

= + ^J") ~ dn® 

Therefore ^ + 9^^ t~9^E(cjt, k), 

where E is the elliptic integral of the second kind. 

Similarly y = J sn a>«cn a>r, from (4), 

j{A — B)diiwt 
AB 

= ^ dn (jjty from (3). 


therefore 
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In case (ii). in like manner, putting v for wt cosec a, 

I 0^ Lz^, from (5). 

A I sm* a 

Therefore x = (J + «““)• 
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Similarly 

therefore 


Jsina 


0= ^^sinasnijdnv, 

^ AB 


.U-B) . 2 

zz/L-rr-sm^a 


ABu) 


cnv 


= ^ cn (wt cosec a, sin a) 


In either case we see that the velocity of the centre of ^avity consists of 
a constant part in a 6xed direction together with periodic parts along and 

perpendicular to this direction. 

There is an intermediate case in which 

ABQw^ = {A-B)l\ 

corresponding to ,c= 1, or a= v/2; then we have 

d=w cos 0, 

cuf = log tan(j7r+ ^0)* 


so that 
Also 


= tanh^ wt. 


and therefore 


Also 


Qw^ 


^=[2+1 


I _ 9-^- tanh wt. 


^ ^sin0cos0 

AB 

o ® 

_ _ tanh wt sech wt, 

so that y = r “’‘• 

In case (i) the curve described by the centre of gravity does not cro^ the 
line o "he impulse, but in case (ii) the curve is a sinuous one «o^.ng h 
line of the impulse nt regular intervals, the points of crossmg marking the 

8'53 Cylinder. In the two-dimensional motion of an infinitely long 

cvfinde’r in an infinite mass of liquid, the expression for the kinetic ener^ 
included between two planes perpendicular to the length o e cy 
at unit distance apart is 2 'p - An^ + Bv® + Qr^y 

with the same notation as in the last article. The motion of the cjl” 

therefore given by the rcsultsof thcprccedingartiele. The cur ves desert W 
by the centre of Uie cylinder are to be found in Lamb’s Hydrodynamus, 

1932, p. 176. 
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8 *54. Stability. Let us consider the stability of a solid of revolution 

moving uniformly along its axis of figure. In the equations of 8 * 51 we may 
put u=:Uq + u' and regard u\ v, w, p, r as small, then we get 

Au'^0, Bv=z—AruQ, Btb = AquQt 

Pp = 0, Qq = {B-A)u^w, Qr={A-B)u.v. 


Hence 


j^..A{A-B) , ^ 

Bv+~^ '^ 0 ^ = 0 , 


with similar equations for w, q and r. 
Therefore the motion is not stable unless 
For an ellipsoid we have 

A —31 + p fj(jiyldi 


and 


so that 


similarly 




// 


A — M+ ^irpahc , 

iJ — ao 

B = M+^pabc^^. 


Hence we have^ > B, provided ao > ft. where a„, ft are as defined iuT-S. 

^d ao>^o requires that a < 6 ; thus it follows that when an oblate 

spheroid moves uniformly along its axis the motion is stable, but for a 

prolate spheroid the motion is unstable. This accords with the observed 

tendency of a body to turn its flat side or its length across the direction of 
its motion. 


Now let us suppose that the 
solid of revolution is moving with velocity along its axis and angular 

ve ocity Pq about its axis. When a shght disturbance takes place we may 

put « = Mo + «',?> =Po +p' and regard u', v, w, p', q,ras small. The equations 
ot motion of 8*51 become 

Au'^ = 0, Bv = Bp^w~ AuqT, Bw = Auoq~ Bp^v, 

-Pp'= 0 , Qq={Q~P)p^r-\.(B^A)u^w, Qr=^{P--Q)p^q-i-{A-B)u^v. 
These give u = const., p' = const., and if we assume that 

V = Ai w = Xz ^ = A 3 r = A 4 

- PPoh + A 4 = 0 , 


BiaX^ ~AuqX^ + Bpq A^ = 0 , 

e^VAs + (P - Q)p^X^ + (A~B) Wo A 3 = 0. 

QiaX, - (P- g)poA 3 -{A~B) WoAi = 0. 

The elimination of Ai, Ag, Ag, A 4 gives a biquadratic for a, 
into two quadratics 


which resolves 


BQo‘±BiP-2Q)p„„-{B{P-Q)p^2 + A{A-B) V} = 0 , 

and the condition for real roots, which must be satisfied for smaU oscilla- 
tions, IS that 

(P-2Q)’po'‘ + 4Q{P-Q)p^i + i^^A-B) 
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HELICAL PATH 


should be positive, or that + 4 ^ (/I — B) Quq* 
should be positive. 

This condition is always satisfied if ^ > B; and when B> A the condition 
can be satisfied by making pQ largo enough. That is, an elongated projectile 
can be made to move in the direction of its axis by giving it a sufficiently 
great angular velocity. This explains the necessity for the rifling of guns. 
But Ursell has shewn that for some bodies a steady translation can be 
made unstable by rotation, loc. dt. p. 195. 

8*56. Steady motion of Solid of Revolution in a Helical Path. 
As in 8-51 when there are no external forces we have 

Au = B{rv- qw), Bv = Bpw - Aru, Bw = Aqu - Bpv, 

Pp = 0, Qq = {Q~P)pr + {B~A)uw, Qr = {P-Q)pq + (A-B)uv. 

If wo make the hypothesis that ru - = 0 the equations are satisfied by 

u = const., and v^ + w^ = const., 
and we have also p = const., and = const. 

Let F, 0 be tlie impulsive force and couple that constitute the impulsive 
wrench at any instant; since there are no forces the axis OZ of this wrench 
is fixed in space. Lot 0' bo the centre of gravity of the body, O'O perpendi¬ 
cular to OZ and F, O' the force and couple components of the impulse 
referred to 0' as origin. Then t;, I are the components of F and A, g, v 

those of O', wliero ^-Au, By, Bu;, 

and A, p, 1 '= Pp, Qqy Q^’ 

Since rv = qWt the direction of the motion of 0 given by (m, v, ta) is 
coplanar with F and O', i.e. in a plane perpendicular ^ 
to 00'. Therefore 00' is of constant length. 

Again, if U denote the velocity of O', so that 

U^ = u^ + v^ + w^, 

the angle between U and F is given by 

, Au^-h Biv^-hw^) 
cos (f> =--= const. 

Therefore 0' describes a helix round the axis OZ 
of the impulse, the velocity parallel to OZ being 

C7coS(^, 

and the plane ZOO' turning rouiid OZ with angular velocity 

Usin^/00'. 

% 

The axis of the solid of revolution, its direction cosines being (1, 0, 0), 
and the instantaneous axis of rotation {p, g, r) are also clearly coplanar with 
F, O' and make constant cuigles with OZ. Hence the motion is a steady 

motion. 

8-57. Steady motion of Isotropic Helicoid under no forces. In 

2T = A{u^Av^ + w^) + P(P^’hq^-^r^)-h^L{up + vqAwr) 

= A U* + pa* + 2mu cos 0, 

where U, Q are the resultant linear and angular velocities and 9 the angle 
between the direction of U and the axis of fl. 
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Representing the impulsive wrench as in the last article, we have for the 
components of F and 0 \ 

77, C = A (m, V, w) + L{p, q, r), 

A, txy v=P{p, q, r) + L{u, v, w). 

Therefore F is the resultant of vectors A U and LQ, and G' is the resultant 
of vectors PCI and LU, 

Hence as in the last article the directions of the vectors U and must lie 

intheplar\e ofi^, G\i.e. in the plane through O" perpendicular to 00'. As 

before 00' is of constant length, and therefore O' and the angle G'O'F are 

constant and therefore U and Q are constant and make constant angles 
with F, 

As in 8*56 O' describes a helix. 

Also U is the resultant of 


PF 


AP^L^ 


and — 


LO 


AP-L^* 


and if the angle ^0'0' = a, 0'cosa = 0. and G'sina = i^^.OO'. 

Hence the velocity of O' parallel to OZ is 

PP LO' COS <x PF-LO 
^ AP-L^ AP-L^-^P-L^' 

where p is the angle between U and 02; and the angular velocity about 
OZ is ^ 

U sm p_ LG'aincc LF 

OO' 00' {AP-L^)~ ~AP^^- 

Hence the pitch of the helix \s {LG~~ PF)ILF. 

Since n is the resultant ofand--j^^^ it is also completely 

detennined when the impulse and the distance of the centre of gravity from 

the imp^e are known, and thus the motion is completely determined in 
terms of these data*. 


8-6. Two Spheres. Though the general discussion of the 
motion of two or more sohds through a liquid may be regarded as 
beyond the scope of this book, there are some special cases which 
are capable of treatment by fairly simple methods so far as 
aproximate results are concerned. The first of these is the motion 
of two spheres, moving (1) in their line of centres, (2) in parallel 
directions at right angles to their line of centres. 


8 - 61 . Two spheres moving in their line of centres. 

Let A, Bhe the centres, a, 6 the radii, c the distance AB and U, V the 

coirH t f ^ <'■’ ('■'> be polar 

coordinates of a pomt P measured as in the figure. 

^ method of constructing an isotropic helicoid see Kelvin ‘Hydrokinetic 
observations’, Phil. Mag. .XLn, or Math, and PAys Pa/j, iv p 73 

or other c^es of motion of an isotropic helicoid see Jliss i’awcet/ ‘ Note’on the 
motion of sohds in a hquid’. Quart. Journal, xxvi, p. 231. ‘be 
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The velocity potential will be of the form 

and the kinetic energy of the liquid will be given by 

2T = LU^-^2MUU' + NU'* .( 1 ). 

where as in 8*31 

.( 2 ). 


p 



To find the values of <f>, we might use the method of successive images, 
each sphere when alone in the liquid producing the same effect as a doublet; 

but it is simpler to proceed as follows. 

The boundary conditions to be satisfied are 

- cos0over.4, and |^, = 0overB; 

= 0 over A, and - cos 6' over B. 

dr ^ 

If the sphere A were alone in the liquid, moving with unit velocity, we 
should have a velocity potential ^ 

^i = i^co3 0, 


which would make d<l>ildr= — cos 6 over A* 

cos & r cos 6 c — r' cos 6' 


Now 


r* {c*-2r'ccos0'+r'*}i 
= A f 1 + — cos 0' +... V 


Hence, near B, we have 


o 




2r' cos 6' 


giving a normal velocity over B — — ^3 cos 6 . 

This normal velocity might be cancelled by the addition of a velocity 
potential 


, a^6* cos 6' 


and, as above, the value of this near A 



IS 

2rco3 

c 



giving a normal velocity over A= —^ cos u 
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This normal velocity might be cancelled by the addition of a velocity 

potential « 

^ cos d 

98 — i , and so on. 

To this order of approximatron, i.e. neglecting a«6Vc», we have 

^ = ‘^i + ^a + ^8; 


and, on A, 


while, on B. 


Hence 


/ CL^b^\ 

^ = const. + + 3--g j cos 0 .(3)^ 


a 


3 


if> = const. + ? 6 cos 6' 


(4). 


■/. 


dr 


27ra2sm Odd 




)/ 


TT 


cos^ ^sin Odd 




Similarly 


M = 2„p and 


iV = §,rp6»^l + 3“-*-j .(5). 


If we put U— U' and a_6, the motion is symmetrical about the plane 

bisecting at right angles, which may be taken as a fixed boundary. 

Hence for the motion of a sphere at right angles to a fixed plane boundary 

at d^tance ^ = Jc, the kinetic energy of the liquid being half that just 
obtained is given by * 

2r=s.pa3c;a(i + j“;+...).(6) 

If m, m' are the masses of the spheres, for the whole kinetic energy in the 
general case we have 

2T^{L + m)m-^2MUU'^{N + (7). 

K we now assume that Lagrange’s equations* may be applied to the 
whole system and let x, x' denote the distances OA, OB, where O is an 
origin on the line of centres, we have 


2T = {L + m)x^~ 2Mxx' + (iV + m')x'^ 
and x' — x = c, so that 


( 8 ), 


d 

dt 


{(L + m)x-Mx-} + i _ 2 si' + x'A = X 


do + ac ^ 


...(9), 


acting on the spheres in the a: direction, 
lo a first approximation, assuming that a and b are small compared to 
c, and retainmg only the most important terms, we have 


dh 

dc 


= 0 , 


dM ^ a^b^ 

— __67rp^, 


m 

dc 


= 0 


( 10 ). 


of this assumption reference may be made to Lamb’s 
Hydrodynamics, chap, vi and Kelvin and Tait’s Natural Philosophy, §§ 319, 320. 










TWO SPHERES 


8 * 61 - 


206 i .. V. - 

(a) If the spheres both move with constant velocity the force necessary 
to maintain the motion of A is 


^ dM BM.., BM 




^•'2 = 67rp^x'* 


(llh 


This force is directed towards B and depends only on the velocity of B, 
so that two spheres projected towards one another would appear to repel 

one another. 

(jS) If the spheres perform small oscillations about fixed positions, we 

x = Acosp<, 

x' = c + X' cos (pf + e). 

The mean value of X is then the mean value of 


which 


AA'p^ sin pt sin {pt + c) 
Be 

n3/)3 

= 37 Tp —^ AAy cos € ... 


( 12 ). 


The force is therefore repulsive if the difference of phase c is less than a 
quarter period, and attractive if more than a quarter period. 

(y) Let U=U' and a = b so that the motion is symmetrical about the 
piano bisecting at right angles, then this plane may be taken as a 
fixed boundary, and we conclude from (a) that a sphere movmg at right 
angles to a fixed plane boundary is repeUed from the boundary. 

8' 62. Two spheres moving in parallel directions at right angles to the line 
joining them. 

Let r, V' denote the velocities, and with the same notation, but 
measuring 9, 9' as in the figure, the velocity potential is 

where -cos 0 over and |j^, = 0overB; 

=0ovcr.d, and over B. 

dr dr 

As before, a velocity potential ^ 

would make B<l>ilBr=- — cos 0 over A. 

And, near B, we have 

^, = i"%cos9=i~’r'cosr. 

/ 

giving a normal velocity over B = "■ i ^ ’ 

This normal velocity might be cancelled by the addition of a velocity 
potential a l3 
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and the value of this near A is 


, 1 O 

^2 = i—r^cos d, 

O 

giving a normal velocity over 4 = — ^-cos 6 

* c® 

This normal velocity might be canceUed by the addition of a velocity 
potential ^ 3 ^, 

= \ —:6“ and so on. 

C 

To this order of approximation, i.e. neglecting a^d^/c®, we have 




and, on A, 

+ ) cos 0 . 

. /13) 

while, on B, 

\ * c« / 

= . 

.(14). 


P 



Hence if the kinetic energy of the liquid be given by 

2T = L'V^ + 2M'VV'-{-N'V'^ .(15), 


we have 


// 




-TTpa^l + J — 


) /: 


cos^ 0sin ddd 


= §wpa3(l + f^); 




similarly 


■//• 


(16). 


J 


If we put F = P and a = 6 the motion will be symmetrical about the 
plane bisecting at right angles, so that the kinetic energy of the liquid 
due to the motion of a sphere parallel to a fixed planfboundarv at 
distance h _ c/2, bemg half the kinetic energy in the last case, is given by 

2r=§.pa3F^(l+_:.^?!+.,.) . 


(17). 
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Reverting to the case of the two spheres, for the whole kinetic energy we 

may write 2T = {L' + m)V^-\- 2M'VV' + {N' + m')V'* .(18), 

and taking an origin 0 on the line of centres so that if OA = x and 0B = x', 

L\ M\ N' are functions of c or x'~x, and retaining only the 

most important terms, 


dL' 


= 0 , 


dM' 


dc * 5c 

Hence the equation of motion 

d(d 
dt\dx 


= — Snp 


c* * dc 


= 0 


(19). 



dx’'^ 


gives 


cc 


( 20 ) 


dt 


as the force in direction AB necessary to maintain the motion of A, It 
follows that two spheres moving in the same direction in parallel lines 

attract one another. 

8*63. Sphere moving in a Liquid with a plane boundary. This 
cose which, as we saw in 8-62, can be deduced from the case of two 
spheres, is also capable of simple independent treatment. 

Let the x and y axes be parallel and perpendicular to the wall. Then 

2T = Px^ + Qy^ .( 1 ), 

where P, Q are functions of y only, and the term xy cannot appear 
because changing the sign of x cannot affect the kinetic energy. 

The equations of motion are 

{Px) = X 

. 

where X, Y are the forces in the directions of x and y. 

If there are no external forces and the sphere is moving at right angles 
to the wall. x = 0 and, since the kinetic energy is constant, therefore 

$ 1 /* = const.(3)* 

But from (17) of 8'62 and (6) of 8*61 

P = m + frpa® ^1 + 

Q = m + |irpa3^1 + |'3^ 

so that P and Q both decrease as y increases, therefore y increases as y 

increases or the sphere has an acceleration/rom the wall. 

Again, if the sphere moves parallel to the wall, so that ij = 0, there must 

bo a constraining force , 5F .« 


(4), 


_ n 


- itf 




(5) 


acting away from tlie wall, so that the sphere is attracted towards the wall. 
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This problem was discussed by Stokes*, wlio obtained results (6) of 8*61 
and (17) of 8-62 by asoraewhat similar method. Some results were given 
by Kelvm and Taitf. and for further information on the subject of the 
motion of two spheres reference may be made to papei-s by VV. M. Hickst, 
R. A. Herman§, and A. B. BassetH. ^ 


EXAMPLES 

1. A homogeneous liquid is contained between two concentric spherical 
rjgid envelopes of given masses; these bounding surfaces are set in motion, 
the one with velocity U, and the other with velocity V, in pcrpendiciilai’ 
directions; find the impulses which must be applied to the envelopes to 
produce the motion, and determine the motion of the lluid at any point. 

(Coll. Kxam. 1893.) 

2 The space between two coaxial cylindiical shells of radii a, b is filled 
with mcompressible liquid of density p. The outer shell, of radius a is 
suddenly made to move with velocity U-. shew that the impulsive force ,’;er 

applied to the inner cylinder to hold it at rest is 
2npa%^UI(a-b^). (Trinity Coll. 1901.) 

3. A uniform sphere is surrounded by a uniform incompressible fluid of 
the same density, imtially at rest and extending through all space. The 
sphere is set m motion by a blow P along a diameter. Provo that its 
resultmg velocity is jP/A/, where M is its mass. (Trinity Coll. 1909.) 

4. An mcompressible perfect fluid of mass m is contained between two 
ngid concentric spherical envelopes, the outer of radius b and mass M, the 
nner of radius a and of no mass. The system is started from rest by an 
impulse normal to the outer envelope. Prove that the initial momentum is 
^ared between the envelope and the fluid in the ratio of A/(2a= + 63) to 

(Trinity Coll. 1904.) 

5 Asphereof radius a ism.ade todescribeacircle uniformly in an infinite 
thaJ theTesfIt" pressure at any point of the sphere. and she w 

StL ciref r (2,1/3) towards the centre 

of the circle, where a is the radius of the sphere, c the radius of the circle 

described by its centre, a, the angular velocity. (Trinity Coll. 1907.) 

6. A solid body is moved in any manner in an unlimited liquid find the 
motion set up and shew that if the body be moved w ith unit velocity along 
O^. the momentum set up parallel to Oy is equal to that set up pamllel to 
Ox by movmg the body with unit velocity along Oy. Also if tlie body bc 

-omentum ^St^l 

moS bod generated aroiuid 0.r by 

moving the body with unit velocity parallel to Oy. ^ 

Pkys. 

t Natural Philosophy, §§ 320, 321. 

I ‘nr'i'r ^ 1880, p. 455 

xxn, p. 2M “ Problems’, Quart. Journal, 

‘On the Motion of Two Spheres in a Liquid’, Proc. L.M.U. xviii, p. 309 

RH 
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7 A pendulum with an elUptical cylindrical cavity filled with Uquid, 
the generating lines of the cylinder being parallel to the axis of s^pension, 
performs finite oscillations under gravity. If I be the length of the equi¬ 
valent pendulum, and I' the length of the equivalent pendulum when the 

liquid is sohdified, find I and V, and prove that 

^ m 1 

~ ~M + ma^ + b^ h* 

where M is the mass of the pendulum, m of the Uquid, h the distance of the 
centre of gravity of the whole mass from the axis of suspension, and a, 6 the 
semi-axes of the elUptic cylinder. (M.T. 1878.) 


8. A pendulum, of mass M, with an ellipsoidal cavity (semi-axes o, 6, c) 
filled with liquid of mass m, 

c-axis of the ellipsoid; prove that the length of the equivalent simple 
pendulum is + rn{d^ + (a* - ’■> 


where K is the radius of gyration of M about the axis of suspension, d the 
distance of the centre of the eUipsoid and I the distance of the centre o 
gra\’ity of the whole mass from the same axis. (Coll. Exam. 1898.) 


9 In the midst of an infinite mass of homogeneous incompressible 
liquid at rest is a spherical surface of radius.'a, which is suddenly strained 
into an equal spheroid of small ellipticity. Find the kmetic ener^ con- 
taincd between the given surface and an imaginary concentric spherica 
surface of radius c; and shew that if the imaginary surface were a real 
boimdary surface which could not be deformed, the kinetic energy m this 
case would be to that in the former case in the ratio 

c^f3a^ + 2c^):2(c®-a^)*. (M.T. 1878.) 


10. Find the ratio of the kmetic energy of the infinite liquid surroundmg 
1 mo%ing with a given velocity in its equatorial plane, to 

spheroid swing ns the bob of a ponduium under gravdy- f'ie distanoe be^ 
tween the axis of suspension and the axis of the spheroid bemg c, the length 

of the simple equivalent pendulum is 

{l + P)c + ‘iaVc 

* 

where a is the equatorial radius, p the density of the spheroid - ‘hat of 
tho liquid. 

,, Asphereofradlus^^dto^^ 

Sin” thri “he'bouhdory is .1. distance c such that (a/e)-1. n.giigife 
ti,: Lillee thrust on the boundary is «•. ««« ™ 

sot up in the liquid. 

12 A small sphere of radius a is moving with uniform velocity U m 
V 1 i- Icn tv at rest at an infinite distance, in a direction at right 

511 ;:::r„Lr,.ln«. b.»ndar,. Sh.t. .bat, when it is a. • d.»h»* 
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from the boundary, the pressure at a point on the boundary at distance ^ 
from the centre of the sphere is 

. e \ eJ’ 

where D is the pressure at an infinite distance, and higher powers of a than 
o are neglected. (M.T. 1920.) 

13. Shew that for a rigid body moving under no external forces in 
iniiuite fluid at rest at iniinity there are: 

(i) three directions of permanent translation; 

(ii) three permanent screw motions such that the corre-spondinK 
impulsive wrench reduces to a couple. 

Shew further that in general the impulsive wrenches needed to start the 
luotions m (i) do not reduce to single forces, but that if the body has a plane 
of symmetry the motions (i) can be started by single impulsive forces and 
the screw motions (ii) consist of pure rotations. (M.T. 1925 ) 

U An elliptic cylindrical shell, the mass of which may be neglected, is 
filled with water, and placed on a horizontal plane very nearly in the 
position of unstable equilibrium with its axis horizontal, and is then let go 
When It passes through the position of stable equilibrium, find the 

sZ^h y cylinder (i) when the horizontal plane is perfectly 

smooth, ( 11 ) when it is perfectly rough; and prove that in these two cases 
the squares of the angular velocities are in the ratio 

(a^ — 62)2 + 462 . (^2 _ 

2a and 26 being the axes of the cross section of the cylinder. 

(M.T. 1886.) 

15- A solid ellipsoid of uniform density is set rotating in an infinite 

vXctv impulsive couple; find its angular 

(M.T. 1882.) 

16. A cylinder is moving in an infinite fluid, and the motion is defined by 

If 2T=Ta2r9« to its simplest form, 

equation “ +-Kw‘ and there are no forces, prove the 

If0 + {(A - B) sin 0 cos 6 +(cos2 0 _ sin^ e)}/{A = o 

where J is the resultant momentum (linear). (St John’s Coll.’l895 ) 

2T _ . (p62 + aab) U- + ^ (^„2 + ^ ^ 

and that at any time 1- + -— J , rir/ „ 

l8^p 4 a 2 _ 52 |<'+tlg = 0. 


14-2 
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18 . A prolate spheroid 

Se °f" the Spheroid I at the sanie time spiiu^g about its axis with 

an angular veloeity greater than {f (Q-P)} . where P and Q are the 

effective inertias the sph^oid 

dicular axis respectively, and A, P are tne en ^ 

about those axes. 

1 q A solid ellipsoid of density a is placed inside a fixed concentric con- 

19. Asoliueiiips ^llin^nidalsheUandthespace betweenthemis 

focal and similarly si u Loposing that the whole matter attracts 

«-> „ •1»- 

the time of a small osciUation is given by 

47r2 _ 7rp(g-p)-^ 

T* "ff + P ____T-X 

2 abc(2~ — (2 —A) 

.h.™ a.i.c ..a y, «•th. llh. .»« »d ta», ,Uip«,id. 

and ^ ^ 


0 (a» + A)4(6^ + A)^(c’ + ^)^’ 

with a similar expression for A' 


(M.T. 1881.) 


til t* X 

1 • IT rxiflftl shell without mass be filled with water, and set 
will be determined by three equations of the fom 

rauX^irrevJutio-^^^ 

r*S‘ur».r ““ “"" 

will, E»ler', noW»n. •!”'"«! f ♦> md !«••" 

i»P~«i i^. r. .h« 

,= -^(^-i)sin0cos0cos^, ^_^(--5)sinflco3asmf 

^ + cos0.^ = w,. G3in*00 + Oa)5cosa=£, 

(?0* + Gsin*0i/'*+Ctos* + .F \ il B / 

wl,.,. —1 

solid of revolution With a bar Of soft iron in Its axis, mo ng 

in a uniform magnetic field. 



EXAMPLES 


213 

22. A rigid body immersed in a liomogeneous incompressible liquid at 
rest extending to infinity is set in motion by an impulsive couple: prove 
that its subsequent motion relative to a certain point O fixed in it is the 
same as if a certain ellipsoid, fixed in it with its centre at O, rolled on a 
fixed plane; and express geometrically the variable velocity of translation 
necessary to complete the representation of the actual motion. (Lamb.) 


23. The presence of an infinite liquid increases the apparent inertia of a 
moving sphere by half the mass of the liquid displaced. Shew that this in¬ 
crease is raised in the ratio 1 + 1 nearly, if the liquid is bounded by 

an infinite plane perpendicular to the direction of motion, and at a great 
distance ^ from the centre of the sphere, whose radius is a. 

(Trinity Coll. 1895.) 


24. Two infinite parallel circular cylinders in an infinite fluid are pro¬ 
jected (i) in opposite directions along a line at right angles to their axes, 
(ii) in the same direction perpendicular to this line. Prove that they 
experience in the two cases respectively a mutual repulsion and a mutual 
attraction. (Trinity CoU. 1894.) 


25. A sphere of mass A/, displacing a mass M' of fluid, is projected with 
velocity P nonnally to an infinite rigid plane with which it is in contact; 
show that its limiting velocity is 

r 3Af' * 1 

'^2M + n^\ ' (Trmity Coll. 1898.) 


26. Find the complete system of images which will represent the 

motion of a sphere perpendicular to an infinite bounding plane; and shew 

that, if the density of the sphere be the same as that of the fluid, the ratio 

of the velocity of the sphere at impact to its velocity at an infinite distance 
from the plane is / . i 

■'(fi)* (M.T. 1,890 


27. Find the nature of the interaction between two spheres moving in a 
liquid of infinite extent (i) when the spheres each make small vibrations 
along the line of centres, (ii) when one vibrates and the otlier is at rest. 
[Take the kinetic energy of the system to be 

i (Lu^ — 2Muv -f Nv^), 

1 + 


3a363\ 

m, m' are the masses, a. 6 the radii, and w, v the velocities of the spheres, 

c the distance between their centres, and only the lowest powers of a/c and 
b/c are retained.] 

Mention some experimental evidence of the results obtained. 

(M.T. 1911.) 


N=:m' + ^Trpb^ ^1 -H 


3 ^ 63 \ 


M=.2np^y 


where 


L = m -I- 
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° 1.11. a« .1 fig™. ..d >■.*•“»« •’>“• “ 

p„...«, 

states of steady motion translation and rotation are m a plane 

.ni angle, wilh that aala wblle 

.f ...ejy "r fh. axla’ot .g.,. by .ha 

Sr;n.isr ItUan being ™a,.. 



CHAPTER IX 


VORTEX MOTION 


9* 1. So far we have confined our attention almost entirely to 
cases involving irrotational motion only. But we saw (4* 1) that 
the most general displacement of a fluid involves rotation of 
which the component angular velocities at a point {x, y, z) are 



where u, v, w are the components of linear velocity at the point. 
We also saw (2’51, 2*6 and 4*24) that if at any instant the 
motion of a fluid mass is irrotational under the action of conserva¬ 
tive forces it remains irrotational for all time. In this chapter we 
shall consider the theory of rotational or vortex motion. The 
theory is due to Helmholtz whose epoch-making paper was 
published in 1858*. It was afterwards developed by Kelvinj*, 
Kirchhoff and other writers. 


9*11. It is important to realize at the outset that some 
portions of a fluid mass may possess rotation while others are 
moving irrotational ly. 

Lines drawn in the fluid so as at every point to coincide with 
the instantaneous axis of rotation of the corresponding fluid 
element are called vortex lines {Wirbellinien). 

Portions of the fluid bounded by vortex lines drawn through 
every point of an infinitely small closed curve are called vortex 
filaments (Wirbelfdden), or simply vortices, and the boundary 
of a vortex filament is called a vortex tube. 


9*12. The theory will shew that elements of fluid which at 
any time belong to one vortex line, however they may be trans¬ 
lated, remain on the same vortex line, or that the vortex lines 
move with the fluid. Also that the product of the section and 
angulai velocity of a vortex filament is constant throughout its 


* Cre/^fi’6- i.v, ‘Ucber Jntogralc tier Iiydrodynamischen Clcichungfii 

welcLe den Wu-belbewcgnngcn entsprechcu’. A translation by Tail was published 
m Fhil. Mtuj. xxxiii. Fourth Series, p. 485. 

* Trans. H. Soc. Edin. xxv, 1809, p. 217, or Math, and Vhjs. 
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whole length and constant for aU time. Hence vortex filaments 
must either form closed curves or have their ends on the bounding 
surface of the fluid. A vortex in perfect fluid is therefore per¬ 
manent and indestructible; and the enunciation of these properties 
by Helmholtz suggested to Lord Kelvin the idea that vortex rings 
are the only true atoms, inasmuch as the generation or destruc¬ 
tion of vortex motion in a perfect fluid can only be an act of 
creative power*, a theory long since abandoned. 

9-2. Kelvin’sProofs.Toprovethepropertiesjustenunciated; 

(1) The product of the cross section and angular velocity at any 
point on a vmtex filament is constant all along the vortex filament and 

far all time. 

By Stokes’s Theorem (4- 2) the circulation round any closed 

curve is equal to , 

where rj, I, are the components of spin, and I, m, n are direction 
cosines of the normal to an element dS of a surface bounded by 
the curve. If the curve be a reducible circuit drawn ^ 
on the surface of a vortex tube the circulation will j 
be zero, because at every point of such a surface 

l^ + m7j + nC = 0 . 

Let the circuit be A BCDEFGHA as in the figure, o' 
where FGHA and EDCB are two cross s^'^tions of 
the vortex tube. Then since the circulation round ABCDEJt OBA 
is zero and the contributions ofAB, EF are equal and opposite, 

it follows that 

flow round FGHA = flow round EDCB, 
or, ultimately, 

circulation round A GHA = circulation round BDGB. 

But, as in 4- 2, if Cl denote the angular velocity and a the cross 
section of the vortex tube supposed small, the circulation roun 
tins section is 2aia. Hence this product is constant for aU sections, 
and we shall take it as a measure of the strength of the vorte . 

A-^ain from 4-23, when the forces have a single-valued 

potential and the density is a function of the pressure the circu¬ 
lation in any closed circuit moving with the flmd is constant for 

. On \ urt.-x Atom.’, ml Mag. xxMv. 1807,15, or Malh. and Phys. Papers. 
IV, p. 1. 
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all time. And if we apply this to any circuit embracing the vortex 
it foUows that the strength of the vortex is constant for all time. 

It is clear also that the circulation in any circuit is the sum of 
the strengths of the vortices that it embraces. 

(2) The vortex lines move with the fluid. 

It is clear from the formula 2 

lation in a closed circuit, that if the circulation is zero in every 
circuit that can be drawn on a certain surface no vortex lines can 
cut the surface, and any that meet the surface must lie wholly 
upon it, for we must have -h mr^ + = 0 at every point of the 

surface. Consider a surface S composed of vortex lines at time t. 
The circulation in any circuit C on this surface is zero. At time 
^ the particles that formed the surface S now lie on another 
surface S\ and the circuit C moving with the particles now lies 
on S' and the circulation in it is still zero and this being true for all 
such circuits on S , the surface must be composed of vortex 
lines. Hence any surface composed of vortex lines, as it moves 
with the fluid, continues to be composed of vortex lines. The 
intersection of two such surfaces must always be a vortex line and 
so we arrive at the theorem that vortex lines move with the fluid. 

The foregoing proofs are due to Lord Kelvin. The proof given 
by Helmholtz is less satisfactory but we reproduce it here on 
account of its historical interest. 



(l^ + mrj + nli) dS for circu- 


9 21. Helmholtz’s Proof. Let w denote the resultant spin 
at any point on a vortex line and ecu a small element of length of 
the vortex line. The projections of this element on the axes are 


Sx, Sy, 84: = e^, €7^, .(1) 

The rate at which Bx increases as the fluid moves is the differ¬ 
ence in the values of u at the ends of that element. Therefore 

, "“'s_ l 

dx 

D£ 


dy ^ dz y dx^ ^dy^^dz) 


Dt 


dz 


= « 2-6 ( 1 ); 


or 




( 2 ). 


Helmholtz infers from (2)* that relations (1) continue to be 

o ^ints out that this inference is equivalent to the assumption 

that If / (r) = 0 whcn/(a-) = 0 , then if/(.r) vanishes for some value of x it is 
identically zero; which is false. 
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true as time advances; or, as the particles composing a voi^x 
line move, their join is stiU the instantaneous axis of rotation, 
which means that ‘ each vortex Une remains composed of the 
same elements of fluid, and swims forward with them m the 

fluid’. . T 

Now, regarding the element of length of a vortex bne as the 

join of two definite particles or elements of flmd, we have seen that 

^ C vary as the projections of this element of length on the 

coordinate axes, hence the resultant angular velocity in a defined 

element varies as the distance between this and its neighbour 

along the axis of rotation. 

Now, regarding the fluid as incompressible, consider a short 
length of a vortex filament. Its volume is constant as it moves 
in the fluid because it is always composed of the same elemente 
of fluid but the angular velocity varies directly as its length, 
therefore the product of the angular velocity and the cross section 
in a portion of vortex filament contaimng the same element of 
fluid, remains constant during the motion of that element. 
Again from the expression for C in terms of u, v, w we get 

dx dy dz 


But 


j j 


(l^-t7mj + n^)dS = 


dx dy dz 


= 0 ; 


where the surface integral extends to any porUon of the flmd 
bounded by a surface S. Applying this to the surface of a portion 
of a vortex filament cut off by cross sections of area a a , the 
integral over the curved surface is zero and the result reduces to 


f t 

tOCT = CO O y 


where ta, oi' are the angular velocities. . 

That is, the product ma is constant throughou 

length of any one vortex filament. 

9-22. Third Proof from Cauchy's Equations. A third proof follows 
very simply from Cauchy’s equations of 2-51, viz. 

P po po P® 

For, the initial equations of a vortex line are 

\ 
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and X, y, z being the coordinates at any time of the particle originally at 

a, 6, C, a o ^ ^ 

= pU^<>aa + ’'<>£ + ^o£) 

= ^, from above: 

P 

therefore dx^dy^dz_\ 

^ V C P' 

that is, the moving element whose projections on the axes have become dx, 

dy, dz is still part of a vortex line; or the vortex lines move with the fluid. 

Again, if be the length of the element and a> the angular velocity and 
d^o, ojq their initial values 


= 7 = ... = ^, and ^o = 'f? = ... = A. 


ds dx 

” ^ P ^0^0 Po 

But if (7, ao denote the cross sections of the filament, the mass of the 
element being constant. j , 

® p(jds = PQ(T^dsQ, 


therefore o^tr = a>o ao, or the strength of the vortex filament is constant with 

regard to the time. That it is constant along the filament can then bo 
proved as before. 


9 3. Rectilinear Vortices. Before going further into the 
general theory of vortex motion we shall consider the case of 
rectilinear vortices in homogeneous liquid, which is capable of 
simple independent treatment. 

Suppose a number of straight parallel vortex filaments either 
in an indefinitely extended mass of liquid, or in a mass bounded 
by two planes perpendicular to the filaments. 

Taking the axis of z parallel to the filaments, we have 


w = 0^ 


du 

dz 


= 0, and ^ = 0, 

oz 


so that 


^ = 0, 7^ = 0, and 


The equation of the lines of motion is 


dx dy 


vdx — udy^O, 

and it follows from the equation of continuity that vdx — udy is 
a perfect differential rfj/f; hence, as before, 


and 




dxb 




dx^ <y 

and the lines of motion are given by = const. 


(1), 
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Except along the vortex filaments the motion isirrotational and 
^ is zero; and the form of the equation for iji shews that if) may be 
regarded as the potential at any point of an infinite medium, the 
density of which is zero, except along the vortex hlaments, which 
may be regarded as straight gravitating rods of density - ^/2ir. 

Hence the x, y difierential coefhcients of ^ are the components 

of the attractions of these rods parallel to the axes*. 

Supposing that only a single vortex filament is in existence at 
the point (a, b) and that dadb is its areal section, we get for the 
velocity components at a point (x, y) at distance r from (a, 6) 

^ ^ It 1 


u 


and 


2 da(U}(-^\y-b^ ;dadb y-b 
r \ 27 r/ r tt ' r* ’ 

difi 2dadb/ — 
dx~ r \27t/ 


x — a Idadb x-a 


From this it follows that the resultant velocity q is perpendi- 

cular to r, and that l^dadb 

q= -; 

^ TTT 

or, if K is the strength of the vortex, 


K 




27rr’ 


the direction of q being in the sense of the rotation I And for a 
single vortex .(2). 

277 

We might also obtain (2) from the simpler consideration that 
ouUide a single vortex, i being a function of r only, we have 

from(l) 02^ 

so that ■ i/( = (71ogr, 

and the motion outside the vortex being irrotational there is a 
velocity potential 

But the strength /c of the vortex is the circulation or decrease m 
<}> in making one turn round the vortex, so that 

2ttC = k 


and 


K 


*,-logr. 


■ Tk, .tlntllm of .k InSniltly Ion* Ihin reJ .t . from lUkU K 

perpendicular to the rod. m being the mass of unit length. 
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The irrotational motion outside the vortex is therefore given by 


zk 

*"=2^ log 2 ; 


and if there be any number of vortex filaments of strength k-^ at 

~^ “ f» 2, 3,then the motion outside the filaments 
is given by 

log( 2 -cJ, 




and the velocity components may be written down as the sums 
of the components due to the separate vortices in the forms 


27t r 


S 27r r/ 


or deduced from u — iv= — ^ = — E ^ - 

dz 27 t z — c/ 


9*31. In the case of any number of filaments, if denote 
the velocity components of the filament of strength the 
expressions 

will both vanish, for they consist of pairs of terms of the forms 




and 




Hence regarding k as a mass, the centre of gravity of the 
vortex filaments remains stationary during their motions about 
one another. 

A single rectilinear vortex in an unlimited mass of liquid there¬ 
fore remains stationary; and when such a vortex is in the presence 
of other vortices it has no tendency to move of itself but its 
motion through the liquid is entirely due to the velocities caused 
by the other vortices. 


9*32. Consider the case of two vortex filaments of strengtlis hti , 
and of small section at distance a apart. Dach will produce a motion of 
the other perpendicular to the line joining them. If they meet the plane 
^ A, By the point O that divides A.B in the ratio • /cj will remain at 
rest and, the velocities of A. and B being and Kij27TCi respectively, 

the line AB will revolve with angular velocity (k^ + /c2)/27ra2, the vortices 
describing circles roimd O. 

If the strengths of the vortices are equal but of opposite sign, say k and 

•— /c, O is at infinity and the vortices move in parallel directions with the 
same velocity Kl27ra, 
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l/^r, 


If r , ra are the distances of a point P from A , B and , 0^ their inclina¬ 
tions to BA, the velocities are at right angles to AP, BP. 

So the velocity along the tangent 

to the circle ^ PS is ^- 

Hence the stream line through j Kf^nr. \ 

P cuts the circle APB ortho- / ^ 

gonally; that is the stream lines | /j., 

are the coaxial circles having 1 rl/ V 

B as limiting points. \ /m 

This is also evident from the -LJi- 

fact that „ ^dx 

Such a pair of vortices may be 

'^xte^'rLto'm^rnot.ce an analogy between a vortex filament and ^ 
electric current. The straight current of strength t produces a ma^etic 
Zd in which the force at distance r is 2i/r at right angles to r and to the 
cmrent. And two equal and opposite parallel currents produce a magnetic 
fidd in which the lines of force are coaxial circles correspondmg to the 

stream lines in the case just considered. . u . *u • a 

To return to the case of the vortices, it is clear that there is no flow 

across I plane bisecting AB at right angles so that this might be made a 

S boundarv; and consequently a single rectilinear vortex parallel to a 

plane boundary and at distance c from it will move parallel to the 

boundary with uniform velocity kAttc. 

S image of such a vortex with regard to a parallel plane is therefo e 

an equal vortex syinmetrieally placed, the rotation of the two bemg in 

°Thf vefoefty half wav between the vortices being due to both of them 
is K/tc, so the vortex moves paraUel to the plane with one quarter of the 

velocity of the liquid at the boundary. 

9- 33 As a further example we may obtain the motion of a vortex 

pair moving directly towards or from a parallel plane bomdary or of a 
pair moving y n^eeting at right angles. The 

fim!re shews the necessary arrangement of images and for the velocity of 
TZL at A (., y) due to the other three, we have components 

K K AB_K _ 

“=2^"2;aF‘AB' 4a-2/(x* + i/‘)’ 

AA* X 

and + 2^' * AB '""" 4^ * * 

For the path of the vortex .4, we have 

x = u and y = 
dx dy 


M = 


and 


— K 


V = -i-T / + ? 


80 that 
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whence by integration 
or in polar coordinates 


rsin20 = 2a; 







which represents a Cotes spiral with asymptotes paraUel to the axes. 
Also since xy-yx~ ~ 

the vortices describe the Cotes spiral in the same way as a particle 
under a central force, which can easily be seen to be a repulsion directed 
from the origin and varying as the inverse cube of the distance. 


9-34. A rectilinear vortex within a circular cylinder of liquid will re¬ 
main at rest if it lies along the axis, but not in any parallel position. It 
follows from 9* 32 that the image is an equal and opposite vortexso situated 
that the vortices cut a cross section of the cylinder in inverse points. 

Thus if C be the centre and A, i? a pair of inverse points, we have seen 
that the stream lines due to equal and opposite vortices through A and B 
are coaxial circles having B as 
limiting points, so the cylinder in 
question will satisfy the condition 
for stream lines. 

The velocities of the vortices are 
both equal to K/ 27 rA B so they will 
not remain on the same radial 
plane through C, and the motions 
of the liquid inside and outside the cylinder only correspond at the instant 
under consideration. But so far as the motion inside the cylinder goes the 
vortex A describes a circle round C with uniform velocity kI27tAB or 
/c. CA/27r(c2 — CA2), c being the radius of the cylinder. 

In the problem of the vortex B in liquid outside the cylinder, we notice 
that the foregoing solution with the image vortex at A impUes a circula¬ 
tion /< round tlie cylinder due to the vortex A; but we want a solution in 
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wliich the only circulation is due to the vortex B, and we can get thU by 
superposing the motion due to another vortex - k at C. This will make the 
vortex B describe a circle round the cylinder with velocity (counter¬ 
clockwise) ^ K__ 

“ 2ttCB " 27tCB {CB^ - c®)' 

To get the solution of the corresponding problem when there is an 
arbitrary circulation round the cylinder, we have only to superpose a 
vortex of strength k' at C, adding k'IMB to the velocity of the vortex B*. 

9*35. For any number of parallel rectilinear vortices in an 
unlimited mass of liq^uid, we have a stream function 

0 = 2—logr, or 2 ^ log {(a; - + (j/- y i)^}, 

^ 27r ^ 

where is the strength of the vortex at (:ri, yi). 

The motion of any one vortex depends not on itself but on the 
others, for it would remain at rest if no others were present. 
Hence’to get the motion of a particular vortex, say , we subtract 
from 0 the term that corresponds to this vortex, then if 0 (x, y) be 
the result, and we find a function x (^i. Vi) such that 


92/1 


f 1 . I" 

dyJi 9x 



these are the components of the velocity of the vortex, and 
X (^1 > 2/i) regarded as a stream function giving the motion 

of the voi’tex. 

For example, if there be a vortex of strength « at {Xi, i/d and the axis of 
I be a boimdoiy of the liquid, there is an image - k at -y,). and 

^ ; log {(X -x,)- + {y- - {- l°g + (2/ + • 

^ 4Tr 

Hence, in this case, 


Therefore 


f ( y) = - ■ 

_ . and f ^ = 0. 


so that the stream function for the motion of the vortex is 

or the path of the vortex is given by 

= constant, 

as we know from the discussion of 9*32. 

• See F. A. Tarlcton,' On a problem in vortex motion’, Proc. R.I.A. Third Senes, 
u, p. 017. 
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9-36. Use of Conformal Transformation. The method of 
is also applicable when parallel rectilinear vortices 
exist in the liquid; and regarding the problem as one of two- 
dimensional motion, as in 6-12, if a vortex FI of strength 
K exists in one liquid at a point whose coordinates are tJi), 
there will be a vortex P of equal strength at the corresponding 
point (Xj, of the other liquid; for the strength is -fd<f> taken 
round a small curve surrounding the vortex; and ^ having the 
same value at corresponding points in the tw^o liquids, the 
integral must have the same value when taken round coii'e- 
sponding curves. Phese vortices how'ev’'er do not necessarily 
continue to move so as to occupy corresponding j)oints; but we 
may deduce the motion of one w^hen w e know that of the other, 
thus, if rj) denote the stream function of the first motion, 
the path of the vortex II will be given by a stream function 
Vi) deduced, as in 9*35, by omitting from tp the term 


or the real part of 


K 


2- log {t -1,) 


> 


where t = 

Similarly in the transformed motion there will be a stream 

function x' ^i) for the motion of the vortex P obtained from 
tp in the same way by the omission of the term 


4^1og{(*-a;i)" + (y-2/i)2}, 


or the real part of 


K 




Hence it follows that x' = x + x \ where x" is such that 




= the 


real part of log ^ 

\_vy27T 


NT ^ . d 

iNow _ and w'e assume that is expansible 




m 


powers of 2 : - 2 ^, so that 


therefore we require 






dH 

dz-j ^ 





tr 
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..dH 


) J 1 


+ positive powers of (z 




, iK idH\ l(dt\ 
that is. the real part of - 


which is 


K 


i-n 


dt 

log T. 


Hence 


K 


X" = i^l0g 


dz 1 * 

dt 
dz 


1 

K 


and 




dt 

dz 


(1)*. 


( 1 ); 


9-37. Examples, (i) To find the path of a rectilinear vortex in the an^le 

between two planes to which it is parallel. 

Let TTin be the angle between the planes. 

The transfonnation suitable to this case is 

f + = j 

or, in polar coordinates, p = c(r/c)", u} — n6. 

This transforms the ^ axis (w = 0, tu = 7r) into the straight lines 0 = 0, 

The stream function due to a vortex II at (^i, tji) in liquid bounded by 
the ^ axis is, as in 9*35, 


'jrN ft 

or t — c[- 
c 


'I'-in +in+ vi)^ 


( 2 ). 


Therefore the stream fimction due to a vortex P at (x,, y^) or (r,, e^) in 
liquid bounded by 6 = 0, 6 = ir/n is 

K . r“" + r,2"-2r"ri"cosn(0-0i) 

•A” 4^ - 2r"ri” cosn (0 + 0i)' 

Again ldt/dzl= dp/dr = «(r/c)"-‘; 

SO that for the path of P 

X (-ri. di) = xUi- ’ll) + 4^'og’■i"’*- 


where, as in 9*35, 


x(^i’ ^i)= 


Therefore x '/i)= ' ^^^ogr,'>smne, + ~Jogr, 


n-l 


=-logrisina0i, 

477 

neglecting constant terms. 

Hence tlie path of P is r^ sin n0i = const., 
whicli is a Cotes spiral. 

* Thia theorem was enunciated by Houth-‘ Some Applications of Conjugate 
Functions’, Proc. L.M.S. xii, 18bl, p. 83. 
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This agrees with 9*33 for the case n = 2. The same problem might be 
solved directly by a series of images provided n is an integer, but this 
restriction is not necessary in the method used above*. 

(ii) There is a rectilinear vqrtex in liquid filling the space between two 
parallel planes. To find the pcUhs of the particles. 

The relation ^ = e** 

or ^ = cospy, = e^-^sinpy, 

transforms the ^ axis 17 = 0 into the lines y = 0 , y = Trjp. 

Taking a vortex of strength ;c at a suitable point with the ^ axis 

as boundary, we get a corresponding vortex at , y^) between the parallel 
planes y = 0 , y = njp. 

As before the stream function of the original motion is 

and we get an expression for the stream function between the parallel 
planes by substituting for f, 77 in terms of x, y. Thus if the distance between 
the planes be c and the vortex be midway between them wo have p = niCy 

and yi = c/ 2 , and if we take the y axis through the vortex we also have 
= 0 , and therefore = 0 and yi = 1 . 

Hence we get 

cos^ Ttylc + sin wy fc — 1)2 
g 2 irx/c cos 2 Tryjc + sin TTyl'c + 1)2 const. 

which reduces to cosh Trxjc = A sin Tryjc and this represents the paths of the 

particlesf. 

9*4. An infinite Row of parallel rectilinear Vortices of 
the same Strength /c at a distance a apart. Considering 2n + 1 
vortices, taking the origin at the middle one and the axis of x 
through the centres of their sections 


■o 


o- 


o 


o 


-o- 


Cr 


o 


-o- 


we have from 9-3 w = ~ \ogz - a^) . (z^-n^a^), 


w — 


tK ’^Z I. Z^\ I \ 

-2n ^ + const. 

When 7t->Qo for an infinite row, this becomes 


( 1 ) 


iK . . 7TZ 

= -- log sin — 
^7T a 


( 2 ). 


Then, for the velocity components 

-i’!. (*-ij) 

fiz 2a a 2a ~ n ! n ’ 

sin “ (a: + iy) sin — iy) 

* Greenhill, Quart. Journal xv, p. 15, ‘Plane Vortex motion’ 
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so that 


karmAn street 
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K 


u = — 


sinh 27Tyla 


K 


v = 


sin 27Txja 


^ 2 i 7 a:/a ’ “ 2a cosh 2-nyla - cos ^TTzja 

.(3). 

By considering the effect produced by pairs of vortices at equal 
distances from a given vortex, it foUows that the vortices remain 

at rest. 

9-41 A double Line of Vortices. Consider two such lines of vortices 
at a distance 6 apart, symmetrically placed with regard to the plane mid- 
way between them and such that the rotation in thi 'wo rows is m opposite 



K Trb 

= ^ coth —. 
2a a 


9- 42 A KSrmdn Street. This is a double line of vortices sirmlar to the 
last sL that each vortex is opposite to the point midway between two 



thus, is 


U = 


CD 

V 


K 


K ( 46 


46 _ 46 * 

nD ^9 ^ 


; (4^+^^46* + 5*a» 


1 • 4 " ••• 





9-5 


VORTEX WITH CIRCULAR SECTION 


229 


Ihis arrangement is called after Tli. von Karman who first discussed the 
stability of such arrangements and pointed ou‘t that a double trail of 
vortices of this kind is often formed when a body like a flat plate moves 
broadside through a fluid. This arrangement is under certain conditions 
stable, whereas the single row of 9*4 and the double row of 9*41 are 
unstable. A discussion of the stability with references to papers by von 
Karman. Kelvin and Rosenheadmay bo found Hydrodynamics*. 

9*5. Rectilinear Vortex with circular section. We shall consider 
now some eases of vortices with finite cross section. Let the section be a 
circle of radius a, and suppose the spin to bo uniform and equal to ^ 
throughout the whole section, the vortex being rectilinear. 

The equations for the stream function are 


and 


= 2^, inside the vortex, 
+ Q 2 ~ outside tin; vortex. 


These are equivalent to 


av 1 ^*4 « 

= whenr<a .( 1 ), 


and 


av 1 dd, ^ 

= 0, wlien 

dr- r dr 


r>a 


( 2 ). 


The complete integral of (2) is 

0 = Clogr + D, 

and a particular integral of (1) is 

therefore, when r < a, = d log r + R + ] . ^ 3 j 

and, whenr>a, ^=Clogr + Z> . 

Since iff is not to be infinite when r = 0 we must have d = 0. And if the 

motion is continuous at the surface we have 0 and the tangential velocity 
diLjdr continuous so that ^ ^ 

B-\- Cloga + U, 

and = C/a. 

Hence neglecting an additive constant we have, when r<a, 

.(5), 

and, whenr>a, ^^ = faHogr/a .(6^ 

The velocity is wholly transversal both inside and outside the vortex 
its values being and ^a^/r. * 

Outside the vortex the motion is irrotational and the velocity potential 

can be found by taking . , 

fe 'iv = i^a^logz/a, 

for this gives the correct value for tp. Hence we have 

<f>=-Ca% 

a many-valued function as we should expect, the motion being cyclic If 
X denote the circulation or the strength of the vortex, x = 2 ,ra^^, so that 

^=“ 2 -^ and ,f, = ^^\ogr, 

as for a thin filament. 

* § 15G, 1932. 









9 - 5 - 


230 


rankine’s combined vortex 


To find the pressure. Outside the vortex we have 

P + F it), 

p ot 

or, since the motion is steady, and q = ^a^lr or fc/27rr, 

^ z= 5-1- , when r > o, 

p p 

where 11 is the value of p when r is infinite. 

Inside the vortex we have the case of a liquid rotating uniformly 

angular velocity so that ^ 




or 

where P is the pressure at the centre of the vortex. Since the values of p 

are equal when r = o, therefore 

F = n - . 

P n 


Hence when r<a 


K- kV* 


p p 47r*a* 87T*a*’ 

shewing that if H < there will be a value of r<a for which p 

, __a;,... ;^Tvixnr»fy fliflt. A. cvUndrical hollow must exist mside 


shewing tnar ii . T . , , 'n a • a • -j 

becomes negative, implying that a cylindrical hollow must exist mside 

the vortex. , . j- i. n 

It is possible to have cyclic irrotational motion surroundmg a hollow 

cylindrical space. The necessary condition is p = 0 when r = o; that is 

* _ A i ^ A A 


n = K^pISnV. 



or dimple over the top of the vortex k., 

as shewm in the figure. The equations of the free surface, obtained by 

making p constant, are ^ 

2 =(a“--,Vc', when r>o .(1). 

8ir*a*3 V rV 


and 


2= — ^{r>-o») + C, when r<o 


( 2 ), 


the constants being arranged to preserve continuity when r-a. 


• ‘Vilirations of a columnar Vortex’, Phil. Mag- x, 1880, p. 165, or Math, am 
I^hys. PaperSf iv, p. 152. 
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Taking the origin in the general level of tlie free surface, in (I) we can 
put 2 = 0 when r = oo, so that 

C= -K^/STT^aV 

Then in (2) by putting r = 0 we get the depth of the central depression given 

- 2 = K^I^TT^a^g. 

9 52. Elliptic Section. To shew that a rectilinear vortex whose cross 
section is an ellipse and whose spin is constant can maintain its form 
rotating as if it were a solid cylinder in an infinite liquid*. 

We have seen in 5‘35, that if a rigid elliptic cylinder of semi-axes a, b 
rotates wuth uniform angular velocity a> in an infinite mass of liquid tlie 
stream function for cyclic irrotational motion with circulation /c is 

^ = Jaj(a + 6)2e-2fcos2i7+/<^/27r.(1). 

In this case «■ = 27r{a6, where ^ is the constant spin. 

Inside the vortex we have ^ + ~t = 21 f 9 ) 

ox^ dy^ ^ .. 

with a boundary condition that the velocity of the liquid normal to the 
boundary is equal to that of the boundary, that is 

ttx vy X y 

= .(3). 

Assume that ^ = ^{Ax^ + By"^) .( 4 )^ 

then from (2) and (3) we have 

A + B=l, and Aa’^Bb^ = w{a^ ~b^)l2^ .( 5 ). 

The further condition of continuity of the tangential velocity at the 

boundary makes the values of obtained from (1) and (4) the same. 

Putting X = c cosh ^ cos t;, 2/= c sinh ^ sin in (4), this gives at the 
boundary 

— ^w{a + b)^ cos 2r) -f ^ab 

- Cc^ cosh ^sinh i{A + B-h(A- B) cos 2 tj} 
for all values of rj from 0 to 2Tr. 

Equating coefficients of cos 2^ we get 

— (a + 6)2 = ^c 2 cosli ^ sinh 

but on the boundary a = c cosh f, 6 = c sinh and a - 6 = ce-f, therefore 

j D a> «2 —62 

. («). 

From (5) and (6) we find 

Aa = Bb = a6/(a + 6), 

and 2a6 _ 

(« + 6)2^- 

This gives the velocity of rotation of the cylinder as a whole in terms of the 
spin and eccentricity of the section. , 

F.irc*hhoff, Mechanikt p* 261; see also Love, ‘On the Stability of certain \'ortex 
Motions’, Proc. xxv 1893. 
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To find the paths of the particles. If x, y are coordinates of a particle of 
the vortex referred to the axes of the cross section 

? I 

x-ojy = u= - -2^By= -yuj{a-{-b)lb. 


and 


y-\-o}X = v = ^^ = 2^Ax = xaj{a + b)la. 


Therefore f = — toyajb and y = wxbla, 

which lead on integration to 

x = La cos (+ c), y = Lb sin {wt + c), 

so that the paths of the particles of the vortex relative to the boundary are 
similar ellipses, and the period of the relative motion is the same as that of 
the rotation of the cylinder. 


9*6. Uniqueness Theorem. If an infinite mass of liquid 
filling all space be at rest at infinity we conclude from 4*6 that 
the liquid must either be at rest everywhere, or that, if in motion, 
its motion cannot be irrotational at every point. 

We shall now prove that in such a liquid at rest at infinity the 
motion is determinate when we know the values of the com¬ 
ponents of spin 7), ^ at all points. For if possible let there be two 
sets of values w j. u\ and ^2 ’ ^ 2 > *^’2 fvelocity components 
each satisfying the equation of continuity and the equations 

dw dv du dw dv du 

dy dz~dx^ 

at all points of space and vanishing at infinity. 

Then the differences u' — v'-Vi — V2y w' = 10^-102 also 

satisf}^ the equation of continuity and 

dw' dv' ^ 

-^ = 0, etc. 

dy dz 

at all points of space and vanish at infinity. That is, u\ v\ w' are 
velocity components of irrotational motion of a liquid filling all 
space and vanish at infinity. Hence we must have u' = v' ^w' = 0 
everywhere, and therefore there is only one motion satisfying the 
prescribed conditions. 

A similar argument would prove that the motion of a liquid 
contained in a limited simply-connected region is determinate 
when the motion of the boundary and the components of spin are 
known. For a multiply-connected region a knowledge of the 
circulations in the several independent circuits must be included 
in the given conditions. 
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9 61. In general there may be several contributory causes 

that go to produce motion at a point in a fluid; for example, the 

presence of sources and sinks or the motions of boundaries or 

immersed solids or the presence of one or more vortices in a fluid 

result in a general motion of the fluid. The velocities due to the 

several causes may be superposed and it is our purpose now to 

find expressions for the components of velocity u, v, w at any point 

in a liquid due to given vortices, i.e. in terms of given components 
of spin f, -q, 


9-62. To find u, v, w from 5, r,, The liquid being in¬ 
compressible the flow across any two surfaces having the same 
curve for boundary will be the same, and therefore depends only 
on the form of the boundary. If we assume that this flow can be 

represented by a line integral round the boundary, we get an 
equation .. 

jj(lu + mv + nw)dS = j(Fdx+Od^ + //dz), 

where 6^, H are components of a certain vector. 

But from 4*2 


(Fdx^Gdy + Hdz) 



hence we must have 



U = —-^ ajr dH dG dF 

dz’ dz ~dx’ '*’~dx~^ . 

or as it may be expressed more briefly 


M, V, w = curl (F, G, H). 

It IS clear that the values ofu,v,w given by (1) satisfy the equa¬ 
tion of continuity; and substituting in the values for f^ we get 

^ ^ A 


dz a* \ 9a;^ 




( 2 ), 


and similar expressions for 2 j;, 2f. 

Hence the assumptions of equations (1) will be justified if we 
can find F, G, H so as to satisfy the four equations 


dJF dG dH 

dx'^ dy^ dz~^ . 

'^^F=-2i, V^G=-2r], V2il=_2^ 


(3) , 

(4) . 
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The last equations can be satisfied by assuming G, // to be 
potential functions due to distributions of gravitating matter of 
volume densities ^/277-, 17 / 277 , ^/277 respectively. We then have 


F = 


1 

277 



— dx‘ dy' dz' 


"- 21 , III? 


(5) 


for the values of F, G, H at the point (x, y, 2 ), where 

r2 = (X - X')2 + (y - 2/^)2 + (2 _ 2')2^ 

and f', 7}\ I' are components of spin of the element dx' dy* dz' at 
{x*, y'yZ'), and the range of integration may be taken as extending 
throughout the whole liquid, though the integrand is zero at all 
points at which there is no spin. 

To complete the solution we must shew that the expressions ( 5 ) 
satisfy (3). 

dF 1 rrr,, a /i\,,,,,, 

^ ^x[rr 


We have 


dx 


277 

1 

2 ^J 


I 




dx 


, iy^dx'dy'dz'■ 


and integrating by parts 


dF 

~dx 

Therefore 


I 

277 


r 277 


j j 


- ^ dx' dy' dz' 

r OX 


dF dG dH 

dx dy dz 


1 

277 






(/f + my' + nndS 


+ 


1 

277 


r lax' dy' dz' 


dx' dy' dz'y 


where (/, m , n) are direction cosines of the normal to the element 
dS of the boundary of the liquid. 

Now the vortex filaments are all either closed or end on the 
surface S of the liquid, and in the latter case we can always con¬ 
tinue these filaments either on the surface S or outside it until 
they return into themselves so that a greater space exists bounded 
by a surface S', in which exist only re-entrant vortex filaments. 
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Without loss of generality we may suppose the boundary to be of 
this Idnd, and then at every point on it either f = 7 ^ = ^ = 0, or else 

Zf+ r«r; + w^ = 0, 

SO that the surface integral in the last equation vanishes. And 


smce 


dx dy dz 


vanishes identically at all points of the liquid, as can be seen by 

substituting for y, { in terms of u, v, w, therefore the volume 
integral vanishes also. Hence 

^ IG dH _ 

dz~ 

We have therefore shewn that (3) is the necessary and sufficient 

condition that the expressions (5) for F, G, H in terms of the spin 

shall give a consistent set of values for the velocity components 

when substituted in (I). But it must be observed that these 

expressions only constitute a particular solution of the equations, 

and that without invalidating the solution we might add to F G 

H respectively three functions of the form dxjdx, dv/dy, dlldz 
provided V2;^ = 0. ’ ^ 

It must not be assumed however that there is a possible 
motion corresponding to any arbitrary distribution of spin com¬ 
ponents, for unless the components of velocity u, v, w and the 
pressure p are continuous they do not in general represent a 
possible state of the liquid. We shall refer later to one possible 
state of discontinuity under the head of vortex sheets. 


9-63. Each element of rotating Liquid produces a 
Velocity in every other element of the Liquid Mass . In (1) 
of 9-62 let us substitute from (5) so much of the values of 
F, G, H as are contributed by the element dx'dy'dz' and call the 
resulting components of velocity at (x, y, z) 8u, 8v, 8w. We have 

^ It ^3 

. 

Hence (^-3:')8u + {y-y')8v+(z-z')8w = 0, 


(I). 
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so that the resultant of hu, hv, hw is at right angles to r. Also 

hu + -q' hv + = 0 ; 


and this resultant is therefore also at right angles to the axis of 
spin at (x', y\ z'). 


dx* dy'dz' 

Lastly S(/ = {( 8 ?/)- + (8i’)2 + ( 8 iy)^}^= —w'sinv ...( 2 ), 


where w' is the resultant of q\ H and v is the angle between r 
and the axis of spin at (x\ y\ 2 '). 

Hence each rotating element A of Uquid implies in each other 
element B of the same liquid mass a velocity whose direction is 
perpendicular to the plane through B and the axis of rotation of 
A . its magnitude being given by the result ( 2 ). If the element at A 
be a length 85 ' of a vortex filament of strength k we have 

oj'dx dy'dz' = 


so that we may write the result 



K sin V 8 s' 

477 


..2 


9*64. The reader familiar with the theory of electromagnetism will 
again recognise the analogy to which reference was made in 9*32. The 
vortices correspond to electric currents and the liquid velocities to 
magnetic force due to the currents. The relations between q, ^ and u, v, w 
are analogoits to 

(electric current) = curl (magnetic force); 

the result of 9*63 corresponds to the force on a magnetic pole due to an 
element of an electric current, and in 9*62 the vector (i^,G,H) corresponds 
to tlie vector potential of magnetic induction. 


9*65. If the fluid be not incompressible we may write the 
equation of continuity 


du dv dw 
dx dy^ dz 


1 Dp 

pDt' 


But if V be the volume of a small element of fluid its mass pv is 
invariable, so that 


IHpv) 

Dt 


0 = +/> 


Dp 

Dt 


Dv 

Dt’ 


therefore 


du dv div 1 Dv . 
dx dy dz v Dt 


where 6 denotes the ‘expansion ’ or rate of increase of volume at 

(x, y, z). 
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The expansion wiU cause extra terms in the expressions for the 
velocities; the expansion of an elemetit dx’ dy'dz’ being equivalent 

to a simple source of strength dx'dy'dz' at (x\ y\ z'). 

This gives rise to a velocity potential whose value at (x, y, z) is 

\ CCC 6’ 




47r 



-dx'dy’dz', by 3-3, 


and the complete expressions for the velocity are 


dll dG 
u= ~ J- - 

dy dz ' 

d(f> dF dH 

v = — F- 4- _ - 

^y dz dx ’ 

d<f> do dF 

t/;= — -4--- 

dz dx dy ‘ 


9-66. Velocity Potential due to a Vortex in incompres¬ 
sible fluid. Considering a single re-entrant vortex filament of 
strength k, we may write the expressions (1) of 9-63 

“ 4^3 {iy - y') dz' -(z-z') dy'}, etc. 
by putting f, y', C' = a>' idx'lds', dy'Ids', dz'/ds'), 

u>'dx'dy'dz'= ds'. 


Hence 


u 




where the integration is taken round the filament. 

By Stokes’s Theorem this line integral is equal to a surface in¬ 
tegral over any surface bounded by the filament. Thus if we write 


u 


we also have 


= l-^(Xdx'+Ydy' + Zdz'), 


K 

477 


ffl/P ISY dx\ 

J J rlsy' “ 3^^ r^[dz'~ ax')+”( 0 ? - ay') I 


But 



therefore 

02 ' 


^ = 0 , 7 = 

dy' dz' ~ 



dz' \r, 

dy''^ dz'^j r dx'^r 


dZ 02 


dz' dx'dy'Vrj' 


and 


dY dX 


02 


dx' dy' dx'dz'\r r 
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Hence u — 


K 


47r 


, a a d 

^ dx’ "" dy' dx 




or since 


K 


u= — 




^ , + wi 




477 ax j j V . 

and similar expressions for v and w. 

The velocity potential from which UyV,w are derived is therefore 


S = -~ 

^ 477 


K 

477 



,0 0 , 9 \ 1 JQ< 

+ m , + n - d-S 

dx dy ozjr 

cos QdS' 

■ T.2 ' . 


( 1 ), 


r 


ry 


where 9 is the angle between the normal (I, m, n) to the element 
dS' and the line r joining (x, y, z) and (x', y', z'). 

This residt may clearly be written 

<^ = kQ/477 .(2), 

where Q. is the solid angle subtended at the point (x, y, z) by a 
surface having the vortex filament for edge. 

This potential function is clearly a cyclic quantity increasing 
bv the cyclic constant k every time the path of a moving point 

fc' V •11 

completes a circuit linked with the ^.^. 

vortex, for in these circumstances the 
solid angle increases by 477. It re¬ 
sembles the magnetic potential due to 
an electric current in a closed circuit ^ 
or to a magnetic shell. 

For a single rectilinear vortex we may take 

f2=2(77-0) 

and (f) =k{tt — 6)l2n, 

making the velocity — 0^/r0d = «/27rr, as before. 

9-67. From 3-31 and 9-66 (1) we see that the velocity potential is 
what would bo produced by a distribution of doublets over the surface S 
of strength k/ 4 t 7 per unit urea with their axes all normal to the surface and 
directed to the sa.ue side of the surface. This can easily be understood from 
the fact that thi^ stream lines all thread the vortex cutting across any 
surfac(> bounded by it, and the motion might conceivably be produced by 
a giving out of liipiid normally on one side of such a surface and the 
absorpt ion of it at the same rate on t he other side, combined with a suitable 
flow parallel to the surface in order to give tho stream lines their actual 

directions at each point of tho surface. 
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9-7. Vortex Sheets. Suppose that a surface exists in a 

fluid over which the normal component of velocity is continuous 

but the tangential component has different values on opposite 
sides of the surface. ^ ^ 

Consider a small circuit consisting of two lines of length ds 
drawn on opposite sides of the surface and having their extremities 
joined by two infinitely shorter lines dn normal to the surface 
Let the lines ds be in the direction of the relative velocity which is 
clearly tangential to the surface and of magnitude 

{(U - u’f + (t; - v'Y + {W - 

if M, V, w and u', v', w' denote the components on opposite sides of 
the surface. 


If ? g' denote the components of velocity in direction ds on 

opposite sides of the surface the circulation in the small circuit is 

(q-q')ds. But g-g' is clearly the relative velocity, so that the 
circulation is also 


{{u-u')^ + (v~v')^ + {w-ds. 

This may be regarded as due to a stratum of vortices whose 

axes are at right angles to the direction of the relative velocity. 

If w be the spin at the point considered, the circulation is 
zwasdUy so that 

2aidn = {{U -u')^+{v- v'f +(w- , 

and the components of spin rq, ^ are given by 

Hu-u'} + rj{v-v')-\-l{w-w'} = 0 

li + mq + nl = 0, 

where I, m, n are direction cosines of the normal to the surface 

Here dn ,s infinitely smaU and f, rj, i are infinitely great but 
such that the products rjdriy Idn are finite. 

Thus the surface of discontinuity may be regarded as a surface 
covered with vortex filaments, the spin at any point being given 
by the foregoing expressions and the discontinuity in the 
tangential velocity may be regarded as due to this vortex sheet 

axes of the vortices are then parallel to Ox, and if . is the stren<.th ofThe 

thit oV**^ T* Oy, positive when the sense is 

that of circulation from Oy towards Oz, then /= v'-v 

producfru^e 1 ^ will 

produce at the pomt (0, 0, z) a velocity Kdyl2nr, where r=(y^ + z^)i is the 
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distance of tlie point from the strip; and by taking strips equidistant from 
the point it is easy to see that the resultant velocity at the point due to the 
vortex sheet is parallel to yO provided z>0, and of magnitude 


K 


CC 




2tt } -00 + y 

While for z < 0 there is an equal velocity parallel to Oy. 

If now we regard this vortex sheet as superposed upon a uniform flow 
with velocity 4 (u + v') parallel to Oy through all space, we see that the 
result is two uniform streams with velocities u, v respectively on either 

side of the plane xy. r i . 

Looking back now to the case of the infinite row of parallel vortices of 

9*4 we see that if in (3) we make y = ± co we get u= + Uja, r = 0 and a 

comparison shews that at a great distance the infinite row of parallel 

vortices is equivalent to a plane vortex sheet of strength k/o per unit 

breadth. 

9-72. Production of Vorticity. We saw in Chapters V and 
VI that when a solid moves through a fluid the ‘lifting force’, in 
the two-dimensional case, depends on the existence of a circula¬ 
tion about the solid. Experience shews that such forces and 
circulations actually exist, and the question arises how does such 
circulation come into being and to what extent is the Kelvin 
Helmholtz theory of the permanence of vortices in accordance 
with observed facts. In the first place it must be observed that 
permanence of irrotational motion established in 2‘51 and 4'24 
refers not to regions of space but to portions of matter, and that 
the correct inference to be di-awn in relation to motion started 
from rest in perfect fluid is not that vorticity cannot arise but 
that it can only occur in sheets, i.e. in the surface of separation 
of definite masses of fluid*. Then it must be remembered that 
actual observations are made with real fluids in which there is 
viscosity and, as we shall see later, viscosity plays an important 
part in the production of circulation or vorticity. We have had 
occasion to consider several cases of fluid motion involving sur¬ 
faces of discontinuity of tangential velocity, beginning with 3-72 
where it was explained how such a surface comes to be unstable. 
We have now seen that such a surface is a vortex sheet, and 
that the production of such a sheet in perfect fluid is not in¬ 
consistent witli tlie theory. When a stream is obstructed by a 
body like a flat plate across the stream or a blufE body hke a 
circular cylinder the surfaces of discontinuity or vortex sheets 
behind the body commonly roll up on themselves and produce 

♦ For this observation 1 am iiulobtcd to Dr Goldstein. 
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a Karman street of more or less concentrated vortices When 
an aerofoil meets a stream and divides it (in the two-dimensional 
case) the two portions of the strea.n which pass above a,id 
below the body meet again behind it; vorticity is produced bv 
viscosity in a thin layer of the fluid surrounding the body and 
IS shed off behind the body; this vorticity collects into a single 
vortex and moves away from the aerofoil leaving behind it a 
state of steady flow. The region of space which includes the body 
IS cyclic and, when the vortex is cast off behind the body a 
cii-culation is set up round the body ecpial and opposite to that 

of the vortex, so that the total circulation in a circuit which 
embraces the body and the vortex remains zero* 


9-73. Extension of the Theorem of Kutta and Joukowski 

It should be remarked that the proof of the theorem of Kutta 
and Joukowski (5-7) involves the hypothesis that there are 
no singularities such as vortices in the fluid surrounding the 

body We shall shew how the formula for thrust must be 
modihed when sources and vortices are present. 

Referring to 5-61 and 5-7, suppose that in the finite part of the 
plane round the cylinder C' there is also an arbitrary distribu¬ 
tion of sources and vortices, giving rise to an additional motion 
represented by 


^ 1 ) • 


let the velocity of the steady stream at infinity have components 

U, F and as before let « denote the circulation about the 
cylinder. Ihese additional terms in w give ri.se to singularities in 

the integrand in dz lying between the contours C and C. 

Hence we cannot proceed from 5-61 (4)to5-61 (5); but we can use 

the second theorem in 5-6 in the form 



dz 


dz 


'dw\^ 

oA S * 


= 2771 


sum of residues of at poles between C and C 


( 2 ). 


and mo and'' 


l6 
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The wliole motion about the fixed cylinder C' may be represented 


IK 


w=(U-iV)z+'^^ log2 4-n'-^wirlog(3-a,) + S^log(2-g 


so that 


(3), 


dw jj ‘j/j_ , ^^0 y , y 

-~u-\-iv= , =U—tV + ^'- + j -‘ \ 

dz 2772 dz z-a^ ztt (z — c^) 


where Wq must be such that 


du\ 

dz 




( dw\^ 

I which lie between C' and an infinite circle C 

are at the sources and sinks, and that the residue at is 

sum of all terms on the right of (4) 

~ '■( except that w'hich contains a,. ]z^ar 

= 27 n^(Ur-iVr), where are the components of velocity at 

Uj. omitting the source in the calculation. 

^ zk 

Similarly at the vortex at c, the residue is - 

* 77 

where u., v, are defined in the same way. Then from 5-61 (4) and 

o " o 

from (2) above 

dwV 


0 asl 2 ->oo. It is clear that 


dz 


dz 


= 2'> J dz + np^^-21.111,(11 ,- iv,) -2(Ms- ivj, 

.(5). 

Substituting from (4) in the last integral and integrating round an 
infinite circle on which | dWf,jdz \ is zero, we get 


• ^ 


IK „ IK^ 


~-22m, + 2 

77 77 


so that 

X-iY= - ipK(U- iF) + 277 plwi, (u ,- iv, + U-iV) 

-ipI^K,(u,-iv,-^U-iV) .(6)*. 

It is obvious that 5*7 is a particular case of this theorem. 

* This generalization is duo to M. Lagally. Jl/tincAoncr Ber, 1921. quoted in 
IJandbiich (Ur Physik\ vii, p. 88. J. Springer. 1927. 
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9*8. Kinetic Energy of a system of 
energy of a fluid is T, where 


Vortices. The kinetic 



{u“ + V--}- IV-) dxdtjdz. 


which by 9*65 becomes 




^<f> dF dll\ 
^2 dx) 


+ IV 

Integrating this by parts we get 



dxdydz. 


2T- “P 

+ P JJ{^ - Gw) + m ( Fw -IIu) + n (Gu - Fo)}dS 

+ J jj{F^+Grj + //C dxdydz. 


where the surface integrals extend to the whole boundary of 

the liquid and the triple integrals are taken throughout the 
volume. 

If we suppose that the liquid extends to infinity and is at rest 
there and that the vortices are all within a finite distance of the 
origin, then as in 4-6 the first integral vanishes, the second is zero 
because and the third is zero because at points on the 

infinitely distant boundary F, G, H are ultimately of order 1 /IF 
and w, V, w of order IjE^. Therefore 


^ —p jjj 4 - II dxdydz. 

Substituting the values of F, G, II from 9*62 we get 




r 


dxdydzdx' dtj' dz', 


where each volume integral extends through the whole space 
occupied by the vortices. 

pother form, in which we integrate by filaments, may be 
obtained thus, lids, ds' arc elements of length of two filaments, 
a, a their cross sections, o-,w' the corresponding angular velocities 
and e the angle between ds and ds', the elements of volume are 
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ads and ads\ and the integrand is ww'cosc/r, so if we write 
2a)CT = K: and 2wa =k\ we get 

* "COS€ 


T^-^'Lkk 

47T 



dads'y 


where the integration is along the filaments and the summation 
includes each pair of filaments once. This formula corresponds to 
that obtained by F. Neumann for the energy of electric currents. 

9-81. Kinetic Energy Constant. We can also shew that the 
kinetic energy is constant when no extraneous forces act. 

The equations of motion are 

1 Idp dp dp 


dy^ 0z)’ 

Multiplying these by u, v, w and adding we get 


D ^ . \ldp 




02) dp dp 
dx dy dz 


If now we multiply by dxdydz and integrate over any region 


= J J (lu + fnv + nw)pdSy 

integrated over the boundary of the region. 

Let the boundary extend to infinity, and enclose all the vortices, 

then since + J (0. 

p dt 

therefore at a great distance E from the vortices p will be finite 
9-66 and lu + 7 nv-\-nw of order 1/i?^ wliile dS is of order R'^. 
Hence the expression for DTjDt vanishes and we have 

T = constant. 

9*82. Circular Vortex Rings. We have already seen (9*67) that a 
vortex ring produces the same effect as a sheet of doublets bounded by the 
ring, so that at points whose distance from a circular vortex is great com¬ 
pared with the radius, we might as a fii'st approximation replace the vortex 
ring by a doublet perpendicular to its plane. For more detaded treatment 

we proceed as follows. 

When the vortex lines are circles in planes parallel to the yz plane with 
centres on the axis of .r, we may use Stokes’s stream function and write, m 

the notation of 7*3, 10^ \ dtb 

v=-l; 


w dw 
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then by 4*25 the spin cu at the point {x, s) is given by 

^ dru ry]dx^ drn^ rndruj . 

Let us co^ider the case of a single circular vortex filament. We may 
transform the expressions for F, ff, H, namely 

fff^^'<iy'dz\ etc., 

by taking a as the cross section and ds the length of an element of the 
filament, and putting T. r = /a>, mo., no., where a. is the spin and 
U, m, n) are the direction cosines of the vortex line, so that 

$ dx dy dz'~lojad3 = ^Klds=^Kdx\ 

K denoting the strength of the vortex. 



Hence F, Gy H = ~ JL[^i _!L f 

^rr jr* ^nj r ^ 4n J r ' 

Now let the filament have its centre on the x axis and be parallel to the 
plane yz, ^ 

Let {x'y y\ z') be any point Q on the filament, where 

y' = m' cos e\ z' = ro' sin S'. 

Let P be the point (x, y, z), where 


then 


We get 


y = mcosdy z = ms\ne, 
r^ = {x~x')^ + cos{d~ O'). 


as the values at P. 


=0, H=:^'(‘‘ 


2^ cos 6' 


dO'y 


Hence the vector whoso components are F, G. H lias in a plane parallel 
to yz and its component in the direction tn is 


SO that the vector is perpendicular to cj as well as to x. If we denote its 
value by A , we have 

^ = Hcosfl-G'sin0='^'^' 

47r / 0 r 
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Remembering that the line integral of this vector round any curve 
represents the flow across a surface bounded by the cxirve, by taking a 
circle of radius ttj with centre on Ox, we get 

2TTnyA = flow through the circle = — 27 t^ (7*3), 


the flow being from left to right in the figure. 

Therefore ^ 

Kmrjj' cos(g—0 )dd 

and since the range of integration is round a circle we may clearly write 
€ for 6' - Qy so that 




KtnVJ 


7T 


27r 


coscdc 


Putting 


0 {[x - xy + TO® + to'® - 2toto' cos e}^ 

4toto' 


k^ = 




(:r-x')® + (TO + TO ) 


and e = TT-2<j) the result reduces to 

n 

^ ^ 12 |('2 _ (1 - 1 - 2 sin® - ? (1 - fc®sin® 

whoro K, E are the complete elliptic integrals of the first and second order 
with modulus k. 


9’83 It is clear from 9*63 that at a point P in the plane of the ring 
the velocity duo to each element of the ring is perpendicular to the plane, 
hence there can be no radial velocity at any point in the plane of the rmg. 
The radius of the ring is therefore constant, for it could not vary without 

causing radial velocity in the particles close to it. ^ 

To find the motion of the ring, we observe that near the ring x-x »and 
a 7 = m' nearly, so that k = 1 nearly, and ^ becomes infinitely peat. The 
determination of the velocity depends on the form of the section of the 
ring; an exact expression for the case of a circular section was pven by 
Lon'i Kelvin*, but we can obtain approximate results for the velocity in 

the neighbourhood of the ring as follows. 

If k' denote the complementary modulus 

... (j:-x')^ + (CT-tg')° 

^ '-(x-xy + (m + XDy’ 

then k' tends to zero ns the point (x, w) approaches the ring. 

For small values of k', i.e. when k is nearly umty. 


Ilonco 


/v = log4/fc' and £= 1, approximately f. 


4 


is the principal part of iji when k is small. 

* Phil. Mag. XXXIII, Fourth Series, 1807, p. 511; sec also Lamb’s Hydrodynamics, 
S KKl. 

t Cayley’s A7/»>fic p. M. 


9*84 


247 


CIRCULAR VORTEX RINGS 
And taking this value for 0 we have 

wdm ^ 7 TW\t!j) ^k' 277(777) dTJ 7 


But 


d , j , 777 — to' 

J ~ log A* = ,--- 

dw {x-x )2 + ( to - t 77')2 + 


m + m' 


and, if wo take the value for a point on the ring for which 7:7 = 777 ' and 

x = x' + € say, where c is small, being commensurable with the linear dimen¬ 
sions of the section of the ring, we get 


and 



€ 

2m'’ 

2 m' 

€2 + 4m'2‘ 


Hence the principal part of the velocity parallel to the axis is 




e 




For a ring of small section this implies a largo velocity and wo conclude 

that a thin circular ring will move along its axis with a large approximately 
constant velocity. ^ 

The direction of the velocity is to the side to which the fluid flows through 
the ring. ® 

For a complete investigation reference may bo made to Lamb’s 
Hydrodynamics {loc. cit.). 


9-84. We shall conclude with some observations on the motion of two 

circular vortex rings moving on the same axis, taken from Helmholtz’s 

paper on vortex motion. “We can now see generally how two ring-formed 

vortex-filaments having the same axis would mutually affect each other, 

since each, in addition to its proper motion, has that of its elements of 

fluid as produced by the other. If they have the same direction of rotation 

they travel in the same direction; the foremost widens and travels more 

slowly, the pursuer shrinks and travels faster, till finally if their velocities 

are not too different, it overtakes the first and penetrates it. Then the same 

game goes on in the opposite order, so that the rings pass tlirougli each 
other alternately. 

If they have equal radii and equal and opposite angular velocities, 
they will approach each other and widen one another; so that finally 
when they are very near each other, their velocity of approach becomes 
smaller and smaller, and tlieir rate of widening faster and faster. If tliey 
are perfectly symmetrical, the velocity of fluid elements midway betweiai 
them parallel to the axis is zero. Here then we might imagine a rigid plane 
to be inserted, which would not disturb the motion, and so obtain the case 
of a vortex ring which encoimters a fixed plane. 

“In addition it may be noticed that it is easy in nature to study these 
motions of circular vortex rings, by drawing rapidly for a short space along 
the surface of a fluid a half-immersed circular disk, or the nearly semi¬ 
circular point of a spoon, and quickly withdrawing it. There remain in the 
fluid half vortex rings whose axis is in the free surface. The fre(‘ surface 
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forms a bounding plane of the fluid through the axis, and thus there is no 
essential change in the motion. These vortex rings travel on, widen when 
they come to a wall, and are widened or contracted by other vortex rings, 
exactly as we have deduced from theory*. 


9*9. Steady Motion. When the external forces have 
potential the general equations of motion are of the form 


0M du du du dQ. I dp 
¥ + dx pdx’ 



and similar equations. 
And if we put 



the foregoing equations may be written 


du Idv du\ (du dw\ 

dx p dx 



or 



— 2v^-^2ior) = 




and similar equations. 

When the motion is steady we have 


therefore 




= 2{v^-ter]), 


h 


= 2(wf-2iO) 




Hence 





and 



0y 0Y ^ 
^ + w^ = 0. 

cy dz 


Therefore x = const, represents a surface the normal to which 
at any point is at right angles to both the vortex line and the 
stream line through the point, dhat is, there exists in the liquid 
a family of surfaces x = const, each covered by a network of vortex 

lines and stream lines. 

In the special case in which the motion is irrotational, however, 
X is constant throughout the whole liquid. 


* iSce also a pai>cr by Love, ‘On the motion of paired vortices*, Proc, LM.S 
1894, p. 185. 
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If for an instant we take the axis of x normal to the surface 

X = const., we must have m = 0, | = 0, and if is an element of 
the normal to the surface 




2 — iVTj) = 2qoj sin d 



where ^ is the angle between the direction of the velocity q and 

the axis of spin o), i.e. the angle between the stream line and the 
vortex line. 

Hence we have as the conditions for steady motion that it 

must be possible to draw a family of surfaces in the liquid each 

covered by a network of stream lines and vortex hnes and such 

that at every point of a surface qw sin Odv is constant, where dv is 

the normal distance between the surface and the next consecutive 
surface of the family*. 

In two-dimensional liquid motion it is obvious that qdv is con¬ 
stant along a stream line, therefore the condition for steady 
motion is that the spin ^ shall be constant along a stream line. 
This will be the case if we put 2^=/(0), where 0 is the stream 
function and/an arbitrary constant. 


But 2f = —- —= + 

dx dy dx^ dy^’ 

therefore for two-dimensional steady motion we have to satisfy 

dU dU 

.( 3 ). 

This is clearly satisfied whenever the stream lines are concentric circles 
with the origin as centre. Another case is where the stream lines are a 
system of similar and similarly situated ellipses or hyperbolas; thus 

^ J {a.r2 + 2bxy + cy^) 

makes = a + c, so that equation (3) is satisfied, and the spin t=h(a + c) 

is uniform. 

In like manner a system of equal parabolas having the same axis may be 
seen to satisfy the conditions for stream lines in steady motion. 

9 91. Steady Motion symmetrical in Planes through an 
Axis. If the motion is symmetrical about the x axis and m 
denotes distance from the axis, we clearly have q. 2-nm dn constant 
along a stream line, for this represents the flow between two 


<^<>nditions for Steady Motion of a Fluid’, Proc. L.M.S. ix, p. 91, 
or Hydrodynamics, § 165. e » 

t Stokes, ‘On the Steady Motion of Incompressible Fluids’, Trans. Camb. Phil. 
ooc. vn, p. 439, or Math, and Phys. Papers, i, p. 1. 
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consecutive stream surfaces of revolution. But we must also have 
qixidn constant over such a surface from 9*9 (2), because from 
symmetry the vortex rings must have their centres on the x axis 
and their planes perpendicular to it, so that they cut the stream 
lines at right angles. Therefore ojItd must be constant along a 
stream line. This is satisfied by making 2aj = tu/(</»), where/is 


an arbitrary function of Stokes s stream function ijj. 
9*82 (1) we have 




Hence from 


( 1 ) 


as the necessary condition. 

An example in which this condition is satisfied is Hill’s 
‘Spherical Vortex*’. 


EXAMPLES 

1. Assuming that, in an infinite unbounded mass of incompressible 
fluid, the circulation in any closed circuit is independent of the time, shew 
that the angular velocity of any element of the fluid moving rotationally 
varias as the length of the element measured in the direction of the axis of 

rotation. 

O Tf _ ay-^bx u; = 0, investigate the nature of the 

motion of the liquid, 

3 Wlicn an infinite liquid contains two parallel equal and opposite 
rectilinear vortices at a distance 26, prove that the stream lines relative to 
the vortices are given by the equation 

, x^ + {y-b)^ , 

the origin being the middle point of the join, which is taken for axis oiy. 

4 In the last example, if the vortices are of the same strength, and the 
spin is in the same sense in both, shew that the relative stream lines are 

given by log {r^ + b* — 2b^r ^cos 26) — r^/26- = constant, 

0 being measured from the join of the vortices, the origin being its middle 

* Shew also that the surfaces of equipressuro at any instant are given by 

r* + b*- 2 b-r^cos 2 e = \(r^cos29 + a‘). 

(Coll. Exam. 1913.) 

5. An infinitely long lino vortex of strength m, parallel to the axis of z, is 
situated in infinite liquid boimded by a rigid wall m the plane y- 0. Prove 

* ‘On a Spherical Vortex’, Phil. Tram. A, 1894, or see Lamb’s Uydrodymmica, 

§ llif'. 
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that^if there be no field of force, the surfaces of equal pressure are 

{(X -a)^ + {y- 6)2} {(* - a)^ + (2/ + 6)2} = c {y2 + 62 - (X - 0)2} 
where (a, 6) are the coordinates of the vortex, an.i C is a parametric 
cons an . (Univ. of London, 1909.) 

6 . If n rectilinear vortices of the same strength k are sym.notrioallv 

arranged ^generators of a circular cylinder of radius a in an infinite liquid 
prove that he vort.c.« vnll move round the cylinder uniformly in time 
Sir a /(n 1) K, and find the velocity at any point of the liquid. 

7. When a pair of equal and opposite rectilinear vortices are situated in 

a long circular cylinder at equal distances from its axis, shew that the path 
of each vortex is given by the equation ^ 

(r2 sin2 0 - 62 ) (r2 - - 4025^2 .sin2 0, 

0 bemg measured from the line through the centre perpendicular to the join 
of the vortices. 

(Greenhill.) 

8. Obtain the distribution of the velocity round a straight vertical 

vortex core m liquid: and find the form of the dimple where the core meets 

the free surface. /oi. t i * n .rx 

(bt John’s Coll. 1897.) 

9 . Find the motion of a straight vortex filament in an infinite region 
bounded by an infinite plane wall to which the filament is parallel and 
prove that the pressure defect at any point of the wall duo to the filament 
IS proportional to cos2 0 cos 20, where 0 is the incl ination of the plane through 
the filament and the point to the plane tlirough the filament perpendicular 

(M.T. 1912.) 

10. If a rectilinear vortex moves parallel to two rigid planes which 
intersect at right angles, prove that on the line of intersection of the planes 
the excess of pressure due to the vortex varies inversely as the square of 
the distance of the vortex from tlio line of intersection. 

(Univ. of London, 1915.) 

11. If (r^, fii), (rg, 02)... be polar coordinates at time t of a system of 

rectilinear vortices of strength /c^, prove that 

, 2/f. (Kirchhoff.) 


= const, and = 


12 The spwe enclosed between the planes g: = 0, x = a, i/ = 0 on the 

positive side of y = 0 is filled with uniform incompressible liquid. A recti- 

linear vortex parallel to the axis of z has coordinates (x', y'). Determine 

the velocity at any point of the liquid and shew that the path of the vortex 
IS given by ^ 

cot2 — + coth2^^=: constant. (M.T. 1899.) 

13. An elliptic cylinder is fiUed with liquid which has molecular rotation 
w at every point, and whose particles move in planes perpendicular to the 
axis; prove that the stream Imes are similar ellipses described in periodic 

time + 

(M.T. 1876.) 
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14 An infinite row of equidistant rectilinear vortices are at a distance 
a apart. The vortices are of the same numerical strength k but they are 
alternately of opposite signs. Find the complex function that determines 
the velocity potential and stream function. Shew that the vortices remain 
at rest and draw the stream lines. Shew also that, if a be the radius of a 
vortex, the amount of flow between any vortex and the next is 

(K/7r)logcot(7ra/2a). (M.T, 1925.) 


15 In an incompressible fluid the vorticity at every point is constant in 
magnitude and direction; shew that the components ^Jvelocity u i;, ^ are 
solutions of Laplace's equation. (Trmity Coll. 1906.) 

16. Prove that, in the steady motion of an incompressible liquid, under 
the action of conservative forces, we have 

du 


and two more similar equations in v,w. 

Hence shew that if «, u, -w are linear functions of x, y, z, then 

^U + T}V+lW-0y 

and that there are two and only two possible cases: 

(i) anirrotational motion with a velocity potential which is any solid 

harmonic of degree two in a:, y, z, 

(ii) a rotational motion which may, by choice of axes, be reduced to 

theform u = ax + (h-l)y, v = {h + Qx-ay, ■w = Q. 

Find the lines of flow in case (ii); and shew that the motion is periodic if 

+ {St John’s Coll. 1902.) 


17 Prove that the kinetic energy of a vortex system of finite dimen- 
sions' in an infinite liquid at rest at infinity can be expressed in the form 

2pj Illu(yC-zri) + v(zi-x() + w(xri-yi)}dxdydz. 

18 Prove that a thin cylindrical vortex of strength <r, rrmning parallel 

to a plane boundary at distance a will travel with velocity and shew 

that a stream of fluid ^vill flow past between the travelling vortex and the 

boundary of total amount jlog (^) - ^ 

vortex, when c is the (small) radius of the cross section of th^jortex 


19 If, with the usual notation,«dx + vdy + wdz -de + Adx where 0, A, x 
are functions ofXy y, z and f, prove that the vortex lines at any time are the 

lines of intersection of the surfaces A = const, and x - 

(Coll. Exam. 1912.) 


20. Prove that the necessary and sufficient condition that the vortex 
lines may be at right angles to the stream lines is 

/dS ^<f>\ 

where p and if> are functions of Xy y, z, t* 



EXAMPLES 


253 


21. Prove that in regions remote from a single tliin vortex ring the 

stream lines approximate to the curves rcosec^ ^ = const., where t denotes 
the distance of a point P from the centre 0 of the ring, and d the angle 
which the line OF makes with the axis of the ring. (M.T. ii. 1910.) 

22. Find the motion of the liquid aroimd a closed vortex filament, 
shewing its equivalence to a double sheet of sources and sinks: deduce 
that the image of a circular filament moving in infinite liquid surrounding 
a rigid sphere is another filament; compare the circulations. Describe the 
behaviour of the filament as it approaches the sphere. (M.T. 1911.) 


23. Shew that if the velocity is stationary at a point on a stream line in 
the steady motion of a liquid, the stream line is a geodesic on a member of 
the family of surfaces that contains the stream lines and vortex lines. 

(Greenhill.) 


24. A straight cylindrical vortex column of uniform vorticity ^ is sur¬ 
rounded by an infinite quantity of fluid moving irrotationally which is at 
rest at infinity, prove that the difference between the kinetic energy in¬ 
cluded between two planes at right angles to the axis of the cylinder and 
separated by unit distance wht;n the cross section of the cylinder is an 
ellipse and when it is a circle of equal area A is 



TT 




a + b 

2V^’ 


where p is the density of the fluid and a and 6 the semi-axes of the ellipse. 

(M.T. 1887.) 


25. If the velocities at a point in a liquid in motion imder a system of 
external forces having a potential be expressed by 


ox ox 


v=-f + xp, 

D 


dz dz 


prove that the result of operating with ^ on the identity 

jJl 


i^,r,dX p\_ 

r' •" O I * ^ vj 

pox poy poz 

whore t), ^ are the rotations, gives, after a reduction. 


26. If 




(Dublin Univ. 1911.) 


where = etc., 

prove that jjj{u^ + -h w^) dxdydz taken through any portion of space 

within which (j), F, Gf H and all their differential coefficients are finite and 
continuous, equals 


jj + Gi^-{- — J^)dxdydZy 

taken through the same space, together with j j taken over the 

boxindary, where = <f>x^ + <f>y^ + with similar values for Fj, G^yH^y 
= and xisto befound. (DublinUniv. 1911.) 
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27. A liquid extending to infinity moves under the influence of a finite 

system of vortices: find the force and couple resultants of the system of 
impulses which would produce the motion. (Dublin Univ. 1907.) 

28. Shew that every in otational motion, whether cyclic or acyclic, of a 

liquid occupying u given region, can be produced by a proper distribution 
of vortex sheets on the boundaries, an<l shew how to determine this 
distribution, (DubUn Univ. 1907.) 


29. A liquid, extending to infinity, moves under the influence of a 
sphere composed of circular vortex rings whose planes are perpendicular 
to the axis of x', whose centres lie on this axis, and in which the molecular 
angular velocity in each ring is proportional to its radius. 

If the components m, v , w of the velocity of the liquid are expressed by 

tile equations dO 


U = — , ' + y “ » etc., 

dx dy oz 


find F, G\ II at a point outside the sphere. 


(Dublin Univ. 1907.) 


30. Shew that the motion of the liquid outside a certain surface sur¬ 
rounding a circular vortex ring the radius of whose core is small compared 
with the radius of its aperture, is the same as that due to the motion of this 
surface through the liquid with the velocity of translation of the ring. 

Find the equation to tliis surface and the length of the axis of the ring 
ntercepted by it. (M.T. 1892.) 

31. A cylindrical vortex sheet in infinite liquid is such that the vortex 

lines are generators of the cylinder and the vorticity at any point is 217 sin $, 
whore 0 is the angle measui ed from a fixed plane through the axis of the 
cylinder. Prove that the vortex sheet moves through the liquid with 
velocity U parallel to the fixed plane. (M.T. 1924.) 

32. W hen the motion of an infinite liquid is due to a single circular 
vortex ring, in which the spin at any point is proportional to the distance 
from the straight axis, and the section is taken to be a circle of radius small 
compared with the radius of the aperture, obtain an expression for the 
velocity at any point of the fluid parallel to the straight axis. 

Prove that the fluid carried forward with the ring is or is not ring-shaped 
according as the ratio of the radius of the section to the radius of the 
aperture is less or greater than a certain fraction, and find an approxima¬ 
tion to this fraction. (M.T. 1897.) 


33. A uniform incompressible perfect liquid extends to infinity and is at 
rest there. Within it is a spherical vortex sheet of radius a with its vortex 
lines arranged in parallel ch*cles, on the axis of which is a fixed point Cat a 
distance c ( <a) from the centre; the strength of the sheet at any point Pis 
m sin where is the angle between OF and the axis of the circles. Shew 
that the velocity at a point on the axis at a distance r (> a) from the centre 

2n - 1 \2n - 3 2h + ij * 


IS 


(M.T. 1900.) 


CHAPTER X 


WAVES 


10-1. The dynamics of wave motion is of great importance 

in physical investigations, as wave motion constitutes one of the 

principal modes of transmission of energy. The energy received 

from the sun is transmitted by waves in the ether, the energy of 

sound by air waves, the practical applications of electric waves are 

now spread the world over and the theory of waves occupies an 

important place in the field of research into the constitution of 

matter. In the present chapter we shall only eonsider water 

waves, which, though most familiar, are not the easiest to discuss 
mathematically. 


10'11. The oscillatory nature of Wave Motion. By a 

wave we mean the continuous transference of a particular state or 

form from one part of a medium to another. This does not imply 

the transference of the medium itself from one place to another 

but merely the propagation through it of a particular form, state 

or condition. Thus in water waves, the fact that small bodies 

floating on the water are not borne onwards by the waves is an 

indication that the elevated masses of water are not moving 

forward bodily, and that it is only the uneveimess of the surface 

that is moving from place to place. As the waves pass a floating 

body it appears to be carried forwards a small distance on the 

crest of a wave and backwards when in the trough of the wave so 

that on the whole each wave leaves the position of the body very 
little altered. 


The following explanation of how water waves can be main- 

tained by small oscillatory movements of each particle of water is 
due to Airy*. 


Let ABCDEFG represent the outline at one in.stant and abcdefg an 

instant later; we want to shew that the displacement of the contour of the 

si^face can be produced by a small oscillatory movement of each particle 
ot water. ^ 

Draw vertical lines to the bottom of the water and suppose the particles 
m each vertical line to be moving in the direction of the arrows in the 


Article Waves aod Tides’, Ency. Metrop. 1845. 
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figure; that is, all particles below the crest of the wave are moving forwards, 
all below the hollows are moving backwards, and all below the midway 
points A, Cy Ey 0 are for the moment stationary. And suppose the 
velocities of the horizontal motion of the particles in the vertical lines 
intermediate to those drawn in the figure are intermediate to the velocities 
of the particles in the lines drawn in the figure. This supposition will account 
for the motion of the wave or shape. For, take points By near to 
B; Cq, near to C, etc.: draw lines from them to the bottom and con¬ 
sider the horizontal motion of the particles in those lines. B^ and By are 
both between the principal point of backward motion B and points of 
rest Ay Cy therefore the particles below Bq and those below By will be 
moving backwards and with nearly the same speed, so that the inter¬ 
mediate surface at B will not be sensibly elevated or depressed inasmuch 
as the vertical boundaries BqBq and By By of the included column of 
water will after a short time be at the same distance apart as at present. 
But the particles in the line Cq are between a point of rest C and a point 



of backward motion B and therefore are moving backwards, those in the 
line Cy Cy are between a point of rest and a point of forward motion D and 
therefore are moving forwards; consequently the vertical boundaries 
C C ', CyCy' of the included column are separating and therefore the 
surface at C will drop and after a short time will be found depressed to c. 
In like manner it will be found that the particles in BqBq and DyDy are 
moving forwards w'ith nearly the same velocity so that in the intermediate 
part at D there is no sensible alteration of level. But in E^ the particles 
are moving forwards and in Ey Ey backwards resulting in a raising of the 
level from E to e. Pursuing tins reasoning it will be evident that the 
continuous horizontal motion of the wave or shape forwards is entirely 
accoimted for by tlie rising of some portions of the surface and the falling 
of others and that these risings and fallings may be considered as the 
effect of small horizontal motions of the water, some forwards and others 
backwards. And as in the progress of the waves, the same particles are 
altemaUdy in the crest and in tiie hollow- of the wave, every particle will 
be altornutely moving forwards and backwards and alternately upwards 
and downwards, that is the particles are oscillating w'hile the waves 
advance continually in the same direction. 
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10-12. Mathematical representation of Wave Motion. 

Graphically the equation 

y=f(x-ct) .( 1 ) 

represents a wave motion, in which a curve of the form y =f (x) 

moves in the positive direction of the * axis with velocity c For 

if in (1) we increase t by f and x by ct' we leave the ordinate y 
unaltered. 



-> c 


A simple harmonic progressive wave is represented by a curve 
of sines moving with definite velocity in the direction of its length 
Thus the equation y = a&in(mx~nt + ,) .( 2 ) 

represents a wave moving in the positive direction of the a; axis 

with velocity njm, called the velocity of propagation, c say 

The distance between two consecutive crests of the curve is 27 r/m' 

this is called the wave length and denoted by A. The period 

of the wave is 2nln or A/c, for the wave at time 1 = 277 /w presents 

the same appearance relative to the origin as at time t = 0, each 

crest in this interval moving forward a distance A, i.e. to the 

position occupied at the beginning of the interval by the next 
consecutive crest. 

The maximum value of y, viz. a, is called the amplitude. 
Equation (2) may also be written 


or 


27r 

y = asiny(a;-c« + 6') 
. ^ lx t 

2/ = asin 27 tI - ^ + e 


.(3), 

.(4), 

where in the latter case t denotes the period A/c. 

The reciprocal of the period is called the frequency; it denotes 
the number of oscillations per second. 

Phase. In equation (2) e represents the phase of the wave 

at the instant from which t is measured. If we compare the 
equations ^ ^ ^ 

y = asm(mx~nt + c), 

we see that both represent wave motions having the same amiili- 
tude, wave length and period, but that they differ in phase. As 
regards position the one is a distance e/m in advance of the other 

RH * 


17 
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or as regards time the one has a start of e/n. from the other. 
Strictly speaking the difference of phase is a number €, representing 
radians, but in such a case as we are considering it is not unusual 
to speak of the phase in terms of either distance or time; thus, if 
e = 7r/2, one wave is one-quarter of a wave length in front of the 
other; or, in terms of time, one is one-quarter of a period ahead 
of the other, and we may say that the phases differ by a quarter 
of a wave length or by a quarter of a period. 

10*13. Standing or Stationary Waves. If two simple 
harmonic progressive waves of the same amplitude, wave length 
and period travel in opposite directions the resulting disturbance 
of the medium is represented by the equation 

y^a sin (rnx -nt)-\-a sin (mx + nt) 

= 'la sin mxQO^nt. 

Such a wave is called a standing or stationary wave. At any 
instant the equation represents a sine curve but the amplitude 
2(7 cos varies continuously. The points of intersection of the 
curve with the x axis are fixed points called nodes. 

In the same way a progressive wave system can be regarded 
as the combination of two systems of standing waves of the same 
amplitude, wave length and period, the crests and troughs of one 
system coinciding with the nodes of the other and their phases 

t 

differing by a quarter period. 

For if//i = a sin m.r cos ??/ be one of the standing waves the other 
must be y.> = ucossin/d, and by combining the two we get 
y ^ Hi ± //2 = ± ^*0 representing a progressive wave. 

10*14. We propose to consider waves in incompressible liquid 
under the action of gravity. Such waves in water are generally 
]>roduccd l)y disturbing forces such as wind pressure, by the 
relative motion of a liody such as a ship on the water, or by such 
causes as irregularities in the bed of a stream, so that, neglecting 
viscosity, the motion is irrotational. Roughly speaking the cases 
that we shall consider fall into two classes: (1) Long tvaves in 
sholloir ivatei'. where the depth of the water is small compared to 
the wave length and the disturbance affects the motion of the 
whole of the liquid; (2) Surface traves. where the wave length may 
be small compared to the depth so that the effects of the dis¬ 
turbance cease to be appreciable below a certain depth. 
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10 2. Lon^ Waves. Let us consider the case of waves travel- 
ling along a straight canal of uniform section. Take the axis of x 
in the direction of the length of the canal and y vertically upwards 
and let y be the elevation of the free surface above the equilibrium 
level at the point whose abscissa is x at time t. If the wav'e length 
be large in comparison with the mean dejjth, the vertical accelera¬ 
tion can be neglected in comparison with the horizontal, so that as 
far as vertical forces are concerned we may regard the liquid as in 
equilibrium and take for the pressure at any point the statical 
pressure due to the depth below the free surface. 

Therefore the pressure p at a point {x, y) is given by 


p-Po=9p(ya + y-y) .(i), 

where y^ is the ordinate of the undisturbed free surface and is 
the pressure above the liquid supposed constant. Hence we get 

dp dt] 

Tx = ^Pdx .( 2 ), 


and as this is independent of y, and the horizontal acceleration of 
an element depends on the difference of pressure at its ends i.e. 

follows that the horizontal acceleration of all points in 


the same vertical cross section of the canal is the same, and 

consequently that points that are once in a vertical plane are 
always in a vertical plane. 


Considering a small horizontal cylinder PP' of liquid of length 
dx' the difference of pressure at its ends is gp p~dx'. And if x be 

the abscissa of the vertical plane of particles through P in its 

equilibrium position and ^ the horizontal displacement of this 
plane of particles, 


x' = x-{-^ 


(3) 


and the horizontal acceleration is d'^^jdP. 

If K be the cross section of the cylinder PP', the mass is Kpdx' 
and the equation of motion is 




(4). 


or 


0^_ drj 
^ dx' 


17*2 
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If now we suppose the motion to be small and neglect the 
squares of small quantities, we get from (3) and (4) 


02f drj 


(5). 


We have now to form the equation of continuity. liOt A be 
the area of the cross section of the canal, and b the breadth at 
the surface. In the position of equilibrium the volume of liquid 
between the planes x and x + dx is A dx. At time t the distance 

between the bounding planes of this liquid is dx + ~dx, and the 

area of the cross section of the liquid is A therefore 


(A-}-b7})^dx-\-:^dxj=Adx. 

Neglecting the product of the small quantities this becomes 




(6), 


and we therefore obtain from (5) 

dt^ b 3x2 

To integrate this equation we write 

(7^/3 = c2, 


(7). 


and 


so that 


3 

dt 


= X + C^ = X2, 

3 3 ,3 3 3 

— c y and = — r 


3xi 3x, 


0x 3xi 3x2* 


reducing equation (7) to the form 


the solution of Avhich is 


3xi3x, 


= 0 , 




where/, F are arbitrary functions. 
Hence the solution of (7) is 


^ =/ (x - d) + + ct) 


(8), 


representing two waves travelling in opposite directions with 
velocity c = ((7^4/6)^. 
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If the canal be of rectangular section and depth h the wave 
velocity is (gh)^-, i.e. a velocity due to half the depth of the liquid. 
The displacement being given by (8), the elevation is given by 

*4 af , 

A 

that is, (x-cl)-~ F'(x + ct). 

We should expect the expression for r, to contain two arijitrary 
functions because the elimination of f between (5) and (6) shews 
that 7} satisfies the same equation (7) as 
The particle velocity i is given by 

i=-cf' (x-ct) + cF' (x + ct). 

The meaning of the solution that we have obtained is not that the 
hypothesis of the existence of a ‘ long wave ’ involves a compli¬ 
cated motion represented by arbitrary functions, but that all 
possible motions subject to the limitations we have imposed are 
included in the general solution (8); and the forms of the functions 
/, F to suit any special case must be determined from given initial 
conditions. A discussion of the adaptation of the solution to 
special cases will be given in a later chapter. At present we will 

confine our attention to the determination of the motion of the 
individual particles. 

10-21. Assuming the canal to be of rectangular section it Ls 
clear that the particles move in planes parallel to the length of 
the canal. A vertical column bounded by two such planes and 
two others at right angles to them remains a vertical column on 
a rectangular base, but the area of this base changes during the 
motion and the height of any particle in the column changes in 
such a way that the volume of the part of the column below the 
particle is unaltered; hence the vertical displacement of any 
particle is proportional to its height above the ba.se. Therefore 
when the motion of a particle at the surface is known the motion 
of any particles in the same vertical line is found by diminishing 
the vertical displacement in a given ratio without altering the 
horizontal displacement. 

To trace the motion of a surface particle when a progressive 
wave passes over it in either direction, we may take 
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Then from 10*2 (6), putting A = bh, we have 




i- -*/' 





The particle is at rest until the wave reaches it, then it moves 
forward as well as upward with a velocity proportional to the 
elevation of the wave above the equihbrium level; when the crest 
of the wave reaches the particle the upward motion ceases but 
the horizontal velocity is a maximum, r, then decreases and ^ 
increases less rapidly and as the wave leaves the particle 7 , = 0 
so that the particle is at the same height from the bottom as 


I 


the particle this expression represents the total volume of the 
elevated water divided by the sectional area of the canal. Hence 
the particle is finally deposited in front of its initial position by 

this distance. 

If the wave consists of a single depression instead of an eleva- 
tion, everything is the same as before except that the particle 
moves backwards instead of forwards. 


10'22. To recapitulate—the results of the foregoing Articles 
have been obtained on the hypothesis that the motions are so 
small that squares and products of ^ and tj can be neglected, and 
that the vertical acceleration can be neglected in comparison with 
the horizontal. We may observe that if we consider the passage 
of a wave consisting of a single elevation of length A and maximum 
elevation 7 ) the time taken to pass a particular particle is A/c, 
where c is the velocity, so that the vertical velocity will be of order 
7ic/A, and the vertical acceleration of order tjc/A^. But frojn 10 21 
(1) the maximum horizontal velocity is erj/Zi, and taking c- = gh, we 
get that the ratio of the maximum vertical and horizontal velocities 
is of order hjX, and the vertical acceleration being of order sfTjfc/A* 
can be neglected if hjX is a small quantity. This shews that waves 
of the type described are propagated only when hjX is small, and 
justifies the application to them of the term ‘long waves . 

The foregoing discussion is based on an article by Stokes*. 

• 'On Waves’. Camb. ami Dub. Joumal, IV. |). 210. or Hath, and 

Papers, ii, p. 222. 
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10-23. Long Waves—general equation. ITevcrting to 
10 - 2 , if we form the equation of motion for the liquid which in 
equilibrium occupies the space between two cross sections at a 
distance dx, x and x-hdx being the abscissae in the undisturbed 

state, and x + ^ and x + i + dx + :^^dx the abscissae at time t, of the 

bounding planes, the mass is pAdx and the equation of motion 


where as before 


02^ 07? ^ 
pAdx^=-^^^dz(A+br])- 

dp dr) 


so that the equation of motion is 


02 ^ 


dt^ ^ dx 


, br, 


ni + 


A 


( 1 ). 


The equation of continuity is 



and the elimination of t) between (1) and (2) gives 

02^_ A 02^/ 0f\-3 

dt^ ^bdx'^y'^dx) . 


(3)*. 


Our former equation is an approximation to this in wliich the 
squares of small quantities are neglected. Airy’s discussion of this 
equation shews that waves cannot be propagated to inlinity 
without change of form. 


10-24. Long Waves—another method. In any case in 
which waves are propagated in one direction only without change 
of forni, the problem of finding the velocity of propagation can be 
simphfied byimposing on the whole massof liquid a velocity equal 
and opposite to the velocity of propagation of the waves, the wave 
form having the same relative velocity as before becomes fixed in 
space, and the problem becomes one of steady motion. 

In the case of long waves, neglecting the vertical velocity, let c 
denote the velocity of propagation, and w the small additional 
velocity due to the wave motion at points where the elevation is rj. 


* Airy, ‘Tides and Waves’, Encyc. Melrop. 184.3. 
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The equation of continuity is 

(A+br})(c + u) = Ac .( 1 )^ 

where A is the area of the cross section and b the breadth at the 
surface. 

If hp denote the excess of pressure due to the wave motion we 
have 




+ gr] + l(cu)^ = 


( 2 ), 


therefore 


Bp = 


1 - 


A^ 




-gpv 


ic 


^(2Ab + bhi) 


-9 


^prj 


(3). 


(A+brjf 

If Tj be small compared to Ajb, this reduces to 

8p=:{c^blA-g}pr), 

and if = gA jb the surface pressure is constant to a first approxi¬ 
mation, so that a free surface is possible. This value of c gives the 
velocity of propagation of a long wave in still water, or the 
velocity of the stream for a stationary long wave. 

Assuming that c^ = gAlb and substituting in (3) we get 

Bgpbrj^ 


8p= — 


2A 


as the second approximation, shewing that the pressure is defec¬ 
tive at all parts of the wave at which rj is not zero. Hence, unless 
-rf- can be neglected, it is impossible to satisfy the condition of a free 
surface for a stationary long wave; that is, it is impossible for a long 
wave whose height is not small compared to the depth of the water to 
be propagated in still water without change of type. 

From (3) we see that Bp will vanish if 


c2 = 


2g{A + bri)\ 

2Ab + b^ ’ 


and since 


2g{A-hbrj)^ gA ^ (BA + 2brj) 


2Ab + bhj b ^ 2A-\-bri 

it follows that if t) is positive everywhere the conditions for the 
propagation of the wave are more nearly satisfied by taking a 
value of c greater than (gA /6)^, and if t] is negative everywhere a 
value less than (gAlb)K Hence an elevation in the surface travels 
rather faster than a depression*. 


• Lord Rayleigh, ‘On Waves*, Phil. Mag. i, 1876, p. 257 or Set. Papers, i, p. 251. 
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10-25 Energy of a Long Wave. For a wave in a canal of 
rectangnlar section the potential energy is due to the elevation or 
depression of the water above the mean level, and for a unit 
breadth of the wave the potential energy is therefore 


where rj is the elevation at :r and the integration is over the whole 
length of the wave. 

The kinetic energy is Ink f i^dx 


j- c 


for the same range of integration. 

For a wave travelling in one direction, we have, as in 10-21 (I), 

c 

h 

and since c2 = gA therefore the above expressions are equal and 

at any instant the energy of the wave is half potential and half 
kinetic. 

10-26. Examples of the arUfice of Steady Motion 
space and the liquids move below and above it witirgen»rarri^'''f 

Let p,/denote the densities, ^,.4'the cross sectLs ^ 

of the two liquid streams and b the breadth of the 
common surface. The problem is to express c in 
terms of these data. If for example the liquids were 
separated by a thin rigid sheet of the prescribed 
wave form, then they might be forced through the 
pipe at any speeds, but we want to find the particular 
speed c at which, if they move, their common surface 

would keep the prescribed form \vithout the aid of - 

the material surface of separation. Then when this velocity is again re 
vemed on the whole mass the liquids are stationary save for the wave 

Let y denote the elevation of the common surface dnc tc .u 

” thrtwo1q“i:ii 

The equations of continuity in the two liquids are 

{A+b7i){c-\-u) = Ac 

(A'- brj) (c + u') =A'Ct 

Au-\-bc-q = 0\ 

^V-6c,, = 0) .. 






260 


MOTION OF A BORE 10 * 26 - 

Also, if 875 , hp' denote increments of pressure close to the common 
surface in the two liquids due to the waves, 

+ S'T? + i (c + uY = Jc 2 
P 

and % + + i (c + u'Y = 4 c*, 

P 

hence, if we ignore surface tension so that = hp't we have 


g{p-p')7) = (pu'-pu)c .(2). 

Then by eliminating t], u and u' from (1) and (2) we get 

c“ = ?(p-p')/ 6 (^ + ^,) .(3)*. 


(ii) A 'bore' or a 'wave' invading a region of still water. 

Consider the case of a steady stream in which there is a transition from a 
uniform velocity u and depth h to a, uniform velocity u' and depth h'. 
There is an equation of continuity 



Taking the density as unity and unit breadth of the stream, the mean 
pressures over the two cross sections are ^gh are ^gh' and the total 
pressures are and so that, by considering the change of 


momentum per second, we have 

hu{u-u') = ig{h'^-h'^) .(2). 

From (1) and (2) wo find that 

u^ = lg{k + h')h'lh and u'^ = hg{h + h')hlh' .(3). 


We now examine how far this is compatible with conservation of 
energy. By considering the energy changes per unit time between the two 
vortical cross sections we have that the pressures on the boundary are 
doing w'ork at the rate 

hyh-u — igh'hi' = Ighu {h — h') .(4). 

But the centre of gravity of the liquid entering the region is raised by an 
amount 4 {h' — h), so that the potential energy is increasing at a rate 

hghu(h' — h) .(6); 

and subtracting (6) from (4) leaves a rate of working 

ghu{h~h') .(6) 

available for increasing the kinetic energy. But the kinetic energy leaving 
the region per imit time exceeds that entering it by 

j/iV*-4/iu*=4Au(u'*-«*) 

which from (3) =lgu(h-{-h'Y{h~h')lh' .(7). 


* (jrccnhill, ‘Wave Motion in Hydrodynamics', Amcr. Journ. of Math, ix, 1887. 
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We now lind that expression (ti) exceeds (7) by an amount 

iyii(h'-h)^lh' . 

which implies a dissipation of surplus energy when h' is greater than h 
Now suppose that a ve octy n from right to left is impressed on the 
whole mass of liquid. We then have the case of a w^ave invading a region nf 
still water. The velocity with which the wave travels is «, and the velocity 

of the liquid particles IS a- a m the direction of propagation. This is posh 

tive or negative accordmg as V is greater or less than /i. i .e. according a^ the 
wave IS an elevation or depression. In the case of an elevation or ‘bore’ 
expression 8) gives the rate at which energy is dissipated at the transition • 
and smce tins e.xpre^ion is negative when h' is less than h, it follows that 
a depression cannot be propagated without a supply of energy*. ' 

10-3. Surface Waves. We shall ne.xt consider waves due to 
small oscillatory motions which take place at and near the surface 
of an unlimited sheet of water where the depth may be consider 
able compared to the wave length. We no longer neglect the verti¬ 
cal acceleration, but we suppose that the squares of the velocities 
of the particles are negligible. The motion is supposed to be two- 
dimensional, the ridges and hollows of the waves being all parallel 
to one another. The axis of x is taken in the undisturbed surface in 
the direction of propagation of the waves and the axis of y verti- 
caUy upwards. The motion being such as could be produced from 

rest by nati^al forces is irrotational and the velocity potential d> 
has to satisfy the equations 

^_ 0 

dx^ .(1), 

throughout the liquid, and = 0. /, 

v7l .*. 

at a fixed boundary. 

The pressure is given by 

p 36 

p = ^t-9y-hq^+F(t) . ( 3 ). 

The free surface is a surface of equipressure p = const., therefore 
^'"1-6(3) ap dp dp 

or writing - d<j>jdx for u and - d<i>ldy for v we have 

dp d(j> dp d<j> dp 

at the free surface, ax” ^ 3^ = 0 .W 

VI A, xc, 1914 or 
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If now we suppose the motion so small that the squares of 
small quantities (e.g. velocities) can be neglected we may neglect 
in (3), and if we also regard the arbitrary fxmction F{t) as 
absorbed in d<t>ldt and then substitute the value of p from (3) m 

(4)weget 02^ 0^ _ \_o 

dt^ dx dxdt dy \dydt 


or, neglecting the second and third terms which are of the same 


order as q^y 


d<i> ^ 
dt^ ■*■^ 02 / 


( 6 ). 


This condition holds at the free surface. 

If 7 ] denote the elevation of the free surface at time t above the 
point whose abscissa is x, the equation of the free surface will be 

of the form 


and this being a boundary must satisfy the condition 1-6 (3). 


Hence 


dt ox 


But dfl?t is and df-jdx or drjldx is the tangent of the slope of the 
free surface w^hich by hypothesis is small so that the second tenn 
can be neglected and the equation becomes 


at the free surface. 




Hence in a wave motion in \vhich the squares of the velocities 


can be neglected the velocity potential must be a solution of 
Laplace’s equation which makes ?(^/0n = O as a fixed boundary 
and satisfies (5) and (6) at the free surface of the liquid. 


10-31. Let us apply these conditions to investigate the 
propagation of simple harmonic Avaves of type 

= a sin {mx — 7it) .(7) 

at the surface of water of uniform depth hy either of unlimited 
extent or contained in a canal with parallel vertical sides at right 
angle to the ridges and hollows. 

If we assume that there is a solution of the form 

^ =/ (y) cos (mx - iit) 


and substitute in (1) we obtain 
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SO that / {y) = Ae’^y + 

and 4’= + cos (mx-nt). 

This value of </, must satisfy (2), i.e. 50/ay = o when y = -h 
Hence Ae-”''> = = ^C, say, 

so that ^ = C'cosh w(y + ;i) cos (TOa:-R<) . 

Again if we substitute this value in the surface condition (5) 
putting y = 0, we get .(9/ 

Now if c( = n/™) denote the velocity of propagation and 
A (= 27 r/m) denote the wave length, it follows that 

c== = I tanh g tanh .(10). 

The constant (7 of (8) can be expressed in terms of the amplitude 

a of the wave by substituting from (7) and (8) in (6). Thus putting 

y = 0wehave ^ i 

— na—~ mC sinh mh, 

so that 0 = ^ coshwj^) 

^ m ^Sh^F~ - ”^)> 

r.r nainr, 101 ^ _ S'a COSh TO (y + A) 

or using ( 9 ) cos (mx - nt) .(H). 

10 - 32 . The Paths of the Particles. If x, y be the coordinates 

of a particle relative to its mean position (x, y), neglecting the 
squares of small quantities we may write 

x=-^^= „„coshTO(y + ^) . 

3 a: iinh-TOA 

v= _^„sinhTO(y + A) 

Sy~ ^ ~sh^h~~ 

Whence, by integrating, we get 

^__^coshm(y + ^) 

„_„sinhTO(y + /i) . . 

so that the particle describes the ellipse 

x'/cosh "m {y + h) + yZ/sinh^TO {y + h) = a^/sinh^ mh 

part 1^“ ^ the 

part of the eccentrie angle in the ellipse; so that the eccentric 
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angle increases at a uniform rate, as in an orbit described under a 
central force varying as the distance. 

The distance between the foci 2a cosech mh is the same for all 
such ellipses, their major axes are horizontal, and both axes 
decrease as the depth of the particle increases, the minor axis 
vanishing when y= ~li. 


10*33. Deep Water. If the depth h of the water be suffi¬ 
ciently great in comparison with A for to be neglected, then 
in 10-31 we must have 5 = 0, so that we have instead of (8) 


and instead of (9) 
or 


(}) cos {mx — nt) .r(8'), 

n^ = gm .( 9 '), 




Also if ^ a sin (mx - 7 it) is the free surface we get from (6), 

7 ia = mA , so that ^ 

<j) = — cos (mx — nt), 
m 

or cos (tox — 7 i<).(IT). 

n 

Following the method of 10-32 we get in this case for the 
displacement of a particle from its mean position 

X = cos (mx -nt), y = sin (mx- nt), 
and the path of the particle is a circle 

X2_|_y2_^2g2mi/^ 

described with uniform angular velocity n, which in this case is 
equal to (gm)^ or (27TglX)K 

10-34. WaveLengthand Wave Velocity. A comparison of 
10-31 (10) and 10-33 (10') shews that in what we have described 
as ‘deep water’ we have taken the factor tanh (27T/i/A) to be unity. 
Now when x = 7 t then tanhx=l, with an error of less than 
1 per cent., and, for larger values of x, tanh x is more nearly 
equal to unity. It follows that it is only necessary for the depth 
h to exceed half the wave length for the circumstances to be 
such as we have described as ‘deep wat-^'*’, and in all such cases 
the wave velocity is given by (10') and is independent of the 
depth. 
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Now reverting to the formula 10-31 ( 10 ). let us consider the 

function ^ 

tanha: 

y= .. n\ 

X .( 1 ), 

for which ^ ^ = — - H- ^ 

ydx X sinh 2x' 


Since 


sinh 2 a:= 2 a:+( 2 a:) 3 / 3 ! + ... 


Hence for water of a given depth h, the velocity c of wave 
propagation increases as the wave length A increases- but bv 
expanding tanh ( 2 .A/A) we see that the value of c will not exceed 
(gh)i, which IS the value previously found for long waves 

Also in (1) there is only one value of corresponding to each 

value of y, therefore there is only one wave length correlponding 

to a given velocity, and every velocity up to (gh)i is the velocitvof 
some wave. 

The supposition of simple harmonic waves is the simplest that 

can be made and since by Fourier’s Theorem functions can be 

expanded in series of sines and cosines ft follows that waves of a 

general type can be regarded as the result of the superposition of 
a number of simple harmonic waves. 

10-35. S'ondingorStationaryWaves.Thevelocftypoten- 

t,al for a syoton, of stationary waves can be deduced f,„,„ i o- 31 
by regarding the system as the result of the superposition of two 
such trams of waves as have just been considering moving” 

toT™,. p"tir “■ “'"“Pon-iing 

7 / = asin wxcosw^ . 


we shaU have 


j y 

m 


na cosh m (yh) 


.( 2 ), 


or 


cosh miy + h) 

I ~ I Si 


« '^^sh^A .( 3 ), 

It is not necessary to regard standing waves as a case of 
superposition of progressive waves, we might investigate this 
form for ^ independently, starting with an assumption 

^ —f (y) sin mx sin nt, 
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and proceeding as in 10*31 we get the same equation for / as 
before, and hence the result follows as in that article. 

For Standing waves in deep watery as in 10*33, equations (2) and 
(3) above take the forms 


and 



na 

—e”**' sin mx sm nt, 
m 

ga 

— e^^ sin mx sin nt, 
n 


10*36. Paths of the Particles in Stationary Waves, With 
the same notation as in 10*32 we have 


d<f> coshm(y + ^) 

x= —— = —na ——=— cosmxsmnty 


dx 


sinh mh 


j . sinhmiy + h) . 

and y= -- 5 -= -va - .—r — t —sinma:sm 7 ^<, 

dy sinh mh 

so that, by integration 

cosh7n(y 4 -^) 


x = a 


sinh mh 


cos mx cos nt, 


and 


sinhw(w-f^) . 

y = a-— 7 — 8 inwa;cosni. 

sinh mh 


Hence y/x = tanh m{y-\-h) tan mx, 

and since this is independent of t the motion of each particle is rec¬ 
tilinear, the direction varying from vertical beneath the crestsand 
troughs =(/< + ^)7r),tohorizontal beneath the nodes (mx^Kir), 


10*37. Stationary Waves in a limited area. We have 
supposed that the liquid is unlimited in the direction of the axis 
of Xy so that there is no restriction on the value of m. But if the 
liquid be confined in a canal with closed vertical ends, say at 
X ~ —U and x = 1 then there is a restriction on the value of m, for 
as we shall see only waves of a certain length can exist in such a 
canal. The extra condition.is that 0^/0x = O when x= ~^l and 
x = U. Taking the form for <f) in 10*35 (2) we have to satisfy 
cos mx = 0 at .T = - i Z and x = iL This requires that ml-(2s-{- 1) tt, 
where s is any integer, and then possible wave lengths are in¬ 
cluded in the formula A = 2ll{2s + 1). 

Standing waves are really the principal or normal modes of 
free oscillation of (usually) a restricted system, and from this 
point of view the periods are fundamental and they determine 
the possible wave lengths. 
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ENERGY OF PROGRESSIVE WAVES 



10-38. The Energy of Progressive Waves. Considering a 

tram of progressive waves at the surface of water of depth h 
given, as in 10*31, by ^ 


and 



^? = asin (mx~nt) 
ga cosh 7/1 (y +A) 


n 




•( 1 ) 

( 2 ), 


if we calculate the energy of the water between two vertical planes 
parallel to the direction of propagation at unit distance apart we 
have, for a single wave length, the potential energy 



= since X = 2nlm. 

The kinetic energy is given by 



and, as in 4-52, this may be transformed to 


integrated along the profile of a wave length, where dn is measured 

along the normal into the water. To the order of smaU quantities 
we are using this may be written 

= cos2 {mx -nl)dx 

- \gpa^X. 

X energy per wave length is 

igpa A, and that it is half kinetic and half potential. 

Also considering any length in the water, in direction of the 

wave propagation, which is either an exact number of wave 

lengths or is so long that the energy of a fractional part 

ot a wave length may be neglected in comparison with the 

energy of the whole, it follows that it is correct to say that 

the energy of a progressive tram of waves is half kinetic and half 
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I Stationary Waves may be calcu 

lated m the same way. Thus if we take 


and 


y]=asm mx cos nt, 

cos\im{y + h) 


as in 10-35, we find for the potential energy of a wave length 

V = igpa^\cos^nt, 
and for the kinetic energy 

T = Igpd^X sin^ nt. 

Hence the total energy per wave length at any time is fona^A 

and the amounts of kinetic and potential energy change con- 
tinuously with the time. ° 

10-4. Progressive Waves reduced to a case of Steadv 
Motion. The method of 10-24 and 10-26, of finding the velocity 
of propagation, namely, imposing on the whole mass a velocity 
ecpial and opposite to the velocity of propagation of the waves 

"'Tn'iT of progressive waves considered 

in 10 31. Ihe wave form having the same relative velocity as 

before becomes fi.xed in space and the problem becomes one of 

steady motion. As the problem is a two-dimensional one it only 

lemains to determine suitable e.xpressions for the velocity 

potential and stream function so that the free surface and the 

bottom of the fiquid may satisfy the conditions for stream lines 

Consider the relation 


w~cz + P cos mz ~ iQ sin mz, 


or 


( 1 ). 


4, + i^ = c (a- + iy) + p cos m (X + iy)-iQ sin m (x + iy). 

It gives 

<f> — cx-^ (Pcosh (Jsinh iny)cosmx 
and 4‘ = cy- (-P sinh my + Q cosh wy) sin mx j 

These e.xpressions satisfy Laplace’s equation and give the 
general superposed velocity -c. 

For the bottom to be a stream line we must have ^ constant 
\\ hen y - - A. .so that - P sinh mh + Q cosh mh = 0. 

Hence tlie e.xpressions (1) may be written 

<f> = cx + A cosh m {y h) cos mx 
<p = cy-A sinh m (y + h) sin wa j 


(2). 
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If the free surface be a simple sine curve v=asmmx en,. 

tions (2) will make this the stream hne ^ = o pLided 

ca -4 sinh = 0 . ( 3 ) 

neglecting squares of small quantities. 

Again, the formula for pressure is 

At the free surface this becomes 

^ sin {1 - 2 ma coth sin = const., 

neglecting al 

But p is constant at the free snrfpoo r 

of sin rnx must vanish, that is ’ coefficien 


or 


^ = »w:2coth mh, 
c--tanh^ 


. A .. 

W f as follows 

imagine a straight horizontfj I nir»rk r 

upper surface of which has snLh c ''"'"‘‘'"Suiar section, tl 
= a sin 27ra:/A. Water filling th’ orrugations of the fori 

it at any speed, but we have fouL^in^47the pa“t'^V° 

the water must have if the removal of *ba 

motion value, and thl^x^SsToTVlTof 10-7/c' 

« and OTiting mx - nt for mx. ° omitting the term 

10 - 41 . The same on Deep Water tn ft 

P ater. In this case we may take 

r-<^x + Ae”'Vcosmx'^ 

„ 'P = cy-Ae”>ysinmxl .(i). 

with a free surface n - n cm 

rp. , V-asinmx . 

The free surface is the stream hne ^4 = o, if . ‘ 

ca = A 

so that J .. 

and 9 = o^ + cae’X‘'cosmx) 

•P = oy - cae’^v sin mxj .W- 


i8-2 
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27C 

The formula for the pressure 


becomes 


V 



= const. 


P 


+ {1 - 2mae^^ sin mx + = const. ... ( 5 ). 

If we neglect the last term on the left, this equation may be 
written ^ 


V 


+ 2/ (^ — 4- mctjj = const. 


( 6 ). 


This equation not only gives 


c'^ = glm .( 7 ) 

at the free surface {p = const, and ^ = 0), but also shews that, if 
c^ = (jlm, the pressure is constant along each stream line, ’it 
follows that the solution contained in (4) and (7) can be apphed 
to the case of any number of hquids of different densities arranged 
one above the other in horizontal strata including the case of 
liquid of continuously varying density since there is no limit to 
the thinness of a stratum, the only hmitations being that the 
upper surface is free and the total depth infinite*. 

10-42. Waves at the Common Surface of two Liquids. 

Suppose a liquid of density p' and depth h' to be moving with 
velocity V over another hquid of density p and depth h moving 
in the same direction with velocity V; the liquids being bounded 
above and below by two fixed horizontal planes. 

Let c be the velocity of propagation of oscillatory waves at 
the common surface in the direction in which the hquids are 
moving. I along the axis of x in this direction in the undisturbed 
common surface and y verticahy upwards, as in the last article, 
let us make the motion steady by superposing on the whole 
the velocity - c thereby bringing the wave form to rest in space. 


Let 

and 


~(V — c)x + A eosh m {y + k) cos m; 
0 = —{V — c)y-A sinh ?n {y + h) sin m. 


relate to the lower liquid, and 



<i> - (I —c)x + A'coshm{y — h')eosmx 

~ —-^'sinhi/ily —/t')sin»na: 

* See Umb’s Hydrodynamics, § 233, from which this article is taken. 


and 


( 2 ) 
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relate to the upper. These expressions for if, and 4 ,' clearly make 

e boundaries y=-h, y = h' stream lines; and if ■q = as,\nmx 

gives the displacement of the common surface and the liquids do 

no. separate this must be a stream line for both surfaces. We can 

satisfy this condition by taking the stream line to be 0 = 0' = 0 
which gives 

— (K ^c)a — A sinhmA =0) 

.(3), 


and 


~(V ~c)a-~A sinhmA =0 
~(^' — c)a + A' sinh m/i' = 0 


neglecting the squares of small quantities. 
Ihe expressions for the pressure are 


P 

~^gy+ 


■ 1 (ad * W I 


• = const., 


and 




At the common surface, neglecting a^, these become 
- — c)^ (1 — 2 am coth wA sin mx) = const., 

p* 

^ + gasin ma.- + ^- (F' -c)2 (1 + 2 am coth mh 'sin mx) = const., 

andp=p'. 

Hence we must have 

g(p~p')^(V~c)^mp coth mh + (V'-c)^mp 'coth mh' ... (4). 

This equation determines the velocity of pronaffation r 
streams whose velocities are F - c and V' ~c 

V' “‘rCi “ “'■» even 

.id7„f tte .Lr f veioeities „„ opposite 

.r 'i; »• ». -o, .no 




.P-P 


(1). 


tn pQoihmh + p'coth mh' . 

Sincv there is no real value for c when „ ft,-. • i- 
P>P tJie equilibrium position is unstable.^ 
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(ii) If in addition the depths of the liquid are so large compared to the 
wave length that we may put cothmA = cothwV= 1, then 


C2 = P.P-P 


( 2 ). 


(iii) The foregoing results obtained for incompressible liquids wiU be 
applicable to the case of waves propagated along the surface of water 
exposed to the air, provided that in considering the effect of the air we 
neglect terms which, in comparison with those retained, are of the order 
of the ratio of the lengths of the waves considered to the length of a wave 
of sound of the same period in air. Thus, in (1), making h' = oowe have 


c^= ^ tanh mh \ 

tn 


1 - (1 + tanh mh) ^ , approx. 


These results were obtained by Stokes*. 


pi 


(3). 


10*44. It has been shewn by Greenhillf that if the velocities T, V' 
of the currents make angles a, ot' with the direction of wave propagation, 
equation (4) of 10-42 only needs modifying by the insertion of V C 03 a[ 
V' cos a' instead of F, V\ the components F sin a, V' sin <x' of the currents 
perpendicular to the direction of propagation of the waves having no 
effect upon the determination of c. 


10-45. Upper Surface free. Another case ofinterest is that 

in which the surface of the upper liquid is free; e.g. a layer of oil 
upon water or of fresh water upon salt water. 

With the notation of 10*42 but assuming the liquids to be at 
rest save for the wave motion, we assume a common velocity of 
wave propagation c at the free surface of the upper liquid and at 
the common surface and reverse this velocity on the whole mass 
so that the motion becomes steady. We may then take 

j/f = ry — Asinhm {y-\-h)sinmx .(1) 

in the lower liquid, and 


tff' = cy —{B cosh, my+C sinh my) sin mx .(2) 

in the upper. 

The bottom y= — ^ is then a stream surface ^ = ~ch, and if the 
common surface is 


t; = a sin mx 

it is also the stream surface t/f = ^' = 0, 

if ca —Asinh?n/i = 0' 

and ca-i^ = 0 


( 3 ) 


( 4 ). 


Also the free surface y = + 6 sin mx 



* ‘Oil tlic Theory of Oscillatory Waves’, Tran-^. Camb. Phil. Soc. vni, p. 441, or 
Math, and Pfu/s. Papers^ l, p. 197. 
t ‘JlydroQiceliamcs’, Encyc. Bril, llth edition. 
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is a stream surface = const, if 

cb - (B cosh mh' + (7sin mh') = 0.(6). 

The equations for the pressure in thelowerand upper hquids are 

P - “ 

/ t if yf I 0^1“— I I 

P 


and 


■^(^) .( 7 ) 

^ + £7^ + -j|(|^) j= const.(8). 


Substituting from (1) and (2), noting that A, B and C are of 
order a neglecting squares of smaU quantities and equating the 
values of p and p at the common surface, we get 

ga(p-p)-cm(pAcoshmh-p'C) = 0 . (gl¬ 

and, using (4) and (6), this gives 

g[p-p)==c^m\^p coth mh + p 'coth mh'~p'^^ cosechr«A'|...(iO). 

Then using the fact thatp' is constant at the free surface we get 

gb = cm (£sinh tnh' + Ccosh mh'), 
and, from (4) and (6), 

g — c^m |coth mh' — ^ cosech mh^ .( 12 ) 

“““ <■» Sive, th3 

c %2 (p cojjj mh'+p') 

- chngp (coth mh + coth wA') -f p2 (^ _p') = 0 ...(12); 
and the ratio of the amplitudes of the waves is given from (11) by 

^ ^ _ c^m 

o cosh^^^^^’^hS^^ . 

gat^oHolTf velocities of propa¬ 
gation for a given wave length, provided p>p' ^ 

coth the lower liquid is ‘ deep ’ we put 

coth wA. = 1. The roots of (12) are then ^ ^ 

c2= - and c2 = ^ PZP' _ 

p coth mh' + p' ’ 

the forins being in agreement with the case dealt with in 10-41 
Ihe latios of the anii)Iitiides of the 
two cases are 


upper and lower wave.s in the 


mh' 


and -(^,-1 


~mh' 
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10*46. Stability. The motion considered in 10*42 is really a 
case of small oscillations about a state of steady motion. To 
examine the stability of the motion, we have a quadratic equa¬ 
tion (4) for the velocity of wave propagation c and we require that 
the roots of this quadratic should be real. 

The condition for real or imaginary roots in c is 

w2(Fpcoth7n^+Fycoth7n^')2>m(^coth7n^ + p'coth?n^') 

X {mp F2 coth mh -f mp V'^ coth mh' ~g{p~p' 
9ip-p') {p coth mh + p coth mh') 

^ mpp coth mh coth mh' (F — F' )^. 
This means that the stream motion is stable or unstable according 

^ {V — < P P mh' g(p — p*) 

pp coi\imhQoih.mh' ' m * 

We remark that if p < p', that is, if the upper liquid is denser 

than the lower, there is instability for all wave lengths. The same 

is true when p = p', that is when two streams of the same liquid 

are flowing with different velocities and a horizontal common 
surface. 


In fact when p=p' and the depths are so great that 

coth = coth mh' = l^ 

we got c = J{(F+F')±t(F-r)}. 

We may consider the case F = V' by first putting F' = F (1 -t- a) 
and then making a tend to zero. 

The common surface in the steady motion being given by 

r) = af^inmz, for progressive waves the corresponding form is 
7) = a sin (mx-nt), when 


Hence 


7i=7»c=imF{2 + a + ta}. 

7? = fl sin m {x - Vt - ia (1 + z) Vt}, 
and as a tends to zero we may write this 

7 ]== a sin m{x- F/) - lamoL (1 ± z) Vt cos m(x- Ft), 

or r} = a sin m (x- 17 )-binVf cosm {x- Ft). 

1 liis shews that the corrugations of the surface increase in height 
indefinitely with /. 

I his case is of special interest as it explains the flapping of sails 
and flags. 1 he uniform medium can be regarded as divided by a 
thin meml)rane on both sides of wiiich the medium moves with 
the same V'clocity, the motion is unstable and a slight disturbance 



10 * 

GROUP VELOCITY 9gj 

HiU result in a larger departure from the steady motion. This and 

itSy ^ ‘ 

a loctf dish.T’’ J" ^t^rted by 

jultaneous motion in the same direction over the same watt 

and s4h% Lfetelttavl" amplitude 

We may write for the elevation at any point 
V-asui(nuc-nt) + a sin (in'x - n't) 

= 2 a eos J {(m- ni’)x-(n-n')t}sini{im + m')x-(n + n')t}. 

than doeslwtt't t 

ordinates by cosHfi + and multiplying the 

2a cos J ((w - w') a: - (w _ 7i') A 

equalgrout The^ of 

27 Tl( 7 n — m'\ iTiri +u X- tuo successive groups is 

2^ r-j) „ i«. ■:3 TT''" ■ 

givt by propagation of the groups is 


or 


U = 

m~m 

dji 

dm 


i y 


(i)f, 


submty andllftabinty of "a 'p 0" 

bujtl'"'/ e;'■'’ "■''” 

but the result (]) appears to have been oI t ^ Prip^rs, v, p. ;j(i:>, 

Kesearehcs respecting vibration eonneete(l\vit 7 h^ by Han,i ton in a paper on 

P- 341. Pop f,.. w.Penee fbe a.H op . 
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when the difference of the wave lengths of the original trains is 
small. 

But the velocity of propagation of a single wave is 


0 = 


therefore 


d , . dc 

(me) = c + m-^ 

dm dm 


( 2 ); 


or if A be the wave length (27r/7n), 




( 3 ). 


Thus it appears that the group velocity, in general, differs from 
the velocity of propagation of the separate waves. This is in ac¬ 
cordance with the results of observation, for when the eye views 
a group of waves advancing over deep sea water, single waves are 
seen to advance through the group, their amplitudes increasing 
and then dying away as they give place to others. 

In the case of waves on the surface of water of depth h, we have 

c- = (glm) tanh mh, 

so that U = ic (1 + 2mh cosech 2mk). 


Hence the ratio of the group velocity to the wave velocity is 
^'^8inh2/«A’ ^ small compared with the wave length 


this ratio is unity, and as h increases to infinity the ratio decreases 

to i; or the group velocity for deep sea waves is half the wave 
velocity. 

e shall see later that the group phenomenon is not peculiar 
to water waves, but occurs in sound waves where the phenomenon 
is known as ‘ beats’. It can exist in all forms of waves. 


10*51. Tlio theory of group velocity htis been treated in a more 
general manner by Lord Rayleigh*. We assume that a disturbance 
travelling in one dimension can be resolved by Fourier's theorem into 


infinite trains of waves of harmonic type and of various amplitudes and 
wave lengths. Tims the only case in which we can expect a simple msult is 
that in which a considerable number of consecutive waves are sensibly of a 
giv'en harmonic type, though the wave length ami amplitude may vary 
within moderate limits at points whoso distance amounts to a large 
multiple of A. 


♦ M)n the Velocity of Light’, Salnn\ xxv, p. 52, VujKrSt i, p. 510. 
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Assuming that the complete expression hv • ■ ■ 

only^wave lengths which differ but little fromLe anothL'w" ml7S 
7; — Oj sin {(m + Syn^) a: — (n + Sn,) i 

+ 02 sin {(m + 8 m^) a; - (n + Sn^) t-he^4- 

= sm{mx~nt)Xa,cosix 8 m,~t 8 n, + e,) ‘ 

+ cos {mx - nt) sin (x 8m^ - ^ ). 

Also by hypothesis ^^1 _ ^^2 _ _^dn 

{Hid tho first term m tho oxorA^Qinn fr\y% • 

sin (mx-nt) ^ith varying Amplitude Tn ^ of type 

amplitude itself is propagated as a wave with^^ ~ ^ ^”1 + fi)» ar?d the 

the second term. Ln^ce^rarrerrh^i^^^^^^^^^ 

generalkind, but the velocity of nronntT f ^ of waves of a more 

as in the special case considered^ 10-5^ formula 

the particles of tvater that possess the energy and there L no 

:e~ 

them, the motion will present the n,. J f ^ ^ ^ 

propagated from one en7orthe r i 

-=s~EES£= 

energy to the others will clearly •'■'^Hg'^^es up 

string. ^ °n tension of the 

the „i, e,S," wZle wilf, 1“’; T' 

end leaving the rope straight an 1 ^ ^ 

g tne lope straight and at rest on the ground behind it. 

Transmittedty Wat-of’^^CLt Xh^lISlt 
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This is a case in which the energy is transmitted at the same rate 
as the wave. 

The particular case with which we are concerned, that of 
surface waves on water, is a case intermediate between the two 
just considered; energy is transmitted but at a rate less than the 
wave velocity. 


10*53. Rate of Transmission of Energy in simple 
harmonic Surface Waves. The rate of transmission of energy is 
measured by taking a vertical section of the liquid at right angles 
to the direction of propagation and determining the rate at which 
the pressure on one side of this section is doing work on the liquid 
on the other side. 

Considering liquid of depth /i, we have, as in 10*31, 

ga coshm(^+A)cos(mx-nO. 

^ n Qosnmh 


And neglecting squares of small quantities the variable part of 
the pressure is given by 

and the horizontal velocity is - 0<^/8x. 

Hence the work done in unit time or the energy carried across 

unit width of the section is 



g-pahn sin^ {mx — nt) 
n cosh- mh 


CO 

J cosh^ m (y + h) dy 


g'^pahn sin- (mx — nt) 
n cosh- mh 


sinh 27nh 
4 m 



y 



and since n^ = gm tanh?n/e, this may be written 


ir = .V/pa^- (1 + 2m/(cosech2m/r)sin'^{»!,E-«<)...(2). 

■' m 

VVc note that in (1) the integral should be taken between the 
limits - h and rj, but the range 0 to tj will only add a term in to 
the result. 

'I'he mean value of the expression (2) over a complete period or 
any number of complete iieriods, or any interval that is so long 
compared to a i)criod that the part corresponding to the frac- 
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tional part of a period can be neglected in comparison with the 
whole, is 

— (1 + cosech 2w/i)*. 

Referring to 10-5, since n/w = c, this expression for the energy 
transmitted m unit time is equal to 

X group velocity. 

And from 10-38, ^ijpaP' is the whole energy per unit length at 

any instant. Hence the energy is transmitted at a rate equal to the 
group velocity. 


10-6. Capillary Waves. When surface tension is taken into 
account, the surface conditions p = const. (10-3) and « = «' 

(10-42) no longer hold good. They must be replaced by the 

condition that, if T denotes the surface tension or energy per unit 

area due to capillary forces, the difference of the pressures on 
opposite sides of the surface is given by 



where p and p' are the principal radii of curvature of the surface. 



n the ca^e of two-dimensional waves we have p' = oo, and, if 

smlTn llp=-d^qjdz\ neglecting squares of 

lall quantities. So if 8p, 8p' denote the variable parts of the 

pressure below and above the surface, as in the figure, we have 




as the surface condition. 


( 1 ) 


10-61 Capillary Waves on a canal of Uniform Depth 
method of 10-4, reduemg the problem to one of steady motion 

'Spend™' P- 

T Vide llydrostatica. Art. 101. 
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by superposing a velocity — c on the whole mass, where c is the 
velocity of propagation. As in 10*4, we have 

ijj = cy-A sinh m(y + h) sin mx, 
and for the free surface = a sin mx, 
provided ca — A sinh inh = 0, 

And the variable part of the pressure is given by 


gd gin Tfix + (1 — 277MX coth Tfih sin ttix) — const. 

P 

But from 10-6 (1). since in this case we regard the air pressure 


as constant, we have 



Tam-sin mx. 


Substituting this value in the last equation and equating to zero 
the coefficient of sinmx, we get 


c2 = ( ^ + ^^^Uanhm/i .(1). 

\?n p I 

When h is large compared to the wave length this becomes 




10-62. Capillary Waves at the Common Surface of two 
Liquids. Proceeding as in 10’42 the investigation is the same 
until we arrive at the equations for the pressures on either side of 
the common surface, which may be written 

+ ga sin mxi (V - cyHl - 2am coth ink sin mx) = const., 

P 

and 


+ ga sin mx + i (I" - f 1 + cotli mh' sin mx) = const., 

P' 

where T J"l + ^p-^p'= 0, and r, = a sin ma:. 

dx^ 

Hence hp -hp' = Tam-sinmx, 

and by eliminating hp, ^p\ we get 

Ptfi^^g(p-~p) = (V — c)-mpcoih.mh + (} '-c)-mp cotlimh 

.(t)* 

As a special case, if the Uquids are so deep compared to the 
wave length that we may put coth m/i = coth m/t'= 1, and the 
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liquids are undisturbed save for the wave motion, then the 
velocity of propagation Cq is given by 


m p-\-p p-^-p' 


( 2 ). 


Again we get the case of the effect of wind on deep water, 
regarding air as incompressible, if we retain V but put 7 = 0, (1) 
reducing to ^ (p-p)gim = c^p + (V'-cfp\ 


or 


V'c + —^— 2-0 

p+p p+p 


r « 

where Codenotesthevelocityof propagation when there is no wind. 

/T7/ / __ 1 


This gives 


c = 


'1^ 
P + P 


+ - 


/ ^ 


r 

^0 


ppV'^ 
(p+p'f\ 


(3). 


Tins result was obtained by Lord Kelvin*, who considered some special 
vl!ul as ? H^nc = <=o H + p'/pA c having then thoLme 

that " V'® '"PP'’°’'™ately p'l2p of c„ (i.e. about of c„) 

than the speed when the wind is with the waves and of their speed The 

explanation clearly bemg that when the air is motionless relatively to tL 

wave crests and hollows its inertia is not called into play ^ 

i-rom (3} we draw the following conclusions; 

‘(1) When P7 c„=(i + ^/=28.7(1 + ,^,„), 

iTn^h ?corrugations of wave 
Hn^ fh "'rK cqu hbrated by wind of velocity Co (1 + p/p')^ 

But the equilibrium would be unstable. 

(2) When P7co = (p + p')/(p/)i = 28-7(l + 5 i,), 

the two values of c are equal. 

(3) When ^7co>(p + p')/(p/)i 

spin-drift waves of 

Looking back to (2), we see that it gives a minimum value for Cq equal to 

# _ y- - 


/2y£rTrEZ5) 

V \4.r^'U 






pip 
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10-63. Ripples. Referring to the case of 10*61 the wave 

velocity c is given by g 

c^ = — -I..Uh 


m 


9 

from which we see that there are in general two values of m 
corresponding to a given value of c; i.e. two difierent wave lengths 
corresponding to a given wave velocity. 

Also, since (1) can be written 


c2 = 



q_ 

m 



i' + 2 



gT 


( 2 ), 


therefore has a unique minimuin value 2 V (gTjp) corresponding 
to the value m = ViOpiT)- We shaU denote these special values by 

and . . • u 

Again the frequency ^ij-Zn of the oscillations is given by 

= cV = pm + Twi^/p .(3)- 

It follows that as the wave length 2ti jm decreases from oo to 0 
the freouency «/ 27 r continuaUy increases, but the wave velocity c 
decreases to a minimum value and then increases again; i.e. 
waves cannot be propagated at less than a certain mimmum 

velocity in terms of g, T and p. 

Again writing (1) in the form 

.(4), 


. ’ 4 - 

Ztt 


Xp 


1 i-i.- ^ - ‘^-rrlw it is clear that the product of the roots 

S urqurdratic in A is A,l^ so that corresponding to ^ 

ereateiAhan c,„ there are two values of A one greater and the othe 
fe" hail A Also for large values of A the gravitational term on 

oiw vrepouJeral,., .nd for small values of A the second 
term depending on surface tension is the more effective^ Lord 
Kelvin detined a ripple as any wave on water whose ^ 

than the critical value A„. or 2v V(?’/PP). Thus the npp « ^ngth 
corresponding to a given velocity is the smaUer root of (4). 

At the conunou surface of two fluids exactly similar considerations 
length IS the smaller root of the quadiatic 


n\ o' 2 itT 








10-7 


WAVES DUE TO LOCAL DISTURBANCE 


289 


wtiere Cq is the velocity of the solid. ‘ The latter may be a sailing-vessel or a 

row-boat, a pole held vertically and carried horizontally, an ivory pencil- 

case, a penknife-blade, either edge or flat side foremost, or (best) a fishing- 

line kept approximately vertical by a lead weight hanging down below 

water, while carried along at about half a mile per hour by a becalmed 
vessel*.’ 

Again the group velocity U is given (10*5 (3)) by 


and from (4) this gives 


T7 \ 

‘'“'-"a’ 




2nT 

Ap 


U = c 

2 27tT ’ 

27r Ap 

SO that U is greater or less than c according as A is less or greater 
than A^. We have also the limiting values 

for waves of great length, 

?7= |c for the shortest ripples. 

10*7. Waves due to a given Local Disturbance on the 
Surface of Water. We shaU consider first a simple case where 
the liquid is limited by vertical planes, distant I apart, parallel to 

the crests of the waves, and suppose that the motion starts from 
rest with a given initial elevation 

’?=/ W. 

The motion is therefore irrotational and if the liquid were un- 

imited in extent there would be no limitation on the lengths of 

the waves but the motion would be the result of the superposition 

of waves of infinite variety of lengths. In this case, as we shall see, 

there IS a limitation on the possible wave lengths. If h be the 

depth of the liquid, a suitable solution of Laplace’s equation for 
the velocity potential is 

'!> = A co&h m (y + h) cos mx sin nt, where n^^mgtnnhmh, 

^ y=~h. But we also require 

that = 0 when a: = 0 and when x^l-, and this makes 
sm mL~0,ov ml = sn, where s is an integer. 

Again the pressure equation 

P ^<f> 

* Letter from Lord Kelvin to Prof. Tait, of date August 23 , 1871 , loc. cit. p. 287 

R H ^ 
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gives initially at the free surface 


0^ 

ct 


=gi = of{^) 


And the most general expression for <j) is 


^ 577 , , S7TX . . 

yl,cosh (y + h) cos -j- sin nt, 
and, substituting this value in the last equation, we get 

® , Sirh SttX ». V 

^ cosh—r COS ^— gjW> 


s - 1 


But by Fourier’s Theorem we have 


/ (.^O = 


1 

/ 


9 r/j 


SttX 


f(v)dv+ 1.COS- 

(I ‘ s=l '■ 


SITV 


0 


f(v)cosYdv, 


and hy equating the coefficients of cosSTrxjl in the two senes we 


get 


?L4.cosh 


sttIi 2g i ^ 


I 


2a sttv , 

= j J f(v)cos-,-dv, 


I 


SO that 


cosh 


STT (y + h) 

I 


■111 ” 

<^= / - 

^ 7? cosh- 


SttX 


57 

/(7;)cos- 

J 0 


SttV j . . 

- arsin7u, 

1 


I 


w 


here 


, Stto . , SttIi 

7i2 = ~^'^tanh -^ . 


Jt we require the form of the surface at any subsequent time, 
tlie relation /?(A\ 


CC 


gives 


I ^ 

I s 1 


STT-r I ^ SttV , . 

cos^ 1 /(lOcos-^drcosTi^ 

0 


1 


I 


10-71 We mav now consider tlie ease in which the liquid is 
unlnnited in extei.t, the initial disturbance being of the same 

t \ pe as betore, that is, given by 

7]=/ (-r), 

so that we are still dealing with two-dimensional »'otiom To 
simplify tl.e expressions we shall suppose the depth of the ^ 
to be iiilinito, then from 10-35 we can write down as a typical 
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solution for a wave of length 27r/w the equations 

sin 

mz cos nt, 
cos ’ 
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and 


where 


^ ? Qmy . 

n cos ’ 

n^ — gm. 


To obtain general expressions which embrace the superposition 
of all such solutions and give the initial values 

V=fix), 4> = 0, 

we must make use of Fourier’s double integral theorem 

2 ^co 

/ (a) cos w (a;-a) da, 

and the required expressions are 

/ («) COS «(COS m (ar - a) rfa. 


sinn< 


n 


e’"’'cos m (x ~ x) da ; 


for these expressions clearly satisfy all the conditions specified 

and as an additional verification they make ^ = - (dd/d^) „ in 

virtue of the relation = gm. ^ ^ yh~<i> m 

initiafivt. ™ay be adopted when the surface is 

initially horizontal but subject to initial impulsive pressure Thus 

we may suppose that initially ure. ±nus 

<l>-=F(z) and 7? = 0. 

Then, taking as the typical solution 


where 


Si n 

,f) = e^y mz cos nt, 
cos 

_ n sin 

= mg. 


we have for the general solution 




00 


F (a) cos wt cos m(x-a) da, 


1 

-I dm 

9^Jo J- 


CO 


F (a) n sin nt cos m{x-a) da 


19-2 
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For a full discussion of these results see Lamb’s Hydro¬ 
dynamics, §§238-240 and Lord Kelvin’s papers on ‘Deep-Water 

Waves* 

10*8. Gerstner’sTrochoidal Waves. An exact solution of 
the equations representing wave motion on the surface of deep 
Avater was discovered by Gerstner in 1802 and re-discovered by 
Rankine in 18G3t, but the motion represented is rotahonal and 
cannot therefore be brought about by natural causes in friction- 

less liquid. 

Consider the equatioiii^ 


x = a + ^ sin k (a + 

K < 

r 

^ I 

y = b cos (a -f ct )) 


(1). 


where the Lagrangian notation is employed, a and b being 
jiarameters v hich specify a particular particle whose coordinates 

are x, y at time t. 

d (x, y) 


Since 


d (a, b) 


= 1 - e2'<<> 


( 2 ), 


therefore the equation of continuity of 1-4 is satisfied. The 
equations of motion of 2-5, in this case, become 

I cp , cy d^x dx dhj dy 
P 


1 V •v _ 

^ ^ ^ da ”” da dt^ da ’ 


and 


\dp dy _^d\vdx drydy 
pdh^^db" dfi db ct^ db ’ 


or 


and 


^ i gy] = Kch’^” sin K (a+ ct), 

■ o \p I 

^ + cjy\ = KCKC-c'^'’cosK (a + c(l. 

^f)\o I 


If we multiply those equations by da, db, add and integrate 
WO get 


V 

P 


= const. -!/ I '^ (« + ‘■Oj 


— (.Qg ...(3). 


• rh,l. .U„y. .luno. (VIoIht 1001. .lunc 100,I, January 1007. or Hath. «>ut Phys. 

of Waves near the Surface of Deep Water’. Phil. Traa,. 

1803. p. I-T. 
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At the free surface the pressure must be constant, which 
requires that ,.2 , 

.(4). 

Now the periodic form of equations (1) shews tliat they rei)re- 

sent a wave motion, the waves of length 2nlK being propagated 

with velocity c in the negative direction of the a: axis; and the 

relation (4) shews that the velocity is what we have previously 
found for deep-water waves. 

If we substitute from (4) in (3) we get 

V 

- = const. .( 5 )^ 

shewing that j> is constant when b is constant. 

To shew that the motion is rotational, we have 


and 


u = x = cos K (a 

v = y = sin K{a + ct) j 


( 6 ), 


and the spin is given by 2co — ^ 

dx dy ‘ 

But 


^_d{v, y) Id (x, y) 


dx 


d (a, b) 


-A and 


du^d(^, v) /d(x, y) 

d (a,b) ’ 


therefore 


9 {X, y) d (v, y) d(x,u) 


d(a,b) d(a,b) d(a,b)’ 
and on substituting from (1), (2) and (6) we get 

ona"diu.’ “ <“• 

tWa?"'’®' ‘ho paths of the particles when 

the “^"givrb? “P“P»”a8 the velocity -c. that is 

a; = a + - e-t* sin/ca, y = 6 _ I g''" cos fca, 

or, putting Ka = e, 

x = K-'^e + K-^e'<f‘sme, y^b-K-^e-i^ cose. 

Ihese equations, for any constant value of b represent a 

circk of rachus which roUs on the under side of the line 

m'". trochoid may be taken to represent a 

possible form of the free surface, the extreme case corresponding 
to 6 = 0 being a cycloid with cusps upwards *. t g 

* For a diagram see Lamb’s Hydrodynamics. § 251 . 
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COURUGATEO BED 


10*9. Miscellaneous Problems. Slationarij waves in running water. 
A stream Jlov)ing with uniform velocity over a corrugated bed whose section is a 

sine curve. i-.- • -i. i i 

The waves produced in a stream by obstacles or by inequalities in its bed 

liavc been discussed at length by Lord Rayleigh* and Lord Kclvint- 

Taking axes as usual, let the bed of the stream be given by 

yz= —h-hksm mx, 

and let V be the mean velocity. 

The conditions of the problem will be satisfied by the equations 


_ yX ■\-(A cosh my + Bsmh my) cosmx .(1), 

ami ^ = - Vy - {A sinh my+B cosh 7ny) sin wia: .(2), 


provided they make the bed a stream line and the free surface a surface of 
constant pressure as well as a stream line. 

The condition that the bed 

y=z — /i + fc sin ma: 

may be a stream line is that 

- r( - /i + A: sin wx) - (- ^ sinh mh + B cosh mh) sin mx 

may be constant for all values of x. 

Therefore kV = A sinh?»/i— Bcoshmh .(3)* 

If we assume for the free surface 

7^ = asin?r?x . .(4). 

this will be the stream line ^ = 0, provided 

-Fa-B = 0 .(5)- 


Again the pressure equation in the steady motion is 

^ gy y = const .(G). 

p 

and at the free surface p is constant, so that by substitution from (1) and 
(4) in (0), neglecting squares of small quantities, we must have 

ga sin mx + VA m sin nix = const. 

for all values of x. 

Therefore 9 ^ + ^ . 

and from (3), (5) and (7) we get A, B and a, and the free surface is given by 

__-—~——-rsinwi.T .(8). 

^ cosh mh -gjmV^.smhmh 

Taking k to bo positive, the nn.ltiplier of sin in the last expression is 

positivetr negative according .vs T’- is gro.vter or less 
Tl.nt is accordinc as V is greater or less than the velocity m still water of 
.U.pth /,’or«'.ivosof the same length 2 cormgations. In the former 

e..i- the ri.lges ami hollows of the free surface are vertically over the r.dges 
ami hollows of the be.l of the stream, ami in the l.vtter case the ndges of the 

free surface arc over tlie hollows of the bed. , i 

If yL{glm)Uxnhmh tlie amplitude a caimot be small and the hypo- 

thesis on which we have obtained the result (8) no longer holds good. ^ 
* 'The Form of Standing Wavc.s on the surface of Running Water’, Proc. L.M.S. 

"'i W::^«iu'l^owing Water’, Phil. d/ag. Oct. 1886, or I/u.A. a,.d 

Phys. Piiptrs, iv, p. 270. 
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10-91. If water flows along a rectangular canal which coiisists of two uni- 
fonn portly of slightly different breadths, with a gradual transition, the free 
surface vnll be lower where the canal is narrower, or contrariwise, according as 
u $gh, where u m the mean velocity, and h the mean depth. [ The motion is 
supposed to be steady.] (JI.T. 1912 ) 

Let A, B denote points on the free surface of the two portions, h +a 

h + a the depths. b + ^,b + p' the breadths, and u + v,u + v' the velocities 
in the two portions, 6 denoting the mean breadth. 


h + a 


B 




h -t- n’ 




h 


From continuity we have 

{h + a) (6 + p) (w + V) = hbu = {h + a') + v') 

Therefore and 

If Pt p' denote the pressures at A and B 

But the pressures at A and B on the free surface are equal, therefore 

0 = — (oc ~ ol') g ~ U (v — v') 


and 




Hence a a' and have the same or opposite signs according as 

u ^gh, i.e the free surface is lower where the canal is narrower or contrari 
Wise accordmg asu^ < gh. ui contrail- 

same cn ■ Variable Section. With the notation of 10-2 the 

same considerations give an equation of motion 


drj 

= -g • 


and an equation of continuity 


dt^ 


dx 


( 1 ) 




since A is now a function of a:, or 


^(M) + hy = 0 .( 2 ). 

Also, since A and b are functions of ir only, (1) may be written 

an - -gA 


8g 

dx 


(3), 


so that, by eliminating A^ from (2) and (3), we get 


^ A (a 

a/2 6 dx V dx 


(4). 
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Example. A canal of uniform depth h and length 21 is widest at the 
midpoint and tapers uniformly to a point at each end. Shew that two types of 
free oscillation can exist and that their periods 27r/'a are derived from the roots 
of the following equations: 

[lo = 0 J 1 {la = 0, 

where Jq and Jj represent Bessel Functions of order 0 and 1. (M.T. 1923.) 


In this case <4) becomes 
and for a haiTnonic solution 


= ^ ^ (hh^A 

dt^ b8x\ dx) 
■q oc e**'' we have 


gh d (,8r\ 


^ + ct2t; = 0 


b dx\ dx^ 

Now with the origin at one end bccx and from x = 0 to x = l the equation 
becomes ^2 


1 dq 

X dx 


+ = where k'=a^lgh. 


This is Bessel’s ecjuation of order 0 and has a solution 

q = CJQ{kx). 

It is clear that there may be oscillations in which q has equal and opposite 
values at corresponding points in the two halves of the canal and vanishes 
at the centre x = l, and for these Jq (kl) = 0 or Jq {la And there 

may also be oscillations which are symmetrical about the centre for which 
dqjdx = 0 Hi x = l. For these Jf (kl) = 0, but Jf = — Jj, so that 

JAl<y{gh)-^}=^0. 


EXAMPLES 

1. Find the velocity of ocean rollers, 20 yards long from crest to crest, in 

miles per hour. (St John s Coll. 1901.) 

2. The crests of rollers which are directly following a ship 220ft. long 

are observed to overtake it at intervals of IGJ seconds and it takes a crest 
6 seconds to run along the ship. Find the length of the waves and the 
speed of the ship. (M.T. 1921.) 

3. Find the typo of waves that would travel on deep water at 30 knots. 

How m»ich is the velocity of the waves affected by the presence of the 

atmosphere above the water, its density being -0013? 

(St John's Coll. 1897.) 

4. A fixed buoy in deep water is observed to rise and fall twenty times 

in a minute, prove that the velocity of the waves is about ten and a half 
miles per hour. (Coll. Exam. 1907.) 

5. Shew t)»at wht^n irrotational waves of length A are propagated in 
water of infinite depth, the procure at any particle of the water is the same 
US it was in the equilibrium position of the particle when the water was at 

(Coll. Exam. 1908.) 
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6 From considerations of dimensions alone sliew tl.at tlie period of 
oscillatory waves m a deep cylindrical tank ^.arles as the square root of the 
diameter and inversely as the square root of the intensity of gravity. 

(M.T. 1879.) 

7. If a horizontal rectangular canal of great depth has two vertical 

barriers at a ^ta^e I apart, prove that the periods of oscillation of the 
water are 2^-„llVsg, where s is a positive integer; and that corre.sponding 
to any mode, all the particles of fluid oscillate in straight lines of length 
inversely proportional to exp (s«/f), where z is the depth. ^ 

(Coll. Exam. 1906.) 

8. If mthe iiTOtational motion of homogeneous liquid in twodimensions 
under gravity there be a free surface exposed to an atmosphere of constant 
pressure shew t^t there m.st be a surface of equal preLure at “ 

{^dxdt^ by by btj 
Work out the case , = 

pos.sible physical realisation; 6 being so small that Hs sqLrris neg^g/ble" 

(St John’s Coll. 1906.) 

9. When simple harmonic waves of l«ncyfh i 

« iLr : r r.-T - 

.•mo.p]„™ pr..,p„ 

orlL fr r''•■r ‘''I*'- 

cJi!"■;» 

, ^ /s=i(/^ + ^) + i{(h-/c)^ + 4hkpMi. 

Note that there may be slipping between the two fluids. (M.T. 1882 ) 

™ pp.p.g.«d „ fci, ” r ”‘r? 

describe circles about thA^r ’ particles of the two fluids 

have a relative velocity 47 TC-n/X the particles on either side 

' (Trinity Coll. 1907.) 

surface of the latter being exposed to constant 

that the velocities of propagation of w^tefof iTngS 2 ‘/r'""’ '’"r 
c2 = gu/rn, where length Zn/m are given by 

P {u coth mh — l){u coth mh' — 1) = (1 _ y 2 j 

(Coll. Exam. 1907.) 
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13. Two-dimensional waves of length 27r/m are produced at the surface 
of separation of two liquids which are of densities p, p (p > p) and depths 
/i, h' confined between two fixed horizontal planes. Prove that, if the 
potential energy is reckoned zero in the position of equilibrium, the total 
energy of the lower liquid is to that of the upper in the ratio 

p //2p — p") coth mh -1- p coth mk'} : p {(p — 2p') GOihmh' — p coth mh]. 

(M.T. 1899.) 

14. If there be two liquids in a straight canal of umform section, of 
densities and depths ^, shew that the velocity c of propagation of 
long waves is given by the equation 

(f -i) (r 

\li9 J \k9 ) 

where a, > a,, and it is assumed that the liquids do not mix. 

(St John’s CoU. 1900.) 


15. An open rectangular box of length a contains two liquids of densities 
p, p' and depths K h' respectively, that of density p being alithe bottom. 
Prove tliat the periods of oscillation when the liquids are slightly disturbed 
so that there is no motion perpendicular to the sides of the box are deter¬ 
mined by equations of the type 






where n is an integer. 


(M.T. 1906.) 


16. A layer of fluid of densit y pj and thickness h separates two fluids of 
densities p, and p,, extending to infinity in opposite directions. If waves 
of length A, large compared with li, be set up in the fluid, shew that their 

velocity of propagation is either 

(sAp,-p,d 

j I pi\Pi-pO 1 

^Trinitv Coll. 1906.1 


I27rp3 + pi 


or 


17. A canal, of infinite length and rectangular section, is of uniform 
depth h and breadth b in one part but changes gradually to uniform depth 
h' and breadth b' in another part. An infinite tram of simple harmomc 
waves travelling in one direction only is propagated along the canal. 
Prove that, if a. a' are the heights and 2n/m, 27r/m' the lengths of the waves 

in the two uniform portions. 


and 


7 }} tanli w/i = vi' tanh m'h , 


ei‘b scch^ ni/i (sinh 2m/i + = o'»6' sech* m'h' (sinh 2m'/i' + 2m’h'). 

(Coll. Exam. 1903.) 


18 Shew that, if the velocity of the wind is just great enough to prevent 

the propagation of waves of length A against it, the velocity of propaga- 

tion of waves with the wind is 2c {a/( 1 + a)}*, where a is the specific 

gravity of air and c is the wave velocity when no air is Present. 

^ (Coll. Exam. 1897.) 
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19. Find the velocity of .straight ripjiles oflengtli A, on water of densitv 

tension r and if T_81c.g.s. for water, find for wliat wave lenctli the 
ve oci y of propagation is least, and al.so the value of thi.s ininunl 

(St John’s Coll. 1899.) 

20 . Thevelocityofpropagationofcapillary wavesoflenetli 9 /„ i 

a uniform eanal of depth h is c, and p is the density of the li.phd. SW t 

If the waves are produced by a distribution of external su face n ™ o^ 

the type Psinm {x- Vt) travelling with a velocitj- V greater tl Th 
the form of the surface is given by ■> S than c, then 

77 = a sin m {x~ Vt), 
a = P tanh rnklpm (— c^). 

What happens when (i) V = c, (ii) F<c? ^ 

{u-v}‘+v{u-v) wygh - = 0 , 

whore W IS the velocity of propagation in still water. (M.t, I 88 I ) 

hortontaf ^ - a 

shew that there will be a depression n inthoste I ' “"'luiatmg; 




-1 


rest and has its surface plane and iifclined at’ n 

bf .b, c„.,, .b, £ rr.rj'uitvir" 

s-1 


‘ 7T^ 


] 




2 SttX snet 
- cos 

2a 


where c is the velocity of a wave of len^h 4 / 7/0 ^ ■ . 

and 2 implies summation for all odd integral vahres ol."(S® ^ 893 '’ 
its free surface plane and inclined at a ^ 

velocity potential and the stream function 0 : 1 ^ time'lm giverby'’ 

<t> + i,l,= -uY.*^l cos {( 2^+ 1 )„(x + iy)il) 

(2s+ 1)3 sinh{(2s+’ 

where p,l2-n is the frequency for the vibration of type s. 

(Trinity Coll. 1908.) 
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25. The free undisturbed surface of a liquid of great depth is the piano 
2 / = 0, and it extends to infinity in both directions of the axis of x. In the 
surface there is a shallow depression, bounded by the planes +x/a= 1 +2//c» 

due to the presence of a floating body. Everything being at rest, the 
floating body is suddenly removed. Shew that after the lapse of a time t 
the equation to the free surface is 

- f* CO^X^S^lfcQ . cos (t Vgfc) q. ^ 9 Q 2 ) 

^ 077 j 0 

26. A rectangular trough containing water of given depth is slightly 
tilted at one end, and then let fall again into the horizontal position: 
find the period of the to-and-fro oscillations of the water that are thus 
set up. 

Shew that, if the tilt is removed suddenly in comparison with this period, 
but without jarring, the surface of t he water will assume, at the end of each 
swing, the form of an inclined plane, until friction and other causes modify 
the motion: and also that, if the water is shallow, its surface will at any 
intermediate time be in part horizontal, and in part a plane of constant 
slope. (St John’s Coll. 1896.) 


27. Shew that, if water is flowing with velocity V along a horizontal 
canal of rectangular section and depth /i, and the bottom of the canal is 
agitated so that its form is given by acosm (x —uf), where a is small, the 
form of the free surface is given by 

y — a' cos m (x — uf). 


where 



( 

1 


cosh mh — 


g + m^TIp 

w {V “U)* 


sinh mh 



T is the surface tension of the water and p its density. 


(M.T. 1898.) 


28. Tlie bottom of a straight uniform canal of rectangular section has 
the form y = asin(27r.r/A) referred to horizontal and vertical axes Ox and 
Oy through a point 0 in itself, and is moving with uniform velocity V in the 
direction Ox, a being small. If the mean depth of the liquid in the canal be 
h, find the velocity potential of the wave motion generated, and shew that 
the form of the free surface is given by 

. , 277// , 277(H-?0.:„ 277(X-FO 

y = /i + asinh ^ cosech- ^ -sin--, 

referred to fixed axes originally coinciding with Ox and Oy, H being the 
<lepth of the liquid corresponding to the free propagation under gravity, 
with velocity \\ of waves of length A. (M.T. 1900.) 


29. A stream is running with int'an velocity U in the plane xy between 
a horizontal bottom y = 0 and a fixed upper boundary y = /i-l-acosmx, 
wliere a is small. Find the character of the motion by determining its 

velocity potential or stream fimction. 

Prove tliat, if exceeds a erit ical value taiih mh, the pressure on the 


upper boundary is in excess of the moan in its 
its lower parts: and vice versa. 


higher parts and in defect in 

(M.T. 1919.) 
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30. Shew how to take account of a variable pressure acting on the 
surface of a uruform canal; and in particular exam.ne the effect of a 
travelling distribution of surface-pressure of the type 

A-^ Bcosk{ct^x), 

where x is the longitudinal coordinate, the canal being supposed infinitely 

(M.T. 19110 

31. Find at any tinie, the form of the free surface of an infinite canal 
of uniform breadth, and uniform equilibrium depth h, if the initial cond 

tions are 7^ = a sm Ajx and = 0 . 

If the variations of pressure on the surface of such a canal are given bv 

9p (- 1 ) 

where v is the velocity of propagation of waves of length 2nlk. 

(Coll. Kxam. 1906.) 

cross section of uLform depfh^i/^and a brerdTh whem'"//an^f'ire 
constants. The estuary meets the open sea at .r = a, in which alidL! 
osc^ation given by , = ,„cos (.t + e) is maintained. Prove that in the 


estuary 
where = i^a^jgH. 


V = Vo cos {at + e) 

'\/Xt71 {k\/u) * 


(M.T. 1926.) 


- • / 

byl;ZLarS™hTi: ~ 

The velocity u may be supposed the same at olT'i^pXst buOnct^^” 
duces a resisting force Kphu per unit area of tlie bottom \ i 
density, h the depth, and a constant A hnrr.■ il P 

2nla takes place in the level of the sea. Shew that the mot''**'°ft‘l^ 

in the canal may be represented by two waves onetr 

the sea and one towards it, and that the ampht^desTflb^srCv^efam 

equal at the landward end, but in the ratio exp ( - JjlL ^eci a sin I 

V Vigh) 


at the seaward end; where tan a = 


(M.T. 1925.) 



CHAPTER XI 


VIBRATIONS OF STRINGS 


11 • 1. In the last chapter we considered some cases of small 
oscillations of fluids regarded as incompressible. The theory of the 
oscillations of elastic fluids is also a branch of Hydrodynamics and 
it includes the theory of sound or waves in the atmosphere. The 
theory of sound is too extensive a subject to receive adequate 
treatment in an elementary text-book on hydrodynamics; but 
we ])ropose in this chapter and the following to give a short 
account of some of the elements of the theory of sound waves 
together with the kindred subject of the vibrations of stretched 
strings. 


11-12. Transverse Vibrations of a Stretched String. By 

transverse vibration we mean a motion in which each point is 
displaced at right angles to the equilibrium position of the string, 
and the slight extension of any element of the string is of the 
second order compared to the displacement. In fact the string is 
regarded as inextensible ‘or rather the elastic modulus of exten¬ 
sion is indefinitely great. The 
very beginnings of a loeal dis¬ 
turbance of tension will then 
be equalized along the string 
with speed practically infinite*’; and we may take it that the 
tension F remains constant along the string and throughout the 
motion. Let the string be of uniform line density p. Take the 
X axis in the equilibrium position of the string, and let y be the 
displacement at the point .r at time /. If (/» be the inclination to 
the X axis of the tangent to the string we shall suppose that ^ is 



small. 

The equation of transverse motion of the element 8x is 

p8x//= -7^sin(/<-f Psin^/^-f-S{PsinI/»), 

for the forces acting on the element in the direction of motion are 
the components of the tension at its ends; viz. Psini/» at one 


♦ Set* a papiT 'Oil the Dynamics of Hailirtt ion' by Sir Joseph Larmor,/nternational 
Congress, 1912, Proceedings, vol. I, where the motion of a string is used as an Ulustra- 

tion. 
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end and Psin^ + 8 (Psin^) at the other, and sm 4 , 
approximately, neglecting (dyjdx)^- therefore 

P 

?/ = — 

p dx^ * 

If we put P=pc^ we may write the result 


dx^ 


(1) 


This is the same equation as we obtained in the theory of lone 
waves m shallow water and as in 10-2 the solution is 


y ~f ~ ^ F {ct+x) . 

where/and F are arbitrary functions. 

If, for the moment, we take F to be zero, we have 


( 2 ), 


y =/ (ct - X) 


(3) 


This represents a wave form travelling with velocity c in the nosi 

tive direction of the . axis. For, if we increase x and c by 

same amount, we leave y unaltered, which means that rbJ ! 

placement which exists at the instant t at the place x will It t 
< + T be found at the place x + cr. ^ 

In the same way the equation 


y = F(ct + x) 


' .(4) 

represents a wave form travelling with - ■ .u 

direction of the x axis. ^ negative 

Referring again to equation (3) we find by differentiation 


^ C t::- 


dx 


(5), 


. w ‘he “r«.TtT‘r 

with arbitrary veJocitv and arby*"” Y '“ight be begun 

eenneeted b/e,„S “ ^ 

.anted by (4, intplie. ZllL ‘ 


between velocity and slope. 


dt 


dy 


( 6 ) 
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The general motion of the string may be regarded as the 
result of the superposition of two such wave systems travelUng in 
opposite directions; and in this case the initial values of dyjdt and 
dyjdx may be regarded as composed of two parts which separately 
satisfy equations (5) and (6). 

1M3. Unlimited String with given initial conditions. 


Suppose that, when t — 0, we have 



y = 4>(^) . 

.(1), 

and 

y = >lj(x) . 

.(2). 

Taking 

; for the general solution 



y=f(ct-x) + F(ct-hx) . 

.(3), 

we have, 

when t = 0, 

.(4). 


<l>{x)=f(-x) + F(x) . 

and 

^(x) = cf'{ — x)'\-cF'(x) .. 

.(5). 

By integrating the last equation we get 



'‘,fi(z)dz= -cf(-x) + cF(x) . 

A 

.(6); 

and then from (4) and (6) 

1 At 



f{-x) = l<f>(x)--j <l>(z)dz, 


and 

F(x) = l<l>(x) + ^J^>l>{z)dz-, 



Y fx+ct 

so that y=h{<l>(=c-ct) + <l>(x + ct)} + -\ jl>{z)dz .(7). 


11-14. A given initial Displacement. In the special case 
in which there is no initial velocity but merely an initial displace¬ 
ment, the last result reduces to 

y = i{4>(x — ct) + <fi(x + ct)}, 

in which the two component waves resemble the initial form of 
the string but are of half the height at corresponding points. 

The form of the string at any subsequent time may be con¬ 
structed by drawing a curve in which the ordinate of each point 
is half the initial displacement of the point, imagining that two 
such cui-ves initially occupy the same position and then moving 
them in opposite directions along the x axis with velocity c. The 
sum of the ordinates of the two curves at any pomt at any instant 
will give the displacement of the point at that instant. 
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11*15. Energy. The kinetic energy of any portion of the 
string IS given by 


(I). 


For the potential energy V it is necessary to calculate the work 
done m the slight extension of the string against the tension P. 
Ihe increase in length in the element Bz 


= Bs~Bz = Bz 


Therefore 


=‘ (H) 


1 

w 1 “ 


Bz 


Bz, 


V = iF 



By 

a 


dz 


( 2 ). 


or 


XT ^ 

wcl component wave from 11-12 (5) 


dyldt=+cdyldx, 

Limited Length. Suppose that the origin 

IS a fixed point on the string. In tliis case we must have y = 0 when 

3^=0, for all values of i. Hence, in the equation 

y=f{ct-x) + F (ct + x), 

we have ^=f (ct) +F(ct), 

Th . . 

ihe general solution in this case is therefore 

y=f (ct~x)-f (ct + x). 

superSwot^of a' "'"If ^^is means the 

Let contider the case of a disturbance represented by 
, , y=f(ct-x) . 

l"»;Zirrst *'■; Z'"' -fined to 

IS represented complete! v h^r m i k a. ■ ^ motion 

we must tat. as the equation th^t ^^eltlTe tot“‘ 

S-/(c< - a)-/(c, + a, . 


20 
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The terms of this equation do not both apply to the same range 
of the string continuously. Thus if i = 0 when the head of the 
disturbance reaches 0, then when 0<t<llc the first term apphes 
between x=0 and x= - I+ ct, and the second term between x = 0 



and x = -ci. When t = ljc the first term ceases to apply and the 
subsequent motion is represented by 

y= -f (cl+ x) .(3) 

alone, or the reflection of the wave is complete. 

When the initial form of the disturbance is given the form of 
the string at any time can be constructed graphically. Thus in 
the accompanying diagram the figures on the left represent the 
components of the displacement at intervals //3c before and after 
the head of the disturbance reaches 0. They are obtained by 
drawing the curve that represents the disturbance ^vith its head 
at 0 and drawing a similar curve so that the two are anti- 
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symmetrical with regard to O, and then displacing these curves to 
the right and left respectively with velocity c. The resultant form 
of the string, as shewn on the right, is obtained by taking the sum 
ot the ordinates of the component waves on the left. 

Later this will be seen to represent also the reflection of a sound 
wave at the closed end of a straight pipe. 

11-17. If however the end of the string at the origin is capable 
of free transverse motion-it might, for example, be attached to a 
ring of neghgible mass free to slide on a smooth wire along the 
y axis-the condition is By/dx = 0 , when x=0. for all values of t. 

“otion of the massless ring 
along the wire which shews that there can be no component of 
tension along tlie y axis. 

y =/ {ct - X) 

for the incident wave, and 

y=f (ct-x) + F{ct + x) 

for the complete disturbance, we have 

for all values of <. ^ ^ 

Therefore F' (z) =/' ( 3 ), 

^ (2) =/ (2), 
y=f(ct-x)+f{ct + x). 

The reflected wave is therefore exactly the same in form as 
e incident wave, the amplitude being unchanged in sign 

y=f (ct~x) + F (Ct + x), 

-/.rbefa”, 

Hence y=f (ct-x)-f (ct + x). 

Also y = 0 when x = l, for all values of t, so that 

O=/(rf-0-/ (ct + l); 
or, putting 3 for ct-l, f(z + 2 I) =/ (z). 


or 


20-2 
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Therefore f {z) is a periodic function with a period 21 in 2 . 
Hence the motion of the string is periodic with respect to t, 
the j)eriod l)eing 2//c, or twice the time taken by a wave to 
travel the length /. 

It is otherwise evident that if a disturbance starts from any 
point A of the string, and moves with velocity c in either direction, 
it will after successive reflections at the two ends pass the point 
A again in the same direction with its original amphtude and 

sign in time 2^/c. 

1M9. Plucked String. When the string starts from rest 
witii a given displacement, as for example when the string is 
drawn aside at one or more points and then set free, we have 

initially say, and y = 0. 

And by substituting in the general solution 

y=J (ct~z) + F(ct + x), 

we get (•'*^) —f (— ^) + i' (x), 

and = ( — z) + c^ (x). 

Therefore, by integrating the last equation, 

0= -f(~x) + F(x)\ 

whence / (“ l*^) ~ 

Hence y = -ct)^l<j>(x + ct), 

as might have been written down from 11 14, 

Again y vanishes when a’ = 0 and when x = l for all values of/, 

so that 0 = + 

and i) = (f> (I — ct) <j) (I -\-ct). 

Therefore </>( — “)= " ^ 


and, putting c/ = 2 + /, we have also 

<^(2 + 2 /)=-^(-:) = ^ W . 

Hence we get the following method for constructing the succes¬ 
sive forms of the string: draw the curve y = </»U*) between .t = 0 
and .r = / and continue it in both directions subject to the fore¬ 
going conditions, i.e. draw a similar curve in the third quadrant 
between a* = t» and x=-I and then repeat the whole flgure in every 
successive space of length 2/. Imagine cui'vcs of this type to travel 
in botli tlirections witli velocity c and take the arithmetic mean 
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of their ordinates at any instant. The resulting curve represents 
the form at that instant of an unlimited string moving in such a 
manner that the points x = 0, ±1^ ±21, etc. are at rest, and 
therefore the portion between x = 0 and x = l satisfies all the 
required conditions. See the figure below. 

In the case of a string plucked at one point and then set free 
the string at any instant consists of either two or tliree straight 
portions, generally three; and the two outer portions are always 



n the direc ions of the two portions in the initial position, while 

the gra^ent of the intermediate portion is a mean between the 

gradients of the other two having due regard to sign. Thus the 

fig^e shews the form of a string of length I, plucked at one point, 
alter three intervals of time l/3c. ^ 


svic . 7"" Vibration. The position of a 

system which possesses m degrees of freedom and vibrates about 

niTm V uihbrium can be defined by the values of m 

TveTb f’oo*-^Jnates g„q.„... The kinetic energy T is 

8 y ^^ = aiiqj^ + a22(i2^+ ... + 2a^2'iL(j2+ ■■■; 
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where the a’s are generally functions of the q's, but in small 
vibrations they may be regarded as constants. 

And the potential energy is given by 

In the case of free vibrations, Lagrange’s equations give 

and m — 1 similar equations. 

If, to solve these equations, we substitute 

^^^ = ^lCOS (ni + €), 

^2= ^2^0® (wi + e), 
etc., 


we get Tfi equations of the form 

(c^ - n-Gji) + (^12 " ^2 + ■ • ■ + (Ci,„ - 

These m equations give the ratios of the amplitudes ^ ^, ^4 2 ,... 

in terms Of the fl’s, the c s and n. 

If we eliminate ^om the 7/1 equations we get 

a determinantal equation for of the mth degree. Taking any 
one of these values of «, there is a corresponding set of values of 
the coordinates q„ q„ ... q,n involving only two arbitrary con¬ 
stants, viz. the absolute value of one of the amplitudes, say A^, 
and the initial phase «. In the corresponding motion the system 
vibrates so that the coordinates <Zi. 52 , ••• bear constant ratios 
to one another. This is called a normal mode of vibrahm. The 
physical characteristic of a normal mode is that it is perioic with 
reaard to the time, and in general the difierent normal modes have 
difierent periods. In general there are m such normal modes all 
distinct from one another. These various m normal modes of 
motion each with its arbitrary absolute amplitude and phase may 
be superposed; and the complete solution is given by m equations 

of the form 

q^ = BiCOs(n^t + €i) + B.^cos (n.,t+ € 2 ) + ... + B^cos (nj + ej, 
and contains 2m arbitrary constants, namely B^, B^ ...B„, and 

, e € These are all the arbitrary constants because the 

^nespondmg to the B: in the exptessione t» the 
Other m - 1 eoordinates are all eonstant multiples of the B s. 

It is shewn in books on Dynamics* that it is possible to choose 
the coordinates of a system so that the expressions for kinetic and 

* \\ liiltrtkcr, Anahjlii'itl I>>jnamics^ I'JW, § 77. 
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potential energy only contain squares and not products of the q's 

and the q’s. When the coordinates are so chosen they are called 

the normal coordinates or principal coordinates of the system and 

each normal mode of vibration affects one and only one coordinate, 
h or we have 9/77 „ ^ 

=aug'i2 + a225'2 + •••, 

—^ ^ 2 f 

—(-'uqi +^225^2 + •••? 

so that by Lagrange’s equation we get m equations 

«ii?i + Cngi = 0 , a 22?2 + C 22 9'2 = 0 , etc., 
and the complete solution is 

?i = ^ 7 Cos(Wj< + ei), g '2 = ^ 2 Cos(w 2 < + e 2 ), etc., 

, «i=“ = Cn/«u,ete., 

contaming as before 2m arbitrary constants A,, A., ... A and 
> ^2 ^ • 

11-21. Normal Modes of Vibration of a Finite String. 

Since a string has an infinite number of degrees of freedom it has 

an mfimte number of normal modes of vibration. To find modes 

et us assume that the displacement of every point of the string is 
proportional to cos {nt + e). 

The differential equation to be satisfied is 

dx^ .(^)» 

and if 2 /occos(w< + e), we have jf= -n% therefore 

^2+^y=o- 

Thecompletesolutionofthisequation,includingthetimefactor,is 

2 /=^^cos —+ .Bsin-^jcos(i(< + e).( 2 ). 

If the ends of the string are fixed at the points x = 0 and a; = I 
we must have A=0 and sin nljc = 0 . 

Hence n — + 

l’ ~f’ -f’ .(3). 

This gives the infinitely many values of n that correspond to the 

different normal modes, and the solution corresponding to the sth 
normal mode may be written 

_ ^ . S7TX (STTCt 

y=B^sm ^ 


(4). 
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normal modes 

The gravest or fundamental note of the string is that for which 
s = 1. Its frequency is ^ 1 jP 

p' 

The facts embodied in this formula, namely that the frequency 
varies inversely as the length and the square root of the density 
and directly as the square root of the tension, are known as 
Mersenne's Laws. They are capable of experimental verification 
by fixing one end of a string and then passing the string over two 
edges or ‘bridges’, whose distance apart can be varied and mea¬ 
sured, and suspending a weight from the other end of the string. 

In the next normal mode to the fundamental s = 2 and the 
middle point of the string x = \l remains at rest throughout the 
motion. In the sth normal mode of which the frequency is sc/2«, 

the (5 - 1) points / 2 l (s - 1) ^ 

5 5 S 

are at rest throughout the motion. These points are called nodes', 
the points midway between them are the points of maximum 
amplitude and are called loops. Each segment into which the 
s- 1 nodes divide the string vibrates like the fundamental mode 

of a string of length//s. . , , 

A general vibration of the string is obtained by the super¬ 
position of the several normal modes with amplitudes and phase 
constants chosen to suit whatever may be the given imtial con¬ 
ditions. The equation that represents this motion is therefore 

. 57r.r Is-nct \ 

y = E/J,sin ^ cos . 

where B, and €, are chosen to suit the initial conditions and the 
summation extends to all integral values of s. 


11-22. Two special cases. (1) If ffie string starts from 
rest at time t = 0. then y = 0 when / = 0 for all values of .r, so that 

all the e's are zero, and 

57r.T svci 

= COS-J-. 


(2) If the string starts from the equilibrium position at time 
I = 0, then !/ = 0 when / = 0 for all values of x, so that all the «s 
arc uild multiples of \n, and 

. 57ra: . sirct 
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11 23, Plucked String, Let the string be drawn aside 
through a small distance ^ at a 

distance d from the end x = 0 

6 


and then released. ^ o 

We have to determine the coeffieients in the solution 

v D * SttcI 

cos-- .( 1 ) 



X 


The initial values of y are 

y = ^xlb, (0<x<b); and y = ^{l-x)j(l-b), {b<x<l). 

Multiply both sides of equation (1) by sin and integrate be¬ 
tween the values 0 and! of a:, giving 2 /its propervalues in terms of a; 
for each part of the range, and taking < = 0. Then, since, when r + s, 


therefore 

. S7TX 

0 


STTX . TTTX , 

Sin —- sin .~dx = {). 


I 


I 


b^^^ I 


dx+ S- , 'sin“"r^a; 


P(l~x) . Snx 

l~b I 


dx\ 


I 


which gives 


R . snb 


SO that 


2 pi 


y=~ 


7T%(l^b) s 


V 1 . Sirb . STTX STTCt 

2- Sin —- sin -cos — 


I 


I 


I 


1 1-24. Energy of a String with Fixed Ends. If the string 
be vibrating in its 5th normal mode we have from 11*21 


„ , STTX ISTTCi \ 

2/=15„sin —-cos !—-(-£ 1 


The kinetic energy T is given by 


T 


STTX 


^ I 


sm 


STTCt 

IT 






^ sin^ ^ 


SttcI 

i 


And the potential energy, as in 11-15, by 

CO. (7V, 


in the same way. 


( 1 )- 


( 2 ), 
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Also since P = c^p, (11*12), therefore 




(3) 


gives the whole energy of the vibration in the sth mode 
Again if the motion be of the general type 


STTX 


STTCt 


?/ = EP,8in-jCOS l-| 


+ 6 


8 } > 


we have 


T = ip 


y^dx 


0 




^ . 87TX . I STTCt , 

5P„Sm— smi—r-+€ 


s 


I 


I 



dx. 


Now 


87TX . TTTX 


Sin 


0 


I 


sin~^dx = 0, 


I 


and 


^ . ^SttX I 
sin^ — = 

0 


I 


Therefore T = gin^+ 


(4). 


Similarly we get 


V = 


TT^P n I STTCt 

CO32 (— + e. 


41 


I 


(5). 


and 




41 


8 


( 6 ). 


In these results it appears that the whole kinetic energy, con¬ 
taining square terms but no product terms, is the sum of the 
kinetic energy due to each separate normal mode of vibration, 
and similarly in regard to the potential energy, which is of course 
in accordance with the general theory of normal modes as ex- 

plained in 11*2. 

11-3. Normal functions and coordinates*. When a vi¬ 
brating system has a finite number (jn) of degrees of freedom, 
we saw (11’2) that its position could be specified in terms of 
7 n normal coordinates each corresponding to a normal mode of 
vibration, and that the kinetic and potential energies contained 
only squares and not products of these normal coordinates. A 
vibrating string has, however, an infinite number of degrees of 

• This uso of normal ooordumtos is due to Lord Rayleigh, seo Theory of Sound, i, 
§ 128 . 
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freedom and therefore infinitely many normal coordinates, and 
when we express the form by the equation 

V Z? • STTX /STTCt \ 

^ cos( - + .( 1 ), 

the coefficients of sin for all integral values of ,s are tJie normal 

coordinates and the typical one may he denoted by so that 

v- , . S7TX 

y = .(2). 

Taking the fs as the coordinates tliat determine the position and 

motion of the string we may use Lagrange’s equations. Asin 11-24 
we have » „ „„ 

T=yi'Z<f>/ and V = Z .( 3 ). 

And if (D, is the force tending to cause a displacement 8 d, (using 
the word force in a generalized sense) we have * 

dV 

^<I>S ^‘t>s 

+ = .(4). 

If we write this equation 

4 + = .(5), 

for a particular integral, using D for didi, we have 

~ ^ Z>2 + ,j'2 

f J_J J 

iupl D — in Z)-i-inf ^ 

and adding the complementary function, the complete solution is 

'k - Mn cos 7/t + <\\dt '... {(i), 

where the zero suffixes denote values when I = 0. 
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normal COORDINATES 
If the impressed force is a single force Y at the point x 

Y<t>,8,f>,= YSy, 


= 6, then 


so that 


o =y 


] =ysin 

. / Tr* = f I 


dy 


STrb 

T 


(7). 


11‘31. Examples of use of normal coordinates. Plucked 

String. Taking the case considered in 11-23, <I>„ is zero except 

when t = 0, and then its value is Y sin ~j , where Y is the force 

by which the string is held. Since the string starts from rest 
(‘^Jo = 0 and 11-3 (5) gives ^ 2 s.b 

And at time t we have from (6) 


2 y . snb 

<l>s = (‘/*s)o cos nt = — sin— co? nL 


pin 


I 


Therefore 


V i • 

2/ = l.^,sin-y 

2 y svb , sttx cos nt 
= 2 sin —sm- 


pi 

21Y 


I 


I 


n 


o o 


1 s-nb . snx STTCt 
y — sin —- sin cos 


I 


I 


I 


pTT-C- 5^ 

which agrees with the result of 11-23, if we note that 7 is equal 
to the resolved part of the tensions perpendicular to the x axis; 


that is 


y __ p (^ \, to the first order of ^ 

^ ' \b l-b'" 

c^pl^ 


rdt\ where F is a force that begins to act when the 


'b(l-by 

11-32. String set in Motion by an Impulse. Let an 

impulse 1 be applied at the point x = b.\Ne may regard this as the 

limit of 

string is at rest and ceases to act after a short time t. Then using 
(6) of 11 - 3, (<f>,)a = 0 and (<f>s)o = 

(A.= " f siiwi 

vpl j 0 

= “-sin7^M 

npl J 0 
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neglecting the term sin nt' for tlie range = 0 to V 
small. But from 11’3 (7) 
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therefore 


Hence 


and 


/'sin 


STrb 

I 



<I>5^^^' = sin 


sirb 

I 


Jo I 


j 2 / . snb . STTCt 

<Ps= -sin sm , , 

STTCp I I » 

2/^1 . snb . SnX . snct 
2 / = ---2-sin - sm- --sm 
TTCp ^ s I I I • 


11-4. Forced Vibrations of a String. There are two oa.ses 
to be considered; the first, when a given point x = l> is given an 

arbitrary transverse periodic motion; the second when a given 
periodic force acts at x = 6. 

In the first case let the given motion at a; = 6 be represented by 

2 / = ycos (pt + a). 

We have to satisfy the equation 


dx^ ’ 


and if we assume that 
becomes 


y varies as cos(p2 + a), 

d^y p2 

. 


this equation 



Now we cannot assume that the same solution will represent 

the form of both portions into which the string is divided at the 

point x = b which is given a forced motion; so we assume that there 

are two distinct solutions of (1) corresponding to the two parts of 
the string, viz. 


when 


and 


0<x<6, yi-^^cos^^-+5sin^jcos(^< + a) ...(2), 

b<x<l, 2/2 = |c'cos^ + Z)sin^jcos(p< + a) ...(3). 


Then we have = 0 when x = 0, so that A=0, 

yi = y cos (pt + a) when x = b, 


SO that 

Hence when 0<x<b 


jDsm~- = 


sin px/c 


(4). 
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Similarly 2/2 “ ^ when x = ^, so that 

C'coS” + -D sin —= 0.(5), 

c c 

and 2/2 = y cos (pt + a) when x = 6, so that 

Ceos —+ -Dsin — = y .(^)- 

c c 

Then by solving (5) and (6) for C and D and substituting in (3) 
we find that when b<x<l, 

. 

^ 8inp(l — b)lc 

In the second case, let there be a force Fcoa(pt + ci.) at the 
point x = b. We may deduce the solution for this case from the 
last by the consideration that the resultant of the tensions at the 
point must balance the impressed force. 

That is, if P denotes the tension 

F cos {pt + (»■) = p - P ^ = 

Therefore, by differentiating (4) and (7) 

_ PyF ___ sin pi I c _. 

sinpbjcsmp(l-b)lc’ 

whence we get 

p pjcsinpljc 

-f’sinpf>/csinp(f-^)/c 
and y,= p — pljc 

This is an example of a reciprocal theorem that the motion at x 
when the force acts at b is the same as would be the motion at b 

if the force acted at x. 

Wo notice that in the first case the motion of either portion of the string 
is SendLt of the length of the other portion and depends only on the 

forced motion at the point .r = 6; also that if p6/c 

„ , e if pl2n is a natural frequency lor a string of length 6, the “iplitude 
In (4)' ap^eam to be infinite. This is a case of' resonance m which we have 
a o ced oscillation of the same period as free oscillations. In actuahty 
the 'rpUtude is not infinite as our equations cease to represent the 
motion when the displacement is other than small, also Jhem 
frictional forces which oppose the motion and ^he free osed 

tions Ill the second case the same phenomenon of resonance occt 
when pile is an integral multiple of ir, i.e. when the frequency 
applied force is a natural frequency ot the whole string. 
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® String carrying a Load. Let a particle of 
mass M be attached at the point x^b. 

If we assume that the motion of the particle M is given by 

2/ = ycos(pi + a) . 

then the motions of the two parts into which it divides the string are 

^ven by (4) and (7) of 11*4. And the frequency p/27r is to be found from 
the equation of motion of namely 

My = - + p ^^2 

dx dx 

at a: = 6, P denoting the tension of the string. 

Substituting from (4) and (7) of 11*4 and from (1) above, we get 

Af = _ P ^ cot - P ^ cot 

c C c c * 


Therefore 


pM = ~ 


sinpljc 


( 2 ). 


c sinp6/csinp(i-6)/c 
This equation must be satisfied by p, and the form of the string at time i is 

then g.ven by(4) and (7) of 11-4, y and a beingarb.traryconstantsdepend- 

TfoT those normal modes of motion whicl/have 

cir^r^th ! ^ r * without causing the motion of this point, it is 

clear that the presence of M will not affect these normal modes. Thus if M 

be at the middle point of the strmg, the normal modes of even order are 

so that (2) becomes 


or 


7l/f 2P pi 
7.ilf= -cot|, 

2c 2c cm' 


M' 


The frequencies of the normal modes concerned are therefore given by 

pl{2c = 2 ^ 1 , , Xg, ..., ' 

where , Xg, .Tg, ... are tlie successive roots of the equation 

_ 


X tan X — 


M' 


natural frequencies of the unloaded string are given by 

pll2c=z^, TT, 27r, .^TT, ... (11*21) 

decm'Zl!* f-q--ies of the normal modes of odd order are 

String with Ends not rigidly Fastenpii w n 

attached to a^als 
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As solution of 


we take 


- .2 ^ly 

dt^ " 


y=(A cos”^ + cos (n« + e) 


( 1 ); 


the terminal conditions being 

(ij My = P^jdx when x = 0, 

and y = ^ wiien x = l 

Therefore —n^AM^ PBnjCf 

and A cosnZ/c+Bsinni/c = 0; 


whence 


nl ^ nl PI _ 

- tan - - - M 


( 2 ). 


which is the same equation for the frequencies as if the particle were at the 
middle point of a string of length 2i; as is otherwise obvious. 

(ii) The terminal conditions in this case are 

My + yy = Pdyjdx when a: = 0, 
y — 0 when x = l. 

{fx^nm)A = PBnlc, 

A cosnllc-h Bsinnllc = 0; 

Pn pen 


and 

Therefore 

and 


whence 


nl 
tan — = 


c c{n*M — fj.) — 

In either case equation (1) takes the form 

n(l — x) 


(3). 


2 /= Csin 


cos{nt-\-€) .(^)> 


and equations (2) and (3) both have an infinite number of solutions so that 
the motion in general will be given by equating y to the sum of an infinite 

number of terms like (41. 

11-5. Damped Oscillations. If the motion of the string be 
retarded by a force acting on each element of mass and propor¬ 
tional to its velocity, the equation of motion of 1M2 becomes 

If we put y = this reduces to 


= c2 


?“i/ dy 

~di 


(!)• 


i 0.r2 


( 2 ). 


and we may obtain solutions of this equation to suit particular 
cases. Thus to tind the frequency pj^n of waves of length 27r/m. 

if we assume that 


2 0C6 




we get 

where p“ = chti^ - 


o 

- , + p-z = 0, 

d“ 
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And the solution is 

y = cos {(chn'^- - j«:2) J t + 'x}, 

or, rejecting the imaginary part, 

y = cos mx cos {(chri^ - / + a} .(3). 

This re 2 )resents a vibration whose amplitude diminishes con¬ 
tinuously because of the factor The time 2//f in which the 
amplitude is reduced to e’l of its former value is called the 
ynodulus of decay. 


11 51 . If the resistance is so small that may be neglected, 
(2) becomes ^2^ 02^ 

tile solution of which, as in 11-12, is 

2 =/ [c.t ~x) + F(ct + X), 

and therefore y = e-^x‘ f (ct - x) + F (ct + x) .(4). 

Since the functions are arbitrary we may write 

e v <='f{ct-x) instead off (ct-x), 

^ + instead of i’(c< +a:); 

so that y = (ct -x) + F(ct + x) .( 5 ) 

is also a solution. 

For example, suppose that the string is of infinite length and 
is subject to a forced motion Ecosj^t at a particular point, which 
we may take to be the origin, the motion will be represented by 

y=Ee~‘<^i^coQp(t~xjc) .(0) 

on the positive side of the origin; and by 

2 /= (2 + a:/c) .( 7 ) 

on the negative side; these equations representing a progressive 

wave whose amplitude decreases in the ratio 1: e as the distance 

from the origin increases by 2c//c, i.e. at intervals of time 2 V, since 
c is the wave velocity. 

Transmission of Waves. Consider a uniform 
stretched string of pat length. Let a train of simple harmonic transverse 
waves travelling along the .strmg encounter a massive particle attached 

to the string at a particular point. There will be a reflected and a trans- 
mittecl train of waves. 

Let M be the mass of tho particle, T the tension of the string, p its line 
cnsity and let c _ Tjp give the velocity of propagation of the waves. 

RH 


21 
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lakc tlie origin at the particle and let the incident wave train, coming 
from the part of the string for which x is negative, be represented by 

y = Acos{7nx — nt) .(jp 

For facility in working it is simpler to take this to be the real part of 

assume similar expressions and 

for the displacement in the redected and transmitted wave, then con¬ 
tinuity re(]uires that the period shall be the same for all, i.e. n'^n^-n; 
and as the velocity of propagation c has the same numerical value for all 
waves on the string, therefore in'= -m in the reflected wave and mi = m 

m tlie transmitted wave. Hence for the total displacements we have 
when a: <0, . 

2/i = Ae*.(2) 

and wlien j;> 0 , . ( 3 j 

wlierc the ratios of A' and A^to A may be complex numbers. 

I'or the motion of the particle at the origin we have 

My=-T^y^ + T%^ where x = 0, 

cx dx 

or, since T^c-p and c^ = n-lm'^, 

MmAi = ip{A-A'-Ai) .(4). 

Also, wiien x = 0, we have y 1 = 1 / 2 , so that 

-4 + A' = Ai .(5). 

brom (4) and (o) we find that 

iMrn 2p~2p-iMm . 

or - ,- 7 ^ 

2 sine cosc cos€-isin€ . 

if tan c = d/?n/2p. 

1 knee the reflected and transmitted waves differ both in amplitude and 

phase from tlu' incident wave, these differences being exhibited in the 

formulae ,, , . ^ 

-1 = Asmc.e‘<i''+*> and Ai = Acos€.e" .(8). 

\W using the method of 11*15 it is easy to shew that the energy per 
wave length of a simple harmonic wave is proportional to the square of he 
amplitude, and from (7) it is clear that 

so that the energies of the reflected and transmitted waves are together 
equal to the energy of the incident wave. 

11 * 7 . Longitudinal Vibrations. Suppose the string to be 
elastic and stretched and to obey Hooke's Law. If P, Q are two 
points wliose coordinates are x, x -f Sx in the equilibrium position 
and these are displaced to P\ Q’ where the coordinate of P' is 
X A ^ then that of Q' is 

X -f- hx 4* ^ "h ’ 0 ” 8x, 
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If T be the tension at P' and E tlie modulus of ehisticity 


PoQo ' 


where PgQg (= Sx„) is the unstretched length of PQ. 


Therefore 


T 


= E ^Sx + 8 x 


dx 



oXq dx dx 


0 


Now h — Tq is the tension in e(|uiiibriuin. 


8ar 


0 


Also hxjhxQ is the ratio of the equilibrium stretched length to 
the natural stretched length for the whole string = ///^ say, and if 

we put EIIIq = E\ a definite constant for the string in its equili¬ 
brium position, we have 

Let p be the line density in the equilibrium state and X the 
external impressed force per unit mass at P' acting on the string; 
then the equation of motion of the element PQ is 

P^^U--T + iT + 1J S:r) + p A' 


or 


E' 02 ^ 


0^2 


0x2 


+ A^ 


( 1 ). 


If there be no impressed force, and we write E'=pc^ the equation 
takes the form 

0x2 .(")• 

This is the same differential equation as for transverse vibrations 
and Its solutions may be interpreted in a similar manner when 
applied to the propagation of longitudinal vibrations, but it is 
important to observe a difference in the form of terminal condi- 

taluesofr’ = for all 

It is to be observed that c is the velocity with which waves 
travel along the string stretched to length I and that 

^_E I 
P ~ PJo 


C2 = 


21-2 
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But if be the line density of the unstretched string then 

= so that E (IV 




stretching. 

Instead of the equilibrium stretched length x in (2) we might 
use the corresponding unstretched length as independent 
variable, since xjXf, = lllo, then (2) becomes 

^ E ^ ^ dy 

where = Ejpg. 

The foregoing arguments also apply to the longitudinal 
vibrations of bars. 


(3) 


Longitudinal waves are n-nectod and transmitted in the same way 
msvorse waves. Thus if the method of 11*6 is annlied to solv^ 


as 


transverse waves, i nus it the method of 11* 6 is applied to solve the same 
problem for longitudinal waves, similar results are obtained, 

11-8. Transverse OsciHaUons of an inextensible Chain hanging 
from one End. Let / be the length of the chain. Take the origin at the 
equilibrium position of the free end and the axis Ox vertically upwards. 

Neglectingtlie vertical motion the tensionatthepoint 
(x, y) is T = gpx, where p is the Uik? density supposed 
uiiitorm. Tlic equation of motion of an clement Bx at 

\ . d I rr^dy 


+ ; (r7 

dx ( dx dx \ dx 


Bx 


or 


or 


d / dy 


( 1 ) 


To find the normal modes assume that yocc‘"*. so that 


dy\ 


( 2 ), 



where K = n-/g. O y 

cc 

If we now substitute y= in (2), it is easy to obtain the relation 

0 

between successive coefticients in the series and shew that (2) has a 
solution , *> 2 n 1 % 

, K-x^ K^X^ ) 

^{2!)2 {3!)2^**'J . 

subject to the condition that y = 0 when x = L 

Wo may also transform (2) by the substitution x=igz^*, giving 


t/ = Co|l- 


(3), 




( 4 ). 


* Lamb’s Dynamical Theory of iSonnd, 1910, § 31. 
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which is Bessers Equation of order zero and it has a solution 


/ « 2^2 ^ 4^4 

= 2V+2^=-i .(5) 

identical with (3). The series in brackets is denoted by (nz), i.e. Bessel’s 

Function of order zero. Hence when we introduce tiie time factor wo 
have 

= ^^^cos(n/ + e) .(Cj 

subject to the condition that y = 0 wlion = so that possible values of n 
are given by tho equation 

^. 


11'9. Transverse Vibrations of a Stretched Membrane. 

We shall suppose the membrane to be perfectly fle.xible and of 
umform material and thickness and so stretched that the tension 
at every point is the same in every direction and constant through¬ 
out the motion. If denote this ten.sion, then, as in Hydro¬ 
statics, Art. 101, there is a normal force on an element of area 
dS surrounding a point P equal to 




where p, p' are the principal radii of curvature of the surface at P. 
lix, y, z are the coordinates of this point in the displaced position 
the xy plane coinciding with the equilibrium position, and the 

displacement is such that squares of dzjdx and dzjdy can be 

neglected, we have , , n, 

1 \ _d^z dh 

p dx^'^ dy"^' 

Hence if tn iy the mass of unit area 


m 


dh 


dS^T,ds(p--^P 

^ \dx^ dy^ 


or 


dh 

dt^ 


= c2 


dh dh 


( 1 ). 


, 0 ^y' 

where = TJm. 

When the membrane is circular it is convenient to change ar y 
mto polar coordinates and the equation becomes ’ 


^“2 _ 2 /dh 1 dz 
(dr^^r dr 


( 2 ). 


which is the form suitable for a drum head 
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The hypothesis z<x. reduces the equations to the form 



0^ 0^ 

03:2 c2 ^ ® . 

.(3), 

and 

0^2 \ dz p^ 

^ o"b + . 

(V- r dr 

.(4). 


If the membrane be rectangular and bounded by the axes and 
/>. a particular integral is clearly 


. TIXTlX . UTfli 

2 = sin - - - sin , cos pt, 
a b ^ 


%vliere p^- = cV ~ J, 

and m and n arc integers; and the general solution is 


CO CD 


2= 


jniTX 


mry 


1 n ^ 1 « 0 

The solution of (4) involves the use of Bessel’s Functions. 


EXAMPLES 


1. Slicw that, if a string is of infinite lengtli and the disturbance at time 


f = 0 is given by 


T) = x{x) and r) = e{x), 


*>"'0 T = 5(x(-*' + ^0 + xU'-^0} + o\ 

^(. I x~ci 

Provo furtlior, t hat iff he initial disturbance is confined to a finite portion 
between tlie points x= ± aand besucli that = Oand ^ = 0(a:), then, for any 
time t greater than a/c, there will be a portion of length 2c/- 2a which will 

be straight and T>ara]Iel to the axis of x and at a distance ^ 

2c 

born it. (Coll. Exam. 1908.) 



2. A stretelied string is drawn aside at n — 1 points and let go from rest. 
SI u'w that generally the string consists of 2 h— 1 straight portions; and in 
the case whei'e the two })oints of trisection are drawn aside equal distances 
in the same direction, draw tlie shape of the string after three intervals 
each one-twelfth of a comj)lcto oscillation. (M.T. 1896.) 


3. A unifonn string is stretched between two points. Shew that if the 
middit' point is plucked asid(* it will move to and fro with a constant 
\ elocitv. and des(‘ribe the motion of any otlier point of the string. 

(M.T. 1915.) 


4. A imifonir sf retclu'd string of length /, density p and tension a-p is 
initially at rest and the displacement of any point at a distance a: from one 
emlis Ux{l-x) where c is small, so that the curvatun.^ is constant luid equal 
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to €. Prove that at any subsequent time t less than Ij^a it consists of an ai c 
of constant curvature c and length I - 2at and two straight pieces, wliich 
are tangents at the ends of the arc. (Coll. Kxam.) 

5. A uniform string whose length is 21 and mass 2lm is stretched at 

tension T between two fixed points, the middle point of the string being 
displaced a small distance 6 perpendicular to the string and tlien released, 
shew that the subsequent motion of the string, referred to axes t hrougii its 
middle point, along and perpendicular to the string, is given by the 
equation 86(2r_^ )) ..■ (2r + 1) .ct 

^ ^S=<,(2r+1)2“*’ 21 2r~’ 

where c is given by the equation 7nc^= T. 1900.) 

6. A string of length / + is stretched with tension P between two fixed 
points. The length I has mass m per unit of length, the length V has mass m' 

pel unit of length. Prove tliat the possible periods t of transvei’se vibration 
are given by the equation 


(M.T. 1900.) 


. /27rZ 

tan - 


tan 


27tI 


/ 


Exam. 1898.) 


7. If a slightly elastic string is stretched between two fixed points and 
motion is started by drawing aside through a distance b a point on liio 
string distant one-fifth of the length I of the string from oiu; end, tlie 
displacement at any instant will be given by the equation 

256 


(Coll. Exam. 1895.) 


^^6 * / 1 - nTT 717TX 7l7TCt\ 

Find the energy of the vibrating string. (Coll. Exam. 1895.) 

8. A stretched strmg of length I has one end fixed and the other attached 

to a massless ring free to slide on a smooth rod. If the ring is displaeed a 

small distance 6 from the position of equilibrium and the system start from 

rest, shew that the displacement at time t of any point of the string at 
distance x from the fixed end is ^ 

+ - 21 -- 

where c is the velocity of transverse vibrations. 

Shew that, if ct < I, the shape of the string is given by 

y = bxjl from x = i) to I-ct, 

y = b{l-ct)jl beyond. (Trinity Coll. 19U5.) 

f of a string of length I is fixed at A and the other end is 

fastened to tlio end B of a rod BC of length 6 which can turn freely about C 

Shew that the period of a prmeipal transverse oscUlation is 2 jef, where 
^ IS a root of the equation ‘ ^ 

M^V3/>-l/6 = ^cotZf, 

p being the line density of the string, M the mass of the rod. and c the wave 
velocity for the given tension. {.AI T 1899 ) 
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10. If a stretched string be acted on at two points equidistant from the 
two ends by equal transverse forces Y, prove that the modes of vibration 
of even order are not excited and the modes of odd order are excited in the 
same way as if a single force 2 r had acted at one of the points. 

(M.T. 1895.) 

11. A string is stretched between two given points and a given point of 
the string is (1) drawn aside and then let go, (2) struck by a sharp point; 
shew that the relative intensity of any upper partial tone to the funda¬ 
mental tone is greater in the second case than in the first. (M.T. 1897.) 

12. A stretched cord is held displaced from the natural straight position 
at a number of points, so that it assumes the form of a series of straight 
lines: shew that when it is let go, the form assumed at each instant in the 
ensuing transverse vibration will be a series of straight lines. 

In the particular case when tlie two points of trisection of the cord are 
held displaced transversely by equal amounts, compute the ratios in which 
the harmonics of the fundamental enter into the tone of the note emitted 
by the cord when released. (St Jolm’s Coll. 1896.) 

13. A string of length 2a is fixed at the two ends. The left-hand half of 
tlie string is of uniform density p per unit length, and the right-hand half 
of density p'. Find an equation whose roots are the frequencies of the 
normal modes of vibration of the string, and shew that if 

where m and n are integers having no common factor, then the frequencies 
may be put in the form /(T\ 

+ ^ = 0.1. 2. 3,.... 

where may take n + m values. (M.T. 1933 ) 

14. A imiformly stretched string, of which the extremities are fixed, 

starts iroin rest in the fonn y = A sin — ^ -, where w is an integer and I the 

<listance between the fixed extremities. Prove that, if the resistance of the 
air be taken into account and be assumed to be 2k times the momentum 
I)er unit length, the dLsplacement after any time / is 

?/ = A ^cos 7 n't -f sin sin -p", 


where 7n'^ = 
vibration. 




12 - —and c is the velocity of waves of transverse 

(Coll. Exam.) 


15. A uniform string of length 2{l + V) and line density p is stretched 
between two fixed points; a length 21' in the middle is uniformly wrapped 
with wire so that its lino density becomes p'. Prove that, if the tension 
T-c-p = c'-p', the periods of the notes which can be sounded ai-e 27 r/p, 
where p satisfies either of the equations 

c' tan {pljc') -f c tan {pljc) = 0 and tim {pl'lc') tan {pljc) = c'/c. 

(Coll. Exam. 1901.) 


10. If a stretched string be held at its middle point, drawn aside at a 
point of quadrisc'ction, and released from rest, prove tliat in the ensuing 
vibration the energy in the harmonic of ortler r is proportional to 

r-2sin*(r7r/4)sinVr7r/8). (St Jolm’s Coll. 1908.) 
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17. Fmd the perwds of the normal modes of vibration of a tense string 

fixed at the ends Prove that the period of the gravest mode is almos! 
exactly nme-tentte of that of a simple pendulum whose length is equal to 
the sag m the middle (due to grai-ity) if the string be horizLtal. 

If the strmg cons^t of two portions of lengths a,, o,, and different den- 
sities Pi, Pi, prove that the periods ( 2 , 7 /p) are determined by the equation 

ki cot cot Argrtg = 0 , 

provided h^=P^pJT, k,^=p^p,jT, 

T being the tension. 

Examine the caseofpj, = 0, and e.xplain how the resulting period-equa¬ 
tion may be solved graphically. ^ ' jj ", 

18 A uniform extensible string is stretched, at tension T, between two 
pomts A and B, distance I apart; and the wave velocity for small transverse 
vibrations IS a. At the middle point a particle of mass m is attached The 
ends A and B are given small inexorable transverse vibrations the dis¬ 
placement of each at any time being KSmimt. Find the corresponding 
forced motion of the particle. (Trinity CoirSs.) 

19. 1 he ends of a stretched uniform strinc of lenp-th 7 m-o otfonK i + 

small rings without mass which can slide on two p^arallel rods at right 
angles to the string. The middle point of the string is acted on by the 

•• • i 

oF 


.1..,. . i, the W.™ vlooity T i, u„ q,,,, , 

..tShS. Lt” Seders sr/. “j *•““• 

27r/noftransverse vibration are given by ^ he periods 

Mn = cpcot’ll+c'p'cot'^, . (Coll. Exam. 1905 .) 

prove that the ultimate displaoement'of M “('/.//'TT"* 

d-ntit, ..d 0 th. volooity oftr.h.rri,"; ’‘"•,£"’,(,5 

.rdifco‘:“piT”)t%r:i“”r^ 

stretched botween two points at distance 7 “hd 

strings being 6 and 1-6. Prove that ifr « of the 

verse waves in the two strimrs the H •’ i ‘ velocities of trans- 

the strings at the t^e tof junction of 

6)1 

i’ 

(Ti-inity Coll. 1896.) 


ysinpl 

wliere T is the tension. 


"Ac„t?-‘+E?..t«£ 
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23. A long stretched string has a portion (of length 1) in the centre 
whose density is ^i^p, the density of the rest of the string being p. A train 
of simple harmonic waves approaches this portion from one end; prove 
that the energy in the reflected wave is to the energy in the transmitted 
wave in the ratio (- 1) sin^ 0: 4 ^ 2 , 

where 6= the wave-length in the central part being equal to A. 

Shew also that the sum of these energies is equal to the energy in the 
incident wave. (St John’s Coll. 1914.) 


24. If the density of a stretched string be m/a:*, where x is measured 
from a point in the line of prolongation of the string, the ends of the string 
being a: = /^, x = ig» shew that the frequency equation is 

4pVc*= 1 +{2/i7r/(log4/Zi)}*, 

where c*= Tfm and T is the tension in equilibrium, the vibrations being 
transversal. (M.T. 1905.) 

25. If a string of length I and tension Tq stretched between two fixed 
points be not uniform but of line density pj{ 1 + ^a:)*, where x is the distance 
from one end, sliew that the transverse vibrations are of period ^Trjn when 

V4n* — Iog(l -f kI) = 2icKTTy 

where c*= 2\jpQ and i is a positive integer. Examine the case of t = 0. 

(Coll. Exam. 1898.) 


20. A tight string of length I hangs in the catenary 2 / = c cosh x/c, under 
the action of gravity, from two points, distant I apart, in the same hori¬ 
zontal line. If gravity be supposed suddenly to cease to act, prove that 
after a time t the form of the string will be given by the equation 

sin*4r7r tx l\ 

c being very large compared with I (Coll. Exam. 1898.) 


rirtVcg ^ , I 

cos —.—- -f ccosh—, 
I Zc 


27. A particle of mOvSs M is suspended by a string whose mass is m. 
Shew that if the particle be slightly displaced in a vertical direction the 

periods of the vibration are the values of ^^y/~,w’here 2 isgivenbythe 


m 


equation 2 tan 2 = ^^; I being the natural length and A the modulus of 
elasticity of the string. (M.T. 1899.) 


28. Investigate the free transverse vibrations of a tense string, taking 
account of the lateral yielding of the supports. Assiune that each support 
lias inertia il/, and is urged towards its equilibrium position by a force 
equal to Mn- times the displacement. Taking the case of the symmetrical 
displacements prove that the periods (27r/p) are given by the equation 

M (nH^ 

* = 2m I e- - 

where m is the total mass of the string, I is the length, c is the wave velocity, 
and x = pll2c. 
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Shew liow to solve this equation graphically, and find approximately 
the change of frequency of the gravest mode due to the yielding, on the as¬ 
sumption that nljc is relatively negligible and M/m is large. (M.T. 1923.) 


29. A very long uniform flexible string is stretched in a straight line, 
the tension being T, and the line density m. A portion of the string of 
length I, far from the ends, receives a small transverse displacement, and is 
released from rest. Describe the ensuing motion, and find an expression 
for the displacement at any point of the string at any subsequent time, the 
given displacement being denoted by / (x), where 0<x</. Shew that the 
ratio of the kinetic energy to the potential energy of the string changes in 
time from 0 to I, and afterwards remains equal to 1. 

A bead of mass M is fastened to the string at a point x = 0, and a train of 

waves in which the displacement is A sin “^{x-ct) advances towards the 

bead. Shew that after passing the bead the energy per unit length of the 
waves is diminished in the ratio 

l:l + (il/7T;Am}2; 

and find the change of phase on passing the bead. (M.T. 1910.) 


30. Auniformstringofgreatlongthandoflinedensity Tc-^lmsoneend 

fixed, carries a mass M at a distance a from the fixed end, and is stretched 
with tension T . A train of transverse waves of period 2ttIp is coming along 
the string and is being reflected; prove that the change of phase that 
accompanies the reflection at M is 

(St John’s Coll. 1905.) 


31. A uniform string is of indefinite length, stretching from .t= - oo to 
x = 0, and i,sat tension T; at its end (.r = 0) it is tied to two .strings of similar 
make to the first, each at tension \T, which stretch from x = 0 to x= + oo 
nearly parallel to each other. A harmonic train of waves of transverse 
vibrations perpendicular to the plane of the string, i.s continually ad¬ 
vancing on the first string along the axis of x towards the junction- its 
amplitude is k. Prove that the amplitude of the transmitted trains mid 
that of the reflected train are 2(^/2- l)i and (^2- 1)U- respectively, 
where the mass of the knot is neglected. (Trinity Coll. 1908.) 


32. If a stretched elastic string is of great length and its end A is 
fastened to one end of an elastic string of different material, who.se other 
eiid B IS fixed, shew that if a train of longitudinal waves of period 2nlp 
advances upon A, the reflected train is of equal amplitude. Shew also 
that each portion of the string forms stationary waves, the amplitudes of 


the waves in AB and in the rest of the string being in the ratio sin a; sin?/, 

where m', c' are the line mass and wave velocity for the portion A B, m, c 
A B the string, I is the length 


. WiC 'pi 

tan a = tan - >. 
me c 


(M.T. 1908.) 
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33. Longitudinal waves come from infinity along the string (0), are 
transmitted through a string of length I and proceed to infinity along the 
string (1), shew that the amplitude is lessened in the ratio 



1 + 


cosHnllc) + (^ 
Po^o/ \ pc 


+ 


pg \ 

PqCo) 


sm 


1 i 

(nZ/c)| :2. 


where n/27T is the frequency. 


(St John’s Coll. 1895.) 


34. A stretched string, infinite in both directions, is of density p, when 
undisturbed, and has attaehed to it a single particle of mass m. The 
velocity of waves of longitudinal displacement in the string is c. An 
infinite harmonic train of such waves, such that the period of the dis¬ 
placement of each point of the string is 27r/p, impinges on the particle 
Prove that the train is partly transmitted and partly reflected; that the 
energies per wave length of the incident, the reflected and transmitted 
trains are as m'^p^ + 4p^c^ to ni^p^ to ; and that the change of phase of 

the transmitted train is tan-i|^^. (Trinity Coll. 1897.) 


35. A stretched string is in equilibrium with its ends fixed; shew that 
on being slightly disturbed from its position of equihbrium, the potential 
energy of deformation per unit length of stretched string is 


_ dx “ ( 



where m is the equilibrium line mass, and a, b the longitudinal and trans¬ 
verse wave velocities. Deduce the equations of vibration. (M.T. 1905 ) 


30. A uniform extensible string is stretched with its ends fixed and 
simultaneously executes in a plane free longitudinal motions, which are not 
necessarily small, and transverse vibrations which are small. The co¬ 
ordinates of any point in the string when undisturbed are (^, 0) and at the 
timer (^ + e. 2 /), prove that ^ 2 , 


A d 

er- Pi 



1 + 


dz 


where T,, p^ are the undisturbed tension and line density, A is the co- 

efticient of elasticity and y, are assumed to be always small. 

(Trinity Coll. 1903.) 


37. A uniform rod of mass M is freely pivoted at its mid-point, and its 
ends are fastened to t he mid -points of two stretched strings, one elastic, the 
other inextonsible. There is oquilibriiun wdion the rod is vertical, and the 
strings are straight, horizontal and perpendicular to one another. Shew 
that the period 2ttIp of a small oscillation of the system satisfies the 

OQUlitioil m jp 

where T, 21, 2/T/a^, are the tension, lengtl\ and mass of the inextensible 
string, ami E, 2l\ 2l'Elp'^, the modulus, equilibrium length and mass of the 
^*^hor. (St Jolin's Coll. 1903.) 
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38. A uniform extensible string has its two ends fixed, and is stretched 
when in equilibrium to a length k + l,. At a, distance 1, from one end a ring 
of mass m is attached, which can slide on a smooth fixed rod making an 
angle a with the undisturbed string which is straight. Prove that the 
periods 27r/p of small oscillations of the system are given by 

mp = pb cos^ix (cot pi Jb + cot pi Jb) + pa sin2 a (cot plja + cot plja); 

where p is the density per unit length and a and 6 are respectively the wave 
velocities of transverse and longitudinal disturbances of tbe string as thus 

(Trinity Coll 1899.) 

39. If a membrane be a rectangle of edges a and b show that 

2 = Asinpfsin^™sin"-’^ 

a b 

is a possible form of stationary vibrations, where 

the origin being at a corner, and c being the velocity of propagation of a 
rectilinear disturbance across the membrane. If 6 = oA/2 shew thot fu 

XSr" o" 

^ (Univ. of London, 1911 .) 

40. If a stretched membrane be of the shape of a sector of a circle of 
angle 72 , shew how to calculate its natural tones. 

(Univ. of London, 1907.) 




CHAPTER XII 

SOUND WAVES 


12‘ 1. A FEW simple appeals to experience shew tftat sound is 
transmitted by waves in the atmosphere. If a bell is rung under 
the receiver of an air pump from which the air is gradually ex¬ 
hausted the sound becomes fainter and soon ceases to affect the 
organs of the ear; shewing that atmospheric communication is 
necessary between the ear and the disturbance that causes the 
sound. We infer that sound is accompanied by the motion of the 
intervening medium from the fact that a musical note sounded 
on any instrument may produce a vibration, in unison with it. 
in another body not in contact with it. That the motions of the 
medium are small is evident from the fact that sound will travel 

through a dust-laden atmosphere without perceptible motion of 
the dust. 

In this chapter we shall consider the propagation of waves in 

an elastic fluid, confining our attention for the most part to plane 
waves. 


12' 11. General equations. In considering the propagation 
of sound waves we shall regard the velocities of the elements of 
fluid as so small that their squares may be neglected. In the 
kinetic theory of gases, a mass of gas is regarded as composed of a 
large number of separate molecules moving in different directions 
with velocities which undergo frequent changes owing to the 
collisions of the molecules; but the hypothesis that we now make 
about the magnitude of the velocity of a fluid element in wave 
propagation does not contravene this conception of a gas, because 
what we take to be the velocity of a fluid element in a given direc¬ 
tion is the average velocity in that direction of the molecules com¬ 
posing the element; and there is nothing in the molecular 
hypothesis to prevent tliis average velocity from being small, 
since molecules may move in opposite directions. 

Neglecting friction, the motion being due to natural causes 
must be irrotational, so that the pressure equation is 


rdpjcl, 

JV 


iq--V + F(t) 
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If/)o denotes the equilibrium density of a mass of fluid which is 
compressed until its density becomes 

s is called the condensation. 

When the condensation s and the velocities u, v, w are small, 
the equation of continuity 

dp dpu dpv dpw 

becomes ~q 

dt dx dy dz * 

1 =^^^ .( 2 ). 

Again, ifp=Po + S^ denotes the pressure when the density is 
P, po being the equilibrium pressure, and if we neglect and all 
impressed forces, (1) may be written 

^_d<f> 

pQ dt .(3)* 

But if we assume that p is a function of p we have 

^dp\ 

PQ^ the first power of 5 , 
or ^P = c%s, where c^=(dpldp), . 

Hence (3) becomes c% = ^ 

dt .. 

and by eliminating s between (2) and (4) we get 

d‘d, 

¥ = .. 

planes. If we take thf^^ aTperptidL"l!!rto th! "f 
last equation reduces to to the wave fronts the 

the solution of which is . 

+ F (x + ct) . /ov 
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1213 - 


12*13. The Velocity of Sound. The quantity c of 12*12 
which represents the velocity of propagation of sound waves, 
within the limits of the approximations which led to (6), is clearly 
independent of the form of the waves. It was defined in 12* 11 by 
the relation = {dpldp)Q ; and it is possible to calculate a numerical 
value when the relation connecting p and p is known. Newton 
adopted Boyle’s Law p = Kp as the basis of his investigation. 
This makes c = \/k = \/ {pJpq) = 279* 945 metres per second at 0° C., 
failing short of the result of observation by about one-sixth part*. 
The discrepancy is due to the fact that Boyle’s Law requires the 
compressions and rarefactions to take place isothermally, whereas 
it is a matter of observation that the compression of a gas is 
always accompanied by a rise in temperature. The hypothesis 
that the vibrations are so rapid that there is no time for a gain or 
loss of quantity of heat, i.e. that the relation between p and p is 
the adiabatic one leads to a result more in accordance 

with observation. This makes 


c^^(dpldp)Q = ypQlpQ .( 1 ), 

and if we take y= 1*41, we get c = 332 metres per second at 0° C., 
which agrees with the result of experiment. 


12* 14. Plane Waves. Instead of using the velocity potential 
we may obtain the equation for plane waves directly in terms of 
the displacement ^ of a layer of particles whose abscissa is x when 
undisturbed. Thus the stratum which in equilibrium is of density 
pQ between the planes x and x + hx becomes at time t a stratum of 

density p between the planes x + ^ and z + Sx -t- ^ -h So:, so that, 


0a; 


from constancv of mass, 


Po 


8x = p -I- 


0X 


8x 


or 




The equation of motion of unit area of this stratum is 

Po8a;^ = 


( 1 ) 


or 


Po^ = - 


( 2 ). 


♦ Kaylcigh, Thfory oj 6’ouHrf, ii, p. 19. 


t Ilydrostaiicsy Art. 94. 
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But 




dx 


hence (2) becomes ^ = + ^ tQ\ 

PqCX^X dx] . 

This is an exact equation giving ^ in terms of x and <; but from (1) 

we note that d^jdx^ -s, so that if we take the last factor in (3) 
to be unity and use 12-13 (1) we get an equation 


^=c 


dx^ 


w 


which IS correct to the same order of smallness as the equation 
12*12 (7), audits solution (10*2) is 

^ ~f -{^ F (cti'X) . 

V progressive wave the energy is half 

kinetic and half potential. 

The kinetic energy is f . ,, ^ 


la ^/>oJ S . (IJ 

integrated over the space occupied by the disturbed air when in its 

eqmhbrium state. ciimn,s 

The potential energy of an element is the work stored up in 
compression or the work that it would do in expanding from its 
compressed 0 Its equilibrium state. Consider an element whicl 
m the equilibrium state has volume dv, and density and in the 

dv-dvl(] 4 -,\ Totfk- and therefore volume 

tate. At any stage of the expansion the volume dv' = dvjl 1 + «') 

The eleetive p„t of fc p^ssure et thie et.ge i. So ,■ 
(12 11), therefore the work dotte in this small expansion is 


— c^pQ dvQ - ' 

g.2 , r ^'ds' 


-/>2 


cVoduo 


- ^poC^s^dv^ to the second order of s. 


22 
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Hence the potential energy of the whole mass of gas is 


.( 2 ), 


the integration extending over the space occupied by the dis¬ 
turbed air when in its equilibrium state. 

For a plane progressive wave 


f =/ (ct-x) 


so that 


de 


i = cf' {ct~x)= -C^ = C5, 

ox 


12*14(1), 


and by comparing (1) and (2) it follows that the kinetic and 
potential energies are equal. 

12*21. Intensity of Sound. The rate at which energy is 
tiansmitted across unit area of a plane parallel to the front of a 

j)rogressive wave may be taken as a measure of the intensity of 
the radiation. 

If W is the energy transmitted in time t then 


dW 




For a simple harmonic wave 


. . 277 

^ = .4 cos-^(x-cO 

A 


(1), 


where A is tJie wave length and c, the wave velocity, is the same 
for all wave lengths. And from 12*11 (4) and 12*14 (1) 


i'herefore 


o 2 2 

= '5= 


d\V 

(// 


= vPo -^ Po ^—‘^ ^ ^ (-<‘“<*0 **1 - (. r - 


ct) 


'27r\- 


^ I + i>eriodic terms 


( 2 ) 


'riiis is the required measure of the intensity, and by integration 
the energy transtnitted in any given time is found; and for any 
number of periods or h)r any interval of time so long that a 
fraction of a period is negligible we have 




( 3 ). 
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This represents the average intensity and it may also be expressed 

mthcform ^ 

.(4), 


t 


where T is the period A/c and is the maximum displacement. 


Again, since 


27tA . 27r, 


the maximum condensation = 2,rA/A, and the average intensity 
may also be written 

y = .(5). 

Though these formulae for the rate of transmission of energy 

across a unit of area of the wave front have been obtained for 

plane waves of harmonic type, they will also hold good for aU 

harmonic waves at a sufficient distance from the disturbing 
source. ° 

We note that if the wave be given by a velocity potential 

j j 27r 

<f>=A COS--(x~ct) 

the foregoing formula (3) needs slight modification, for since 


^ dz’ 


therefore 


i A 277 
^ = -^os j(x~ct) 


( 6 ), 


but formulae (4) and (5) are unaltered. 

at time t in term,s oft and the equilibriurpoSion ^ 

in 12-14 (3) which take., the form ^ = * + f 

dx^\dx) . 

To solve this equation let ^ = 

therefore d^y f,/dy\]2d~y 

and by comparing this equation with (1) we get 


( 1 ). 


-1 (V+l) 


so that 


r (^)=±c m 

\dxj \dx^ 

2c /dy\~Uy-i) 


( 2 ). 


22-2 








340 


EXACT EQUATION 


12 * 3 - 


Again for a progressive wave with no translation of the medium as a 
whole di/ldt = 0 when p = po» when dyldx= 1; therefore 

A - +2c/(y-l), 


and 


. 


y = ax + {1 - ai t + C 


(4). 


Tlie complete integral of this differential equation is of the form 

y = ou+ 

provided the constants a, jS are chosen so as to satisfy (3), that is provided 

i3= 

Hence the complete integral is 

__2c 

y 

and the general integral is the result of eliminating a between 

-2c 

y 

and 0 = a; + ca“i‘^+v)f + ^^(a) 

where (f> is an arbitrary function. 

Taking the upper sign, if u denote the velocity y, we have 

u = - - , {1-a^ o-v)}, 
and, eliminating x from (5), 


y = 0 Lc + {1 -ai t + <l>{ ol)\ 

J 


(5). 


y-1 


y=- ~i {2-(y+ V)} + ^(a)-a,^'(a), 


SO that 


y — {c + A (y + 1) u} ^ ^ (a) — (a). 

Ht'nce y - (c -I- J (y + 1 ) a}; is an arbitrary function of a and therefore of u, 
arul convorst'ly u is an arbitrary function of y —{c+ A (y+ 1) tind wo 
may write r . i/ , 

^ '‘=/['/-{c+l(y+l)!*}«] .(6), 

wluTC*/ is an arbitrary function. 

This equation was given by Poisson for the special case y=l*. The 
equation shews tliat a progressive wave in air cannot be propagated with¬ 
out change of type. A relatioii u=f {y — ct) would represent the propaga¬ 
tion of u with uniform wlocity c, and relation (C) shews that if wo draw 
a curve whose ordinate represents tlie value of u corresponding to the 
abscissa y at any instant, then the form of tlie curve at time t later is got 
by mov’ing each point of the original curve a distance {c +A (y+ l)u}( in 
the direction of propagation, and as this is a different quantity for the 
different points of thi^ curve it follows that the curve is continually 
changing shape and a discontinuity will occur os soon as the velocity 
cur\’c has a vertical tangent, after which w'e cannot infer that the integral 
has a real application. 


* Journal Jc Vf^cok Polytechnique^ VII, p. 319. 
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12-31. Condition for permanence of type. To find the condition 
that a tram of plane waves may be projMgated unchanged in type, we 
impose on the whole mass of air a velocity equal and opposite to that of 
propagation so that if the wave form is permanent it becomes stationary 
in space and the motion becomes steady. 

If «o.To. f>o denote the velocity, pressure and density in the undisturbed 
state of the fluid and «, p, p are the corresponding quantities at a point in 
the wave, the equation of continuity is 

and the pressure equation is .(^)» 

[p dp , 

.( 2 ). 

If we eliminate u we get j^~ = (1 - . ( 3 ). 

|=“«VoV .(4). 

^ p = const. - VpoVp .(5). 

This relation must exist between pressure and density in order that the 

wave may maintain iteelf. As this relation between the pressure and 

density of the atmosphere is an impossibility a train of waves cannot 

maintain itself unchanged in form. If however the variations in density 

are small, thecondition is approximatelysatisfied by takinc n = ,/Wr, W l 

and this hypothesis is the basis of our theory to the order of approximation 
to which it IS carried. ^ 

12 - 4 . Vibrations in Tubes. Using f to denote displacement 

the general solution for a plane wave is, as in 12*14 

i=fict-x) + F (ct + x) .( 1 ) 

If there be a. fixed barrier at the origin parallel to the wave fronts 
then i = 0 when a: = 0 for all values off; therefore 

0 =/(ef) + J’(cf), 

or T=-/; so that (ct-x)-/(ct + x) . ( 2 ). 

The term may be regarded .e . „.,e .pp^ebieg 

Item Cr b T'* 

eyifem. The two b.ve egnol ampBndes, the eelocily (is reversed 

m the reflected system, but the condensation a {= - fle/fla) has its 

Sign unchanged. ' 

(Cf) + F' (ct) = 0. 
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Hence / and F differ only by a constant which we may omit as 
it would merely imply a displacement of the whole mass; there- 
fore in this case .( 3 ^^ 

and as before the first term may be taken to represent an incident 
train on the left of the origin and the second term the reflected 
train. The velocity i is now reflected unchanged but the conden¬ 
sation 5 (= — d^ldx) has its sign reversed. 

The condition 5 = 0 is realized approximately at the open end of 
a tube whose diameter is negligible compared to the wave length. 


12*41. Normal Modes for a uniform straight Tube. The 

equation to be solved is 02 | 02 | 

^2 . 


( 1 ) 


and as in 11*21, to find the normal modes we assume that 
|oc cos (wi-He), so that ^ = and the equation becomes 

2 

.( 2 ), 


0 '^^ n 
+ -^^ = 0 


0x2 


and the complete solution including the time factor is 

$~{A cos yixjc -f- B sin nxjc) cos + e) .(3), 

representing stationary waves, the corresponding progressive 
waves in free air being of length A= 27rc/n. 

(1 ) Tube closed at both ends x = 0 and x = l. We have | = 0 when 
.r = 0 and x = L Therefore 


u4 = 0 and sin 7 i^/c = 0. 

Hence nljc^imr, where m is an integer, gives the frequencies of 
the normal modes, and 


00 


$=1. B 

m=l 


m 


. rmrx 
sm—T- cos 

V 



'J’he frequency of the gravest tone is w/27r or cj2l] that is, the 
period 2ljc is twice the time taken for a pulse to travel the length 
of the tube. In any particular normal mode, say the ?/ith, there is 
a series of nodes, or points for which | = 0 , at intervals Ijm along 
the tube, and a series of loops or points of zero condensation 
( 0 f/ 0 x = O) half-way between the nodes. 


( 2 ) Tube open at both ends. We have — 0^/3.r = s = O when 
X = 0 and x = l. Therefore 


B = 0 and siu 7ii/c = 0, 
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SO that the frequencies of the normal modes are the same as in 
the last case, and 

t V A (niTTCt 

' / 

The nodes and loops are distributed at the same distances as in the 
closed tube, but in the open tube the ends of the tube are loops. 

(3) Tube open at x = l and closed at x = 0. Now we have f = 0 
when x = 0, and - d^/dx = 0 when a: ^ Therefore 

A=0 and coswl/c = 0. 

Hence nljc = »i7r/2, where m is an odd integer, gives the frequencies 
of the normal modes, and 


GO 


;?=0 


\ 2 / 


2pH 


The frequency of the gravest mode is now njin or c/4/ so that 
the period 4//c is in this case four times the time taken by a nulse 
to travel the length of the tube. In the ;,th normal mode the 
nodes will be at distances 2//(2p- 1) apart and there is of course 
a node at one end of the tube and a loop at the other 

The period of the gravest mode in each of the f oregoinK cases 
may also be obtained from the considerations of 12'4 by con 
sidering a pulse of condensation to start from a point in the 
tube and travel towards the end if ^ is a closed end in the 
reflected wave the sign of s is unaltered and that of ^ is reversed 
and the same happens when the reflected wave reaches H, and’ 
aftei time 21 c the wave is passing P again under the same con- 

bothTn^s ^rgi'raent holds for a tube open at 

For a ‘stopped tube ’, i.e. a tube open at one end ^ and closed 

l allnZf’ “T M the .ehectie* « 

A the sign or s is changed and 

that of ^ is unchanged and at B| p - 

the reflections at B the sign of 

S IS unchanged and that of ^ reversed, so that it is not until after 

four reflections or an interval 4l/c that the pulse passes through 

again under exactly the same conditions as initially 

Hence m every case the frequency of the gravest mode varies 

inversely as the length of the tube and for a stopped tube the 

gravest mode has half the frequency or is an octave lower than for 
an open or closed tube of the same length. 
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12*42. Since the velocity potential (f) satisfies (1) of 12*41 its 
value is also given by 

(l> = (A cos nxjc + B sin nzjc) cos (nt + e) 
with the conditions d<f>ldx = 0 at a closed end of the tube and 
d(f>ldt = 0 at an open end, since ch = d(f>ldt. This method of course 
leads to the same results as are obtained in 12*41. 


12*43. Forced Vibrations in a Tube. Let a vibration of given 
frequency r(/27r be maintained at one end of a straight tube. The motion 
may be due for example to the inexorable motion of a piston at the origin, 
so that 1= Ccos(nt + c) when x = 0. Taking the solution 

i = {A cos nxjc + B sin nxfc) cos {nt + c) 
we must have A = C, and if the tube be closed at a: = 


so that 


0 = C cos nl/c -f B sin n?/c, 

. ^sinn(?-x)/c , , . , 

^=C -:-cos(n^ + €) 

sinnlc 


( 1 ). 


But if the tube be open at x = Z so that d^jdx = 0 at this end, then 


0 = — C sin nZ/c + B cos nZ/c, 

+ .( 2 ). 

In the first case the amplitude of the displacements is a minimum if 
sin «Z/c= ± 1, i.e. if Z is an odd multiple of 7rc/2n or JA, and as, in this case, 
.T = Z is a closed end this makes x = 0 a loop. If Z is an even multiple of JA, 
the amplitude appears to be infinite, but the origin would have to be a node 
which is precluded by the conditions of the forced motion at the origin. 

In tlie second case, in like manner, if Z is an odd multiple of 7rc/2n or JA, 
the amplitude according to (2) is infinite, but if x = Z were really a loop the 
origin in this case would have to be a node and so the solution again fails. 

In cases in which sin ?iZ/c or cos »Z/c is small the amplitude will be large, 
and if the tube contains a little fine sand, or lycopodium powder the posi¬ 
tion, of the nodes will be rendered visible. This method was used by Kundt* 
in experiments for comparing the velocity of sound in different gases. 


12*44. Piston controlled by a Spring. As another example let us 
find the frequency equation when the end x = Z of the tube is closed and, 
at the end x — 0, there is a piston of mass M controlled by a spring of 
strength g. 

Assuming that ^ ae*"', equation (1) of 12*41 takes the form 

^ + . 


and has a solution 




A . D • 

A cos -f B sin 

c 


• int 

sin )e*"* 

c / 


At x = l we have f = 0, so that 


A cos^’^-f Bsin—^ = 0, 
c c 



♦ Porjg. dnH. cxxxv, 1868, p. 337. Sec also Rayleigh’s Theory of Senind, n, 
Art. 2f.(). 
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x) 

and (2) may be written ^ = Csin - - -— 

For the motion of the piston, supposed to be of unit area 

—Sp= ~c^ps = c^pf^ at a:=0. 


Therefore [fi - ( 

and the frequency is given by 


(a-Mn"-)Csm-^= -c^pC-cos~, 

c cc 


tann;/c= 

' Mn^ - fi 


(3). 


12*45. Sound Waves in a Branching Pipe. A solution may be 
obtained by assuming expressions of the form 

(cos na:/c + sin ?ivc/c)e'"‘ 

for the velocity potential in each branch A, B, C and determining the 
constants so as to satisfy the conditions at the junction 0, viz. 

(i) the pressure at 0 must be 

the same in each branch, i.e. 3^/5/ 
has the same value at 0 for each 
branch; _ 

(ii) velocity Xcross section in - q—-— 

A=sum of velocityXcross sec- ^—-—--- 

tion in B and C. 

These conditions together with the conditions obtained from data as to 
whether the ends of the pipe are optm or closed wi 11 sufiice to give the ratios 
of the constants and an equation for the frequency. 

12*5. Reflection and Refraction of Plane Waves. When a 
train of plane waves reaches the surface of separation of two 
distinct media, there is a reflected and a transmitted train of 
waves. Let the plane yz separate the two media and let the wave 
fronts be oblique to this plane, the z axis being taken parallel to 
the line of intersection of the wave fronts with the yz plane. 

Let the x axis be drawn into the first medium and suppose 
c, Cj to be the velocities of sound in the two media. 

The equations for the velocity potentials in the two media are 

di- W-^df) . 

and 

.( 2 ). 


( 1 ), 


and 


for the first; and 


= c 4-— 

^ \ dx^ dy'^ 
= . 


( 3 ), 


and 

for the second. 


(4), 
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The special conditions to be satisfied at the boundary a: = 0 are 

(i) continuity of velocity normal to the boundary, i.e. 

dff)ldx = d(t>Jdx .(5); 

(ii) continuity of pressure, i.e. = these denote the 

small increments of pressure due to the wave motion. 


But hp = c^ps and = (12’11), where p, are the 

equilibrium densities of the two media; hence from (2) and (4) we 

must have pd(t)ldt — pid<j)Jdt when a: = 0 .(6). 

To repre ient waves of harmonic type we take for the incident 

<f> = Ae .(7)^ 

so that aa: + 6^ = const. gives the direction of the wave fronts. 

We may then assume that the reflected and refracted trains 
are represented by ^ ^ V(°'^+6y+a,o .(8)^ 

and <f>i = ^ le’ .(9), 

The coefficient of t must be the same in all because all the 
waves must have the same period, and the coefficient of y must 

be the same because an incident, reflected and refracted wave 
front will all have the same trace on the yz plane. 

The velocity potential of the whole motion in the first medium 
+ and by substituting the values from (7) and (8) in (1) and 
observing that the result must be true for all values of x, y and t 

<y2 = c2(a2 + 62) = c2(a'2 + 62) .(10); 

and in like manner from (3) and (9) 


cu^ = Ci^(ai^ + 62).(11), 

It follows that = o-, and we take a' — — a for a reflected wave 
so that the reflected and incident waves are equally inclined to 
the surface of separation. 

Again if 0, 6-^ are the angles that the normals to the incident 
and refracted waves make with the x axis, 

sind = blVa^ + b^ and smdi = blVa^^ + b^-y 

and therefore c/sin ^ = Ci/sin0i .(12). 

Tills is the law of refraction. 

If c> Cj, there will be a real value of 9i for all angles of incidence 
so that sound can pass at all angles from a rarer to a denser 
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medium. But if Cj > c*, then dj is imaginary when 9 > sin-i (c/cj), 
and for such angles of incidence the waves are totally reflected. 

It remains to find the relations between the amplitudes A, A' 
Ai of the waves, by means of the boundary conditions (5), (6).' 
From these we get a{A-A') = n^A^ 


and 


(13). 


Therefore 


But 


so that (14) may be written 

A 


p{A+a')=p^aJ 

api + aip apj — a^p 2ap 
aitan0i = 6 = atan^ .(15) 


(14). 


A' 


Pi^cotO^ cot^i 

p cotO p coid 


2 


( 16 ). 


It follows that thei'C is no reflected wave when 

Pilp = cotejcotd; 

but from (12) (14-cot2^i)/(l -f-cot2^) = c2/ci^ 

so that, by eliminating cot 0 ^, we get 


\p^ C,V V ^ .(i7). 


Hence there is a real 9 for which there is no reflected wave if 
and only if, c/cj lies between p^jp and unity. 

^ 1, * ' .j in any time across 

any area of the incident wave must be equal to the energy trans- 

indted in the same time across the corresponding areas of the 

reflected and refracted waves. These three corre.sponding areas 
are m the ratio « i 5 ao 

cos0:cos^;cos^^, 

and taking the expression for energy transmitted from 12-21 (3) 
and (6), the frequency being the same for all the waves, we have 

cos d . pH2/c = cos d . ' 2 /c + cos . pj ^ j 2 /Cj • ’ 

using c/sin 9 = c,/sin 9, , 

p(H2-H'2)cotd=pjHi2cotdi. 

“e)®'>3' 
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12*52. Impact of Plane Waves on a flexible Membrane. Let the 

membrane of surface density a and uniform tension T separate media of 
densities p, pj. Take tljc yz plane to coincide with the undisturbed mem¬ 
brane and the z axis parallel to the intersection of the wave fronts with 
the membrane, and draw the x axis into the fii'st medium. 

If, following the line of argument of 12*5, w(‘ assume as the velocity 
potentials of the incident, reflected and refracted waves the expressions 


and 


<f) — Ae* 

(j)' = A'e^ (-ai + 6l/4wO 


(D- 

( 2 ), 

(3). 


we may take for the displacement of the membrane at time t 

jjf^ubv+iot) . 

where a, Oj, 6, a> are connect(?d with the velocities of sound in the two media 
as in 12*5. 

From the continuity of normal velocity, we get 



d 

dx 




when x = 0, 


or 


— <i}B = a{A — A') = a-^Ai 


The equation of motion of the membrane is 



<j$=Td^^jdy’ + Bpi — Bpy when x = 0.(6), 

where hp^ = p^d<l>Jdt and hp = pd{<j> + 

Substituting from (1), (2), (3), (4) we get 

B{Tb^~aw^) = ia>{piAi-p{A-\-A')}, 
and eliminating B by means of (5), and writing n for 6/(o 

+ .(7). 

From (5) and (7) we fmd 

--.__ =__= A (8). 

api-^axp — laUiiTn^ — a) c/p^ — p—idGi(Tn- —a) 2ap ^ 
winch may also bo written 


A 

{(api + a, p)2 + a-Oi* ( 2'n^ - c*' 

= _dl_ = (9) 

{(ap^-a^p)^ + a’-al^Tn"--a)^)ie'’ 2ap 
where tan€= —aai{Tn^~~ o)l{api-\-aip), 

and tan€'= — —<7)/(api —ajp). 


Tlio amplitudes of the incident, reflected and transmitted waves are 
therefore in the ratio 

{(flpi + Oi p)2 -f ( Tn^ - ; {(api ~a^p)^^\• (Tn*- : 2ap; 

while the phases of the reflected and incident waves differ by c'—e and 
those of the transmitted and incident waves differ by c. From (6) it follows 
that the vibrations of the membrane are in the same pliaso as the trans¬ 
mitted wav'o, as is otherwise obvious. 
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12-6. Spherical Waves. When tliere is symmetry about a 
point, the general equation 

takes the form = I ^ 

dt^ \dr^ r dr 

31' 3i' .(I) 

which has a general solution 

r,f>=f{ct-r) + F{ct + r) .( 2 ); 

the two terms representing two wave systems one diverging from 

the origin and the other converging on the origin with velocity c. 
The velocity and condensation are given by 

u=-dif>ldr, and c^s = d<f>jdt .( 3 ), 

In the case of a diverging wave we have 

r,j>=f(ct~r) . 

so that from (3) crs=J'(ct-r) . ^ 5 ^’ 

This shews that any value of rs is propagated unchanged so that 
the condensation 5 decreases like 1/r as the wave advances 
In this case the velocity, from (3) and ( 4 ), is given by 

“ = (c<-r) + -2/(c<-r) .(6) 

As the wave spreads outwards the second term in u becomes 

negligible in comparison with the first, and ultimately for laree 

values of r, from (5) and ( 6 ), 14 = cs as in a plane wave 
From (5) and ( 6 ) we get 

f {ct~r)r=r’^ [u~cs) . 

It follows that if the disturbance is confined to a spherical shell 

Znlhen "O'^densa- 

tion, then / (cf - r) ,s zero both inside and outside the shell to 

gie'atr jLnthel""'"^' ^ 

gieater than^the bounding radii of this shell, we have from ( 5 ) 

1 *'* ■// <“ -’■)*=-[/ (a - ')]'= 0. 

Ihis shews that s cannot be of the same sign throughout the 
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12*61. Given Initial Conditions. Suppose that at time 
/ = 0 the values of u and s are given for all positive values of r and 

represented by and Sq . 

The total flux at any time across a sphere of radius r is 47rr^, 
and from 12*6 (3) and (2) this is 

4^11 (ci -r)^F{ct + r)} + 47rr {/' {ct - r) - F (ct + r)); 

and, if the origin is not a source at which fluid is produced or 
absorbed, this expression must vanish with r. 

Hence we must have / (ci) -I- F (ct) = 0.(1) 


for all positive values of t. 

Again from 12*6 (3) Uq= — that from 12*6 (2) 


f{-r) + F{r) = r<t,o= 


dr 


( 2 ). 


Also from 12‘6 (3) and (2) 


so that 


and 


ch-s = , = cf (ct - r) + cF' (ct + r), 

at 

crs,=r(-r) + F' (r), 

J ( — ?■) — jp (r)“ .••• 


(3). 


Equations (2) and (3) then determine/for all negative arguments 
and F for all positive arguments, and the form of/for positive 
arguments then follows from (1). The form of F for negative 
arguments is not required. 

Assuming the initial disturbance to be confined to a sphere or a 
spherical shell in open space, it breaks into two parts which 
travel in opposite directions outwards and inw'ards and the in¬ 
ward wave is continually retlected at the centre. In both waves 
r<l) is propagated with constant velocity c. From (1) we see that 
»■</. vanishes at the origin, so that the case is somewhat similar to 

that of a straight tube with an open end. 

12-62. Harmonic Waves diverging from a Source. Ifwe 

assume that (^cce'"', then 12-6 (1) becomes 


.( 1 ). 

dr- 


r<j) = (Ae 


111 

+ )e' 


c I c \ 


SO that 


( 2 ). 
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12-63 

The first term represents a wave diverging from the origin, and 
in real form we may write 

^ = ^cosn(«-r).(3). 

The flux across a sphere of radius r is 


— 47rr2 




jcos n - y sin w ^j 


= A cosnt, if r is small enough, 


so that A denotes the maximum rate of introduction of fluid. 

The existence of such a source in unlimited space implies an 
expenditure of energy which can be measured by the average 
rate at which work is done at the surface of a sphere of radius r by 
pressure exerted on the fluid outside the sphere, i.e. by the mean 

value of «, 

o<l> 




dr 


(4), 


where the pressure p=p^ + Sp=p^+p-^^, p denoting equi 

librium pressure and density. 

Substituting from (3) in (4), we find for the mean value 



This result is only valid for an isolated source in free space 

Thus it has been remarked by Lamb* that the emission of energy 

may be greatly modified by the neighbourhood of an obstacle 

Thus a simple source near a plane rigid boundary will have an 

equal source as image on the other side of the boundary; the 

result of the reflection as from this image is to double the aiiipli- 

tude at any point, so that the intensity is quadrupled, and the 

emission on one side of the plane is therefore twice that of an 
equal source m free space. 


12-63. Doublets. 8ucli simple sources cannot be realized in 
practice. But a vibrating body such as the prong of a tuning fork 
since It produces alternate condensations and rarefactions may be 

Zn r, * I***® • 

small distance apart, i.e. a doublet. 


* Dyminical Theory of Sound, § 7G. 
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If we consider two such simple sources ± ^ at a small distance 
Sx apart and put ASx=C, the velocity potential is 


-<l> + {4> + 




where 


(p = -— cosn 

47rr 




and dr ldz=—cos 9, 

Hence the velocity potential due to the doublet 


cos 




. ■ 

- 4- ^— sin 71 \t — - 


—-j (-cos08x). 


477r^ - 

At a great distance from the doublet this approximates to a 
velocity potential / r 

( 1 ). 


<j>= - 


, sin 71 h - -1 cos 6 
47rrc \ c 


Then, as in 12*62, the flux of energy across a unit of area 

and substituting from (1) gives a mean value 

pn^C“ cos^ 0 
3277¥-c3^ 

The total average rate of emission of energy from a doublet of 
strength C cos nt is therefore 


W 


" 3277 V J 0 


27TCOS“0sin6d0 = 


_p}i^C^ 


24c7TC^ 


( 2 ). 


The effect produced by a vibrating sphere may be represented 
by that of an equivalent doublet*. 


12*7. Musical Sounds. Musical sounds as distinct from 
noises possess three main clxaracteristics: (1) pitch, (2) intensity, 
(3) timbre. 

The pitch of a note depends on the rapidity with which the 
successive waves impinge upon the ear, that is on the frequency 
of the vibration or on the wave length. For the velocity of 
propagation is the same for waves of all lengths so that the 
frequency varies invci*sely as the wave length, A siren is the 
instrument used for experiments on the pitch of sounds. It is 
an apparatus by w Inch air under pressure escapes through a hole 
whicli has as a sluitter a revolving disc pierced with holes at 

• Lamb, Dynumicid Thvonj of ^ound, § 77. 
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oo^ 

regular intervals. When the disc revolves with sufficient rapidity 

the ^ bratons eaused by the escaping air produce a note of defiffite 

pitch, and It ^ found that increasing the frequency of the vibra- 

tions raises the pitch of the note. If the frequency of one note 

IS double that of another the former is an octave higher than the 

latter. Notes whose frequencies are multiples of that of a given 
note are called its harmonics. 

The intensity of a note depends on the amphtude of the vibra¬ 
tions. The loudness of notes can only be compared when they are 
of approximately the same pitch and then the square of the 
amphtude gives a physical measure of the intensity 

te" 1" i method by 

wffich the note IS produced; for example, there is a markS 

Terence in quality between notes of the same pitch produced 

from the pianoforte and the violin, this quahty is called timbre 

of the 

that is a succession of intervals in whiVh f K i occurs, 

gradually i„o„a«« to a mratoZ aXl 

have e,„., .topSto " f", f 

that the toseltot vibration may be tepreeentod by " “ 

3/— a COS (n^)-j-a cos 

where m and n are nearly equal. 

Hmce S-axmaiin-niXcoeKn + m,,, 

r * tz'dir d" r-V** - »> - 

forks of frequencies 500 and 'lO] h if two tuning 

and fall of sound once a second coTOsSingtle^"'" ’'h 
or opposition of the vibrations. ^ ® ^ coincidence 

Rayleigh’s Theory of Sound and Sir^S^r" " f ^^ord 

Theory of Sound. Dynamical 

at the InLnaUoIaf SS^OirPr^fclaru.'p'245 

R H IT • 
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EXAMPLES 

1. Pro\'e that the velocity potential of the one-dimensional motion of a 
gas, for wliich }) = np, satisfies the equation 

a f d<i> 

bt\H \dx)] dx^dx 3W[’ 
where didt denotes ditferentiafion at a fixed point. (Trinity Coll. 1897.) 

2. Prove tliat in a fluid medium in which the pressure (p) and the 
density (p) are connected by an equation p = ^ (p), where (p) is positive 
and increases when p increases, a plane wave of finite amplitude cannot be 
propagated indefinitely without the occurrence of discontinuity. 

(M.T. 1897.) 

3. In an organ pipe ol length I, closed at one end, the pressure at the 
other end is made to vary according to the law Sp^PoSinnf. Find the 
velocity potential of the motion of t!ie air inside. (Trinity Coll. 1897.) 

4. Taking y as 1-41 and the height of the homogeneous atmosphere as 
8000 metres, calculate the velocity of sound in air in metres per second. 
Find also the lengtli of an organ pipe which with one end open and the 
otlier stopped will sound the mitldle C (frequency 256). 

(Univ. of London, 1911.) 

5. What is the dift'erence between the overtones present in an 8-ft. 

sto])[)ed organ pipe and a 10-ft. open pipe? (M.T. 1913.) 

(). Find t he length of a stopped pipe with a fundamental frequency of 
04. Assume the air to be under a pressure of 1013 x 10® dynes per sq.cm, 
and to iiuve a density of 1-293grams per litre, the ratio of the specific 
heats being 1-41. (M.T. 1915.) 

7. Assuming tlie atmosphere to be in convective equilibrium (i.e. in 
o(iuilibrium according to the law of pressure p = /fp>) under the action of 
gravity, prove tliat the equation of propagation of sound vertically up- 
'vards is . ... g,, 

wliere f/A (y - 1 )/y is the ratio of th$ pressure to the density at the surface of 
tiie earth and ^ is the displacement at a heights. (Coll. Exam. 1899.) 

S. A lube containing air has one end rigidly closed, and the other end 
stoj)petl bj a plug of mass M, which can move w-ithout friction in the tube. 
It tile length of tubt' tilled with air beprovethat the periodicity of the free 
vibrations is given by ^ 

tan , 

c cM 

^\ here c is the velocity of sound in the enclosed air, and M' the mass of the 

(Coll. Exam. 1906.) 

9. A tube of unit cross section open at both ends is divided into two 
jmrts ot lengths /, /' by a thin piston of mass M attached to a spring such 
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that 2./m is its nat^al period of vibration. When the air waves are taken 
into account prove that the period of vibration is 2njn, wliere 

M(m^- n^) = pen [tan nl'jc + tan nl/c], 

(Coll. Exam. 1907.) 

10. A piston of mass M is supported by a spring of strength Mn^ and 
separates two g^ of densit.^ p, p' i„ a long tube; the area of the sectLnt 
iS and c, c are the velocities of sound in the two gases Shew tharthl r 
oscillations of the piston are given by ^ 

S dP 

^2+^(cp + cV)^J + n2f=0. 

(St John’s Coll. 1910.) 

11. Airisconfinedmastraighttuboofunit«f»Pt;..r,k^* 

one of which is made to vibrate with velocity a cos net IndTheTtr^^"”®;- 
mass M and is constrained by a spring of strength’ 
velocity potential for the air vibrations is ^ 

_acosn(l~x + €) 

n sinn(/ + €) 

where tan nr I being the distance between the pistons and p 

the density in equilibrium. ^ 

(M.T. 1903.) 

12 . A tube oflength disclosed at one end and ononnffK * 1 . 

filled with a gas of mean density p„. A pZsuro ITwl a ^ 

maintained at the open end bv wavpq r, ■ i^bance Ap^amot is 

.h.“■ 

„ _ ^ cosvtsi'n{(7(Z-a)/c) 

C COS {(jljc) 

To "h^ «P*» Rnd 

Explam the physical significance of the vanishint? of thp A 
for certam values of a. aenommator 

(M.T. 1929.) 

p.-; r ...he ..w, 

the other half bemg occupied by a gas of density o then th ^Z”**^*^*® point, 

.he ef 

reJL'dt .he o, 

U T 1- • . 

experimentally ttot'S tErf^damentf^te t T' 

prepare at the closed end varies on either sid^ofir ®°™<led. the 

of that value. Prove that at the open end thtf 

particles of air is 2llnny, where I is the len!^h vibration of the 

.h. .,«me h..,e e, e..,d.„ i.dtSSnTv 

(Coll. Exam. 1911.) 

23-3 
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15. A horizontal uniform tube closed at both ends and containing air is 
divided into two parts of equal length Z by a tightly fitting piston of mass 
m which can move without friction in the tube. The piston is displaced a 
small distance d from its equilibrium position in the middle of the tube and 
then released, the air being initially in equilibrium. Shew that the motion 
of the piston is made up of harmonic components whose periods (2Tr/n) are 
given by {nljc) tan (nZ/c) = m'lm, where c is the velocity of propagation of 
small disturbances in the enclosed air whose mass is m'. 

Assuming the possibility of the expansion 

f{x) = Ay cos (nj xjc) + A 2 cos (njx/c) + ..., 


where , rig,. ■ • are the roots of the period equation, prove that the initial 
condensation in either part of the tube can be expressed in the form 




(M.T. 1920.) 


16. A long straight tube of cross section a has at one point a close-fitting 
piston controlled by a spring but other\vise free to move in the tube. The 
mass of the piston is in and its period of oscillation in vacuo would be 
27r/n. The tube is open to the atmosphere at both ends and initially the 
piston and the air are at rest. Prove that, if a velocity u is suddenly given 
to the piston, the displacement of a layer of air at a distance x from the 

piston after a time t is 

V(n2-A:“) 

where k = cpoOLlm, po being the equilibrium density of the air and c the 
velocity of sound. (M.T. 1932.) 


17. In a uniform straight tube of length 2Z and sectional area w, closed 
at one end, a tiuantity of gas is imprisoned by a thin movable piston of 
mass iVf. Under the pressure of the external atmosphere of density p the 
oquilibriuni position of th<.’ piston is at the middle of the tube, and the 
density of the enclosed gas is then a. Prove that the periodic times 2nlp of 
the oscillations of the piston about its position of equilibrium are given by 

the equation Mplw = circot (pZ/c) - c p tan {pljc'), 

c and c' being t he velocities of propagation of soimd in the enclosed gas and 
in the atmosphere respectively. (St John’s Coll. 1900.) 

18. A loiig straight speaking-tube is obstructed in the middle by a 

uniform rigid plug with plane ends, of lengtli s and density equal to N 
times that of the air. The plug fits the tube accurately, but is free to move 
in it without friction. Prove tliat, if soimd of wave length A is advancing 
along the tube, the intensity of the sound transmitted beyond the plug 
will be less in tlie ratio 1:1 + and its phase retarded by 

{tan-M^AWA)-2WA}. (M.T. 1901.) 


19. A closed pipe of length 2Z contains air w^hoso density is slightly 
greater than that of the outside air, in the ratio 1 + €: 1. Everything being 
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at rest, the discs closing the ends of the pipe are suddenly drawn aside. 
Shew that after a time / the velocity potential is 


■ " TT* .=0(2«+l)2 




21 21 

the origin being taken at the middle of the pipe, and c denoting the velocity 

of sound. (St John’.s Coll. 1903.) 

20. A straight pipe of length I is open at one end and the disc closing the 
other end e.xecutes small inexorable oscillations, its displacement at any 

time t being A sinpt. Prove that at any time the kinetic energy of the air 
in the pipe is / ^7 ,, 

JJl/A 2 sec* ^ ^ tan ^ j cos* pt, 

where c is the velocity of sound in air and Jlf is the mass of air contained in 
the pipe. Investigate also the potential energy of the air in the pipe. 

(Trinity Coll. 1900.) 

21. Plane waves of sound represented by .f, = A cos m (x + ct) impinge 
perpendicularly on a rigid screen and are continuously reflected by it 
Prove that the increment of the pressure per unit area on the screen lies 
between ± 2Amcp,, where is the density of the air. (Coll. Exam.) 

22 Determine the velocity potential ^ of a plane wave of sound of 
sraall amplitude, for all x, t, given that when ^ = 0 

^ = ^0 (^)> = ^0 ( 3 ^)* 

Fluid is contained in a long straight tube closed at one end x = 0 When 
= 0 the fluid IS everywhere at rest while the condensation . is (constant) 
for values of x between 0 and a and zero elsewhere. Determine s for all 

*• ““ ’• '• 

(M.T. 1933.) 

23. Shew that the form of the equation 

dt’- ~ 


^a toctLn oft!" “ 

Sound waves are set up in a closed pipe of length k in which the absolute 
temperature of the gas varies as the square of the distance x from a point 
at a d*stoce 1 outeide one end of the pipe. The velocity of sound at this end 
c„. Shew that the form of the sound waves in the pipe must be 

i~A\/x&in I? logy I 
pH^ ^ 

W ere j* = ^ and that the possible frequencies p are the roots of 




nV 


(log (1 + t/i )}2 ’ 


0 


(M.T. 1924.) 
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24. A long straight pipe of unit sectional area extends to infinity in 
one direction (taken as that of the z axis) and is closed at z= —l\ at z = 0 
there is a freely movable piston of mass m, on both sides of which there is 
air of density p. Waves in which the displacement is given by a sin k (z + ct) 
impinge on the positive side of the piston. Shew that if the reflected waves 
are expressed by rtisin{#f (z —cO + c}» then = also show that if is 

taken equal to a cot U = cot /<m/p. (M.T. 1928.) 

25. If a straight tube of indefinite length be occupied by two different 
gases with the section x = 0 for surface of contact; shew that the displace¬ 
ments in an incident wave together with those of the corresponding 
reflected and refracted waves may be represented by 

f{t- x/Ci), Af {t + x/ci), Bf {t - .T/C 2 ), 

where A : B : \ ’ piC^ — P 2 C 2 : ^pi^i ■ 

and determine the distribution of the primitive energy between the 
reflected and refracted systems. (St John’s Coll. 1906.) 


26. Two plugs, each of mass il/, fit closely into a long straight tube, and 
can slide without friction in the tube. They are kept apart by a light spring, 
the tube, except the part bet ween the plugs, being filled with air. A train 
of simple harmonic sound waves of amplitude a impinges on one of the 
plugs. Shew that the amplitude of the wave transmitted beyond the 

other plug is axplV{a-+ 1) (a^Tl . Here 2itcl = M'IM, where M' is 
the mass of air in a length of the tube equal to a wave length of the incident 
wave, ami ^=2kln-M, where 27r/n is the period of the incident wave, and 
kx is the increase in the thrust of the spring when its length is decreased 

(M.T. 1931.) 

27. An infinite long straight tube of unit cross section contains gases 
of densities p, p' .separated by a smoothly fitting piston of mass M. An 
liarrnonic train of sound waves of length 27r/m is incident on the piston in 
the gas of density p. Shew that in transmission beyond the piston the 
amplitude of the waves is changed in the ratio 

2cp: VK^P + c'p')“ + , 

and the phase by tan~^ il/7>(c/(cp + c'p'), 

w here c, c' are the velocities of sound in the two gases. (M.T. 1930.) 


28. An entlless tube of uniform cross section contains two pistons; the 
intervening portions of the tube, of lengths /j, I 2 respectively, containing 
air at atmospheric pressure. If one of the pistons be found to vibrate so 
that its displacement at time / is Xco&pt, show that the displacement of 


the other is 


c {cosec {plilc) + cosec (pljc)} 


c (cot ipljc) + cot (p/ 2 /c)} — jnp 

where vi is the ratio ot the mass of tho piston to that of the air contained in 

unit lengtlx of tho tube and c is the velocity of sound in air. 

(Ti'inity CoU. 1898.) 


29. The period of the fundamental note of a flue pipe, open at one end 
and closed at tho other, would bo T, if tho closed end were rigid. But the 
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barrier at the closed end is replaced by a piston of mass M, controlled by a 

strong spring of strength y.. Prove that tlio period of the fundamental 
note is approximately , , „ , 

tJh--- I 

where m is the mass of the air in tlie pipe and 16w/(^ is assmned 

to be small. (Trinity Coll. Ifl02.) 

30. Plane sound waves of length A in a medium of density p itnpinge 
normally on a plane membrane which separates the medium from another 
of density p'. The membrane is such that a prc,s.sure difference 8/; on 
opposite sides of it causes a displacement p 8p. Shew that the pha.se of the 
transmitted wave differs from those of the incident and reflected waves by 

cot-' ± , where c, c' are the wave velocities in the two media 

and A' is the length of the transmitted wave. 

Compare the amplitudes of the three waves. j 925 j 

31. A train of waves of air, velocity potential = A cos 

advancing in a straight pipe infinite in both directions, and at x=0 im 

pmges on a movable piston of raa,ss M which separates the air of tfie nine 

mto two portions. Prove that the velocity potential of the train of wa\ es 
transmitted to the air beyond the piston is 

^ cos 2:%os 

A A 

where m is the mass of the air in a wave length of the pipe, and 

27T€ 

cos-p = m{,rW2 + m 2 }-J. (Trinity Coll. 1903.) 

32. A long straight tube, of cross section a,, is obstructed in the middle 
by a piston of mass^, whose ends are plane, fitting the tubr- acenral ely hut 
free to move m it. To the right of the pi.ston is ga.s of densitv p, to the leff 

f rnfr'%^^^ H ’ propagation of .sound in tlic ga.ses are 

c and . Sound of wave length A is advancing through tlie tube Lin the 

,r ““ “» 

(St John’s Coll. 1901.) 

33 An infinite long straight tube of unit section contains gases of 
densities p and p , at the same pressure/!, separated by a iii.stou of mass M 
which can vibrate under the action of a spring of strong), 7 T 

V „ , — ■ 4 ,, 2 . 2 
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34. Plane waves of sound are travelling normally from a gas of density 
Pi into one of density pg. Shew that the mean transmission of energy into, 
the latter gas is increased by interposing between the gases a layer of a 
different gas of density pg, provided that pj is intermediate in value between 
Pi and p 3 , the ratio of the specific heats having the same value in each gas 

(M.T. 1911.) 


35. Two media of different densities have a plane surface of separation, 
one medium extends to infinity and the other is bounded by a rigid plane at 
a distance I from their common plane of separation. Plane waves of sound 
travelling in the first medium are refracted into the second medium and, 
after reflection at the rigid boimdary and another refraction, emerge into 
the first medium again; prove that the amplitudes of the incident and 
emergent waves are equal, and that there is a loss of phase of amount 


2 tan“^ 


sin 2 a' ^ /27tI cos a'X 1 


where a and a' are the angles of incidence and refraction at the surface 
separating the two media and A' is the wave length in the second medium. 

(M.T. 1906.) 


36. A train of plane waves of soimd of a type given by a velocity 

potential ^ ^ . 2n, 

<l> = As\n^{x — ct) 

A 

is incident at an angle a on an infinite plane rigid surface. Find the velocity 
potential of the reflected .system of waves, and shew that the pressure on a 
square area in this plane, whose side is 2 n, differs from its equilibrium 

value by tbp quantity . 2,70 sin a „ 

—Sin- r - cos 0, 

sin a A 

where B is the phase at the centre of the square, po being the mean density 
of the fluiti, and the sides of the square being parallel and pei*pendicular to 
the intersections of the wave fronts and the rigid surface. (M.T. 1900.) 


37. A plane wave of sound of wave length A travelling with velocity V 
in an infinite medium of density p is transmitted through a plane plate of 
thickness I and density pi in which the velocity of sound is Fj into another 
infinite medium of density p^ in which the velocity of sound is Fj. Shew that 
the phase of the transinittctl disturbance is the same as that of the original 

disturbance if EE^ + Ei^ 

tan El Pi El (£? + -^ 2 )* 

„ 27ricO9 0 

where E =—.-• 

Ap 

E^ = - sin= 0)i/Ap,, E, = 2nl(VyV^^ - sin^ e)i/Ap„ 

d is tlu' luigle of incidence at the first surface of the plate and it is supposed 
that r/F 2 > F/l’i >sin 6. What would bo the physical nature-of the dis¬ 
turbance within and beyond the plate if F/F 2 >sin 0 > F/F^? (M.T. 1896.) 

38. In the case of refraction of plane wavers of sound at a plane surface 
of separation ol two media of densities p, pi, the ratio of the energy trans- 
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mitted per unit time into the second medium through a given area of the 
boundary to the energy of the train incident per unit time on that area is 

(4p/>i cot a cot )/(pj cot a + p cot a 

a, a, being the angles of incidence and refraction. (M.T 1894 ) 

39. An infinite plane membrane of uniform surface density a and uni 
form tension T, coinciding with the plane xOz, separates two gases of 
densities p and p m which the velocities of propagation of sound are V and 
The infinitesimal motion of the membrane being given by 

y = A cos/njcsinpi, 

shew that the velocity potentials in the gases are 

^ = - Apn-^e-oy eosmxeospt and f = Apn'-h’'-^cosmx cos pt 
where m>-n^=pyV\ m’^-n'^^p^lV'^ and T7n^lpi=a +pin +p'jn', 
all the quantities concerned being supposed real. (Coll. Exam. 1898 ) 

40. A gas extends everywhere to a distance a from a plane rigid wall and 
IS separated from a second gas by a light perfectly flexible membrane from 

which the second gas extends to a great distance. Shew that ife, c be the 

velocities of sound in the two media, the displacements perpendicular to 
the wall for plane waves of period 2nlp are respectively of the form 

^i = A cos {pt + a) sin^cosec 

C, Cl 

^2 = A cos ipt +a) cos - e'j .sec - 


% 

and determine the neces.sary value of €. 


(Coll. Exam. 1903.) 


4 . A tube of small uniform section 5 and length I has one end closed 

while the other end branches into two tubes of small uniform sections S' 

5 and lengths I, I respectively with their ends closed. Shew that the 

periods of the notes which the air in the tubes can sound are the values of T 
satisfymg the equation 

'’'' + 5'tan2-i' + ,S"tan2f = o, 


/Stan 


cT ■ cT 
where c is the velocity of sound in air. 


cT 


(M.T. 1899.) 


42. Determine the periods of the fu idamental tone and overtones (i) of 
a conical pipe open at both ends, (ii) of an open wedge-shaped pipe whose 
walls are fomied of two planes inclined to each other and two other planes 
perpendicular to both of them. (St John’s Coll. ^899.) 

ne!!; ^ foui-ce of sound of strength Ceosnt is at a point 0 at a 
Wendicular distance h from an infinite rigid plane which is the only 

point at distances r, and r 2 from 0 and the image of 0 in the boundary is 

."^[icosnlt-g+ieosnlt-^-^y, 

s^fs^LTftransmitted acro.ss the 
thlt^n “ 0, or otherwise, shew that in maintaining 

the source work must be done at twice the rate which would be ncce.s.sary 
11 the medium were unbounded. /p j 934 , 



362 


EXAMPLES 


44. An infinite train of divergent waves is set up by the pulsation of the 
spherical internal boimdary, of radius i? {1 + a sin kc^), where a is small, in 
an otherwise imlimited mass of uniform fluid. Find the velocity potential 
of the motion, and prove that the mean energy-density at radius r is 

pK-c^a-^R^ (1 + 2KV2)/4r" (1 -l- k‘^R% (M.T. 1928.) 


45. Explain the characters of the sources of sound which give at a 
distance velocity potentials of the forms 


d sm K{t — rlc) 
dx r 


and 


d* sinK(< —r/c) 
dx^ r 


respectively. Which of them would most suitably represent the action of an 
ordinary tuning fork? 

Explain the alternations of so\md and silence that occur when a 
vibrating fork is rotated on its axis near the ear. (St John's Coll. 1897.) 



CHAPTER Xin 

VISCOSITY 


13-1. The Viscosity of a fluid is that property in virtue of 
which it is able to offer resistance to shearing stress. It is a kind 
of molecular frictional resistance. All known fluids whether 

liquid or gaseous possess the property of viscosity but in greatly 
varying degree. 

There is a distinction between plastic solids and viscous fluids 
which was defined by Maxwell thus: when the smallest stress if 
continued long enough will cause a constantly increasing change 
of form the body must be regarded as a viscous fluid however hard 
it may be; but if the continuous alteration of form is only pro¬ 
duced by stresses exceeding a certain value, the substance is 
called a solid however soft (or plastic) it may be*. 

13-11. Measurement of Viscosity. The method of measur¬ 
ing the effects of viscosity may be illustrated by considering a 

A u B 


^ D 

simple example: Suppose that fluid is bounded above and below 
by horizontal planes A 5, CD of which the upper has a uniform 
horizontal velocity U while the lower is at rest 

We assume for the moment that a fluid in contact with a solid 
does not slip on the surface. The fluid between the planes will 
then move m horizontal strata with velocities which decrease as 

to zero in contact 

with CD If d be the distance between the planes, the velocity 

Son fTh'"T to maintain the 

tionalto plane AR will require a horizontal force propor- 

area by pf/ d, then p is called the coefficient of viscosity of 
the fluid under consideration. ^ 

* Tlteory of Hmt, p. 303. 
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If we consider any horizontal plane in the fluid, the portions of 
fluid above and below it will exert on one another a horizontal 
traction jd per unit area; i.e. /x times the velocity gradient. 
And in a more general case, where we do not assume the velocity 
gradient to be uniform, if z be an axis at right angles to the planes 
and u the velocity at any point, the tractive force on either 
portion into which a horizontal plane through the point divides 
the fluid is measured by ^dujdz per unit area. 

The foregoing hypothesis of a frictional resistance proportional to the 
relative velocity of the fluid elements was introduced by Newton* in a 
discussion of the circular motion of a fluid produced by a revolving solid 
cylinder, and it has been foimd to constitute a satisfactory basis for a 
tiieory which has been frequently tested by experiment. 

13*12. The coefticient of viscosity of a fluid is not a constant, but 
depends in general on pressure and temperature. For gases g, as deduced 
from the kinetic theory, is independent of the pressure, but increases 
rapidly with increase of temperature. For liquids in general, water 
being an exception, increases with the pressure. At temperatures below 
30° the viscosity of water at first decreases with increasing pressure and 
has n minimum value at about 1000 atmospheres. At temperatures above 
30° water behaves like other liquids, i.e. its viscosity increases with 
increase of pressure, but for such pressure changes as ordinarily occur 
the changes in viscosity are small compared with the changes due to 
varying temj)erature. 

The [diysical dimensions of the coefficient of viscosity are given by 

^ X velocity/Iengtli force/area, 
or p = Mk-'T'k 


13*2. Stresses in a Fluid in Motion. The essential distinc¬ 
tion between a real fluid and the ideal perfect fluid of the previous 
chapters is that while the stress across any plane surface in the 
latter is always normal to the surface this is not true of real fluids, 
and when these are in motion tangential component-s of stress 
always exist unless the rate ol detorniation is zero, ihe im- 
mediat'C consequence ot the existence ot tangential stresses is 
that the theorem of equality of pressure in every direction at a 
point, true for a perfect fluid, no longer exists. We need there¬ 
fore, in the first place, a mode of specifying the components of 
stress at a point in a fiuid, and secondly to determine what 
relations exist between these components; and our ultimate 


* Prinvipia Maihematico, 2nd edition, 1713. Bk. n. Sec. ix, *H>qH)thesis: 
RcaisleiUiamt quae oritur ex defectu iubricitnii/t paritum Huidif caeteris jxiribus^ 
projtortionaleiH esse velocitalit qua partes Fluidi separantur ab invicem . 
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13-22 

object is to determine what expressions are to enter into the 
equations of motion of a viscous fluid in place of the pressure 
terms dpjdx, dp/dy, dpjdz which occur in the equations of motion 

of a perfect fluid. 


13*21. Definitions. Imagine a small plane surface, whose area 

we take as the unit, placed in an arbitrary direction at a point F 
in a fluid. The direction of the area may be indicated by a vector h 
at right angles to it. Take any set of rectangular axes Pxyz ; then 
the stress across the surface may be resol ved into three rectangular 
components in the directions of the axes and these will be denoted 

Phxi Phyi Phz' 

In this notation the first suffix indicates the direction of the 
plane surface {not of the force upon it), and the second suffix 
indicates the direction of the component stress. 

The resultant stress across the surface has of course direction 
cosines proportional to p ,^^, Pf^y and . 


Now let a small plane area centred at {x, y, z) be placed at right 
angles to each of the coordinate axes in turn, then in accordance 
with the above symbohsm the components of stress per unit area 
parallel to the axes in the three cases are 

2^xx > Pxy > Pxz > 

Pyx > Pyy ) Pyz i 
P^ > Pzy » Pzz J 

where the components p^^, p^^ are clearly normal to the 

surfaces on which they act, while the other six symbols denote 

tangential components; e.g. p^^ is a force in the direction y on an 
area perpendicular to x. 

We shaU consider the symbols p^^, to be positive 
numbers when they represent tensions, so that a pressure is to be 
regarded as a negative stress. In a non-viscous fluid we have 


Pxx—Pyy—Pzz— ~Pi 

Pxy=Pyx=Pxzy^^<^- = 0. 


components of 

Mress. Consider a small rectangular parallelepiped with its 
a^ntre at (x, y. z) and edges of lengths 8a:, 8y, 8z parallel to the 

\ >y> ) re p^^^ The corresponding 
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stresses at the centre of the face 82/82 remote from the origin 
are 1 


1 





X 


y 


and the senses in which they act on the fluid in the parallelepiped 
are indicated in the diagram. At the centre of the opposite face 
the corresponding stresses are 

acting on the fluid in the parallelepiped in the opposite senses to 
the former. Proceeding as in 1 • 3 we may shew that the stresses on 
this pair of opposite faces may be compounded into forces 


^f^fSxSySz, 


^fixhyiz, ^^SxSySz 


acting at parallel to Ox, Oy, Oz respectively, and couples 

— pj., 8 x* 8 yS 2 , pj.j^8x8^8z about Oy, O 2 respectively. 

The stresses on the other two pail’s of opposite forces may be 
compounded into similar forces at (x, y, 2 ) parallel to the axes, and 
couples py,Sx 8 y 82 

about O 2 , Ox and —i>;ySx 8 y 82 , 
about Ox, Oy respectively. 

It follows that if, as in 2* 1, we write down equations of motion 

for the fluid in the parallelepiped by resolving parallel to the 
axes, we get 

^ VI 


dp 


=pX + 


I_f yjo , 

dx dy dz 


Dv dp 


XU 


+ 


^Puu , 
dy dz ^ 


DW 07? 0jt? 


Dt 


dx dy dz 


( 1 ). 
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And ftirther if we take momenfa about lines Ihrougb (», « s) 
parallel to the „es for he kinetic reactions and the foL „L 
on the fluid m the parallelepiped, we get 

(7>i,0-i>Ai/)Sa;8y83 +terms of the fourth degree in 8x, 8m, Sz = 0 
and two similar equations. 

So that on dividing by SxS^Sz and making the edges shrink to 

zero, we get^i^,=;i^^, and similarly» =« and « -m .u . 

the nine rectangular components of stresslt a pohit arera'duced 

to SIX, 

We have now to find the connection between these six com¬ 
ponents of stress and the gradients of the velocity of the fluid 

13-23. Connection between Stresses and Gradients nf 
Velocity. It is the relative motion of fluid particles which give 
rise to the tangential stresses just described. The stresses if an 
clcmcnt of a„id are not aBccted b, its translation or rotation b“ 
onl, by its distort,on, i,c. by th, relative motion of i« part. We 

pum strain andcotation, and thest.te of stmssdependsonly on 2 

stateofstraimAtcverypointthereisarateofstrainqiiadriLhose 

axes are m the directions in which the lines joining particles are 
undergoing elongation at uniform rates. It follols from coii 
siderat,ons of symmetry that the stresses across the axial planes 

I «‘f’f 2 T 7“ “f<l»dric atr, and let 

n,; n, be their direction cosines referred 
to any other rectangular axes Pxyz. The velocity components a^ 

and fat;»' * »■»». 

Then with the notation of 4* 1 


^ /i 3 3 

'■ aa-+'< S+'.V’ 


^ 3 ?) +4 »' +4 »') 

A ^ 
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b = rtii^a' + m^^b' + . 

.(1) 

c=n^a' + n^b' +n^\', 1 



and, incidentally, a + 6 + c = a' + 6' + c', 

each side representing the dilatation (1-3). 
Again, from 4'1, 



dw dv / d 0 0 


dy dz 


+ 


(n^u' + n2v' + n^w') 

( d 0 0 \ 

0*' ” 2 g-- + «3 j (Wj m' + TOj v' + TOj W') 


„ du' dv' dw' 

= 2m,n, g-, + + 2m,n, ~ , 


dz 


or 

similarly 

and 


/= + m^n^b' + ^3^30'; 

g = n^l^a' 



Now let a plane at right angles to Px cut Px\ Py\ Pz' in ^ 5 

C, forming with the coordinate planes Px'y'z‘ a tetrahedron of 
small dimensions. Let A denote the area 
ABC, then the areas PBC, PCA, PAB 
are A, Zg A, Z3A and the only stresses on 
them are the normal stresses 

But the stresses on ABC are 

Pxx^^ PxvX P:rz^ 

parallel to Px, Py, Pz. So if we resolve 
in the direction Px for the fUiid in the 
tetrahedron and note that the resolved 
parts of the kinetic reactions and external forces will be of Ixigher 
order of small quantities, we have 



or 

similarly 

and 

Whence 


Pxx^ P\.^\^ Pz^Z^ ‘^2,'^ • ^3) 

Pxx~P\}\“'^Pz^^'^Pz^^i I 

. 

Pzz 

i^arx+J^tfi,+i>«=i^l+i>2+i>3 . 
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Thus the sum of the normal stresses across any three perpemH- 
cular planes at a point is the same. We denote this sum by - 
SO that jp denotes the mean pressure at a point. 

Again, if for the same tetrahedron we resolve parallel to Pu 

similarly p^^ . 

^P2'^2h'^P3n^l:i. 

W. h.,e thus „,m»ed the six .tosses 003-22 i„ te™, „f „„ 

princpd stes.es, but we cannot proceed further witho.t a,! 
assumption. vnuuut an 

We assume that these principal stresses «, » „ diffpr f 

then mean value -p by linear function, of the rtos rfd.stot” 
a f 0 j c of the fluid element, and Avrite 

Pi= ~i’ + '\(a' + 6' + c') + 2pa'| 

P2^-p + ^{a' + b' + c') + 2fJj'i .(fit 

P3=-p + ^ia' + b’ + c') + 2ixc'j 

Sincepi+p 2 +p^ = -3p^ it follows by addition that 


( 6 ). 


Hence, from (3) and (1), 3A + 2p, = o 


(7). 


similarly 


and 


Pxx - i^-§M(« + 6 + c) + 2fui, 

o = — 7 ) —^ 1 ,/^^_L 07 / 

” SMS-^s/sj + ^pg; 

+2„®" 

3 l9^ 01/^ 02 j 0- 




dx dy 


Again, since + +r» « *u r 

and (2) we have from (5), (C) 

= W 

__ (^w dv\ 

( 2 )]. 


Similarly 


and 


RH 




(9) 


24 
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Thus (8) and (9) express the six components of stress at 

point m terms of the mean pressure at the point and the gradients 
of velocity. 

13-24, We notice that in the special case to which reference 
was made in 13-1, viz. that of a steady flow with velocity u at 
right angles to the axis of 2 , we have v = w = 0,B.nd the tangential 
stress in the direction of flow, from 13*23 (9), is 

Pzx^H-^ujdz, 

so that the symbol fi introduced in 13-23 (6) is what we have 
already defined as the coefficient of viscosity. 


13-3. Equations of Motion. We now obtain the equations 

of motion in their most general form by substitu tin g in 13-22 (1) 

from 13-23 (8), (9), viz. 


Du 

= pX- 

dp 

1 

a 

tdu 

dv 

aw;\ 


Dt'' 

'Tx^ 

3^ 

dx^ 


dy'^ 

dz] 

1 + p V^u 

Dv 

-pY- 

^P , 

1 

d j 

(du 

dv 

aw\ 


1)7" 

dy 

3^ 

ayl 


dy'^ 

dz] 

\-\-pV^v 

Dw 

-pZ- 

dp 

1 

a 

(du 

dv 

dw\ 


Dt'' 

"02 + 

3^ 

'az' 


dy'^ 


\'\-pVhu 


y -.(1) 


In the case of incompressible fluid 


du dv dw 


dx 


and we may wTite the equations 


Du 

Dt 

Dv 

Dt 

Dw 

~Di 


= X- 


p ex 




1 dp 
p 

1 dp 


+ V 




P cz 


( 2 )*, 


where v = p.jp is called the kinematic coefficient of viscosity. 


* 'I'heso equations were first obtained by Navier (1822), but the mode of investi¬ 
gation given here follows that of Sir H. I.amb (see IJy(1rody?iamic^. §§ 323-328 (1932)) 
and is based upon a paper of Stokes. ‘On the Theories of the Internal Friction of 
Fluids in Motion and of the Equilibrium and Motion of Elastic Solids’. Tran 3 . Camb. 
Phil. Soc. Mil, 1845, or Math, and Phys. Papers, i, p. 75. 
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orderof m. I th.n the st,e«. „„ y.Xe 

the »ult,„t streeeee „„ opp<»ite eides of the surface of top.” 

must be equal and opposite. p^uauon 

Let A be a vector normal to the snrfar.^. 

l, M, nits direction cosines, and as in 13-23 e 

tetrahedretn PABC with tks f.eelic .ero 7 

the oo„.„ ,4, if. ft on fa, f; fsf tl^S” ” ^e I't”** 
components in one fluid are given by ^ 

Phx = iPxx + ^P^x + np^ j 

Phy = iPxU + mPyy+npJ .s 

Phz = + mpy, + j 

with similar expressions for the components m „ ' « <• p. 

othe, fluid; and, oreitting the eliects ofcapillfS;";’,! t'Lve' 

W I, II * P^iV-Phy y Phz = ‘PhJ . ( 2 ) 

We shall assume m what follows r . ' 

tion of a solid and a fluid no slipping takes place f 

were put forward by earlier Idelts o t"ubiet^^^^^^ 

based upon this hypothesis arcTn gt^ 
based upon experiment where such can be made^ 

ordinates. As we shairL^e^^otTLon Polar Co- 

stress components in other than r^ptnnr i of motion and 

obtain the required forms The tran -f ‘Coordinates wo ]>roceed to 

by the teasor calculusf, but witliout efiected 

of this subject wo proceed as follows- tC™!"®! Imowledge 

already been found in 1 -52; lienee for an in components liave 

to calculate the terms in cylinTioaUnd 

take tile place of the terms pV^u p V 2 „ ui ®°^*Bates wliich are to 
With cylindrical coordinates r 6 z let ’J ‘j equations. 

velocity and/„/„/^ those of acceleration.*’Then‘'"°‘‘'‘ “I" 

or “ = W-sinfl + a,cosS, 


“ + “ = «■“( W + it-d) and w = 


kmetic theory of gases. On this subject see ''''Pl»a‘*tion based on the 

1 oschl and Prandtl, 1930, p. 271 ^ ^ of SolUh a,id Fluids, Kwald 

^ o.g. Handlmch derPhysik, vn n 94 i <2 ■ 

f lifP. 94, J. Springer, Berlin, 1927. 


24-2 
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Also 


CYLINDRICAL AND POLAR COORDINATES 13'32- 
/, = co3e^ + sin0^, /«=-sin+cose— .... 


( 2 ). 


Therefore 


and 


« dV 1 dp 

Jr — + >^(coseV2M + sineV^) 

8V I dp )■ 

~ “ 7^ - p rTe + ^ ~ ® +cos e V»«) 

i . • « . y 


(3), 


where V is the potential of the external forces. 
Now from (1) 


e-o + 777) = e-*» V^e'O («, + iv,) = 1 


where, on the right, 


V2= 1 52 ^ 

dr^ T ^ dz^ 


(4) , 

(5) . 


Whence, by equating real and imaginary parts 


cos e + sin e i 

^ r* 00 7-2 

- sin 0 V^u + cos 0 V^u = 

®^r2 00 


and 


( 6 ). 


Hence, by taking the acceleration components from 1-52, and sub 
stituting (6) in (3) we have for cylindrical coordinates 


-V y \ \ Uf ...2 Q/i “ ~ 


Dt 


dr 


p dr 

I 0p 


Dt r rdd prdO 


r2 00 r* 

V ^ dd '*•« 


Dt dz 


(7). 


where 


Dt~dt'^^^dr'^^^rdd 


d ^ d 


.( 8 ), 

and V“ has the value (6). 

Again with polar coordinates r, 0, let g'r, denote the components 
of velocity and those of acceleration. Then by comparing the 

velocities with those in cylindrical coordinates and taking account of the 

different meanings of r, 0 in the two systems, viz. that £he former r becomes 
rsin 0, and the former 0 becomes we have 

7V = ?r sin 0 + jfl cos 0, , v^ = cos 0 — sin 0, 

= e'^ (gr + Wd) .(9). 

Also 

=/acos 0+/,.sin 0, which from (3) and (6) or (7) 


0F 1 dp 


+ y cos 0 ysy. + V sin 0 (V*y. - _ 

\ r- sm* 0 0^ r* sin* 0/ 


0r p 0r 
sin 0 +/,. cos 0 

“ “|^“■■%-»'3in0V*^;.+ ^;co90fV*y--?__ 

and ^ r* sin* 0 0^ r*sin*0^ 

P —f ~ ^ /t-T« 

- r smdd^ ~ p rsin 00^ + ^ + 


V, 


2 gt7r «» \ 
rasin’0 0^ r*siii>0/ J 

.( 10 ). 
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Now from (9) e-‘'>V-(v, + iv,) = e-i^V-e‘^(„ 4, , 

where, in polars, ^ ’ 

a COtl9 g 1 ^2 J ^2 

+ + .dO; 
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therefore e~'^V^ {v^ + iv^) = ^ ^ ^ 

V r2 ^r^e 0 ~ 

and by equating real and imaginary parts we got 


r'i) i9r+ iqg) .(12), 


and 


cos d + sin e V^Vr = V 2(7 _ ?r _ cot ^ 2 

r2 ^2 ;.2 

+ 2 dqj 

. I 


...(13), 


Then substituting in (lO)nnd taking the acceJon,fin.. ^ 

1'52 we have for polar coordinates ^‘^r^iponents from 

Dqr_ql±^^ _dV_ I dp 

Dt ^ dr p dr 1 


+ »/ 


Bq,_ q^^2S2L^^ qrq^^_dV_l dp 

^ r rde 'pTFe 


. . rHyx^'ed^ 


+ '’('^ Qe- dq^ 

'■ '■S‘n«3<4~priin?e^ 


+ + 2 ^ 2rase gj. 


where in polars ^ 5 g 

and V2hns*l,„f^™/i.v rsindd,!, 


(14), 


and has the form ( 11 ). 

ordinates. Wo sha’l^mLl’y steteTho^r and polar co- 

as the reader will be able to adapt to cylinSica"c?'''I''""'*' 

“'wTr T foi-mulae in polars ‘he method 

.,»' '«-™ >»' cn.»dsc., c«.,„„.,.,, 

a,. * 


p„_-p + 2g^., p,,= -p + 2p(^^^ + M. ^ 
/a.. \ ' 


’■•■='((14'). r..=,a--‘4‘)r -"’' 

a second set of rectangular axes Ox'^y'^' TTyu ^ Take 

tH „d „ f, "“^f„d .wh ‘ • '■'•“ *'•' ”"••«■ 

COS r COS ^', cos 9'sin ^', -sing' 

— sin^', cos^', 0 

sin 9'cos f, sing'sin cosr. 


■p + 2p 




Pzr = p 




•■■( 1 ). 
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POLAR COORDINATES 


And with the notation of 13‘32 


^ sin 0 cos <ft + qg cos 6 cos sin tfA 
v = q^sind sin ^ cos 0 sin ^ + q^ cos ^ J 
w = q^cose~qg3ind 



And if u\ v\ w' are components of velocity referred to Ox'y'z' we have 
from ( 2 ) 


u = (grSin 0COS c^ + g^cos 0cos<^ —g^sin^)cos 0'cos<^' 

+ (?r sin 0 sin ^ + qg cos 0 sin + g^ cos <l>) cos 6' sin 
— iqr cos d-qg sin $) sin d' 


^ ~ (7rsin0cos^ + ggcos0cos^ —g^sin^)sin^' 

+ {qr sin 6 sin <j> + qg cos 08 in ^ + g,^ cos <j}) cos 

^ = {qr sin 6 cos ^ + g^ cos 9 cos <l> — q^ sin <^) sin 6' cos <f>' 

+ (g^sin 0sin ^ + g^cos 0sin^ + g 0 cossin 6'sin<l>' 
+ {qr cos 6 — qg sin 6) cos 6' 



Now we find the required expressions for the stresses from the values of 

du jdx , etc. when the axes Ox'y'z' are so moved that 6'= 6 and = <f,^ and 
then 


d _ a ,aa 

dx' ree* ay'~rsmed^ 


Hence by differentiating (3) and putting 6'=9 and ^ after differentia¬ 

tion we get 


, ?r 

dx' rd9'^ r ’ 

_ dq^ 
rd9* 

d^_ dqr_qg 
dx' rd9 r * 


— _ ^0 _ g^cota 
dy' r sin 9d(l> r * 

dv'_ dq^ , qr . ggcota 
dy' rsinaa^'^r'^ r * 

_ ggr _ 

dy' rsin^d^ r’ 


di^_^g] 
dz'^ dr \ 


dv' _dq^ 
dz' dr 



dw' _dqr 
dz'~ dr . 


Thus we have for the components of stress in polar coordinates 







^\rd9^rsm9d^ r ) 
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13-4 Dlssipalion ot Energy. If r denote, 

at time t of a bm.ted portion of fluid bounded by a surface S. then 

/% ^ 


2T = 


p{uHv^-\-W^)dxdydz .(1) 


and following the motion of the same portion of fluid 

Dt Dt) .(2). 

Substituting from the equations of motion of 13-22 t n . i. 
j)rj^ we get 

111 ^ (uX-\-vY + wZ)dxdydz 


( 2 ). 


i 

p (uX -}-vY -i- wZ) dxdyd. 




^Py, dp,, 

dy dz 




+ ^Pl/U ^Pc,/ 


J_ -* 1/1/ 1 '"/^c 

dx dy ^ dz 


+ w 


[ dx + .. 

"9 


The fii-st integral represents the rate at which the external 
forces are doing work throughout the mass of the fluid. 

The second integral may be integrated by parts and gives 


J J {“ (Ip.x + mp^x + npj + V + mp^^ + n p_. J 

rrridu o... '^A^Px-A^”'Pvz + np,,)}d8 


I 


}J 


div 


dv dw 


dy^ i/f/ 1 zz j -p^z + •.. + dxdydz 




J J (nhx + Vpf,y + ivp^^^) dS .( 


repreLfts th^^^^^ ^^is integral 

ffLi^udv dw\. 






^ dv dio \2 






I W "Ms; 

/oit 3w\2 /a„ 0(^\2, 

la^'^'arj '^[dx^^y) l<^-^dydz .(Oj. 
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In this expression jp denotes, in the case of an elastic fluid, the 
pressure statically corresponding to the density of the fluid at 
(x, y, z), and the first integral represents the rate at which the 
various elements of fluid are losing intrinsic energy in consequence 
of internal expansion*. 

The remaining integrals on the whole are negative or at least 
never positive and represent the rate of dissipation of energy in 
consequence of internal friction. This cannot vanish unless 


du dv dw 
dx dy dz ’ 


and 


dw dv du dw dv 
dy dz dz~^ dx dx 




i.e. in the notation of 4-1 unless a = 6 = c and/=^ = ^ = 0. 

Since for an incompressible fluid a + 6 + c = 0 therefore there 
must be dissipation of energy in a liquid unless 


a = b = c=f=g = h==0 


at every point; i.e. no extension or contraction of linear elements. 
It follows that only when the motion consists of a translation or 
rotation of the mass as a whole can there be no dissipation of 
eneigyt. 

It follows that in the special case of a liquid the rate of dissipa¬ 
tion of energy is represented by 



♦ In the case of an elastic fluid, from the equation of continuity 


///. 


'du dv dw 
dy dz 


Ilf 




I 


III 
-III 


DE 

Dt 


p dxdydz. 


of the fluid against external pressure as it passes from its actual volume to some 
standard volume. 

t See Stokes ‘On the Effect of the Internal Friction of Fluid on the Motion of 
Pendulums’. Camh. Phil. Soc. ix. p. 8, or Math, and Phys, Papers, m, p. 69, 

where a detailed discussion of the conclusion is given. 
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13-5. The Reynolds Number. Experimental work con¬ 
cerning the motion of solid bodies through fluids is usually 
performed with models and it is of importance to know to what 
extent the full-sized body will behave like the model. A like 
consideration arises in connection with the flow of fluid through 
tubes of different diameters. ^ 

If we regard an external field of force as producing a hydro¬ 
static pressure and take p to be the dynamical part of the 
pressure, i.e. the amount by which the total pressure exceeds 
the hydrostatic pressure, then in the equations of motion of a 
fluid, omitting the external field of force and the hydrostatic 
pressure there are three types of forces, viz, (i) the reversed effective 
forces or inertia terms of the type p dujdt or pu dujdx, (ii) pressure 
terms dpjdx, etc., and (iii) terms arising from frictional forces of 
the type pdhijdx\ In order that the flow may be geometrically 
similar in two corresponding motions it is necessary that the 
ratios of the forces represented by these sets of terms shall be 
the same in both motions. Since how'ever the forces (including 
reversed effective forces, as in D’Alembert’s Principle) which 
enter into any equation balance one another, it will suffice to 
consider the ratio of two of the types, e.g. (i) and (iii) 

In the case of a body moving through a fluid the velocities are 
all proportional to the velocity of the body, say U; and we can 
choose a length I associated with the body to represent the linear 
scale of me^urement. Terms of type (i) are then of dimensions 
pU% and terms of type (iii) are of dimensions pU/P, and for 
8|^an anty we require that the ratio pV^IUpUjl^ or R^pVljp 

shall be the same in both motions ^ 

The expression, or I///r, where vis the kinematic coeffi¬ 
cient of viscosity IS called the Reynolds number, after Osborne 
Reynolds who first investigated the question of similarity* It 
represents the ratio of the inertia terms to the frictional terms in 
the equation of motion and it is clearly non-dimensional A 
necessary oondition for the dynamical similarity of two fluid 
otions m which the systems are geometrically similar, is that 

they must have the same Reynolds number and the boundary 
conditions must be the same. oounaary 

for!e mThe ‘he 

* PI. -, ^ * * stres.ses on its surface, then F/pUH^ is non- 

Trans. P.S. clxxiv, 1883. or Scientific Papers, n. p 51 



378 


THE REYNOLDS NUMBER 13 ‘ 5 - 

dimensional and must therefore depend on a non-dimensional combina¬ 
tion of the data p, [/, Z, and H is the only such combination so 

F = pUH‘f{B). 

For a particular case a series of values off (i?) is determined by experiment 
by varying Uylor v as may be convenient. 

The importance of the Reynolds number lies in the fact that it 
gives some indication of the nature of the corresponding fluid 
motion. Thus a small Reynolds number implies that viscosity is 
predominant, and a large number implies that viscosity is small 
or that the effects of inertia outweigh the effects of friction. 

Also it was found by Reynolds* that in the case of flow 
through a tube the steady laminar flow breaks down and the flow 
becomes turbulent when Ullv exceeds a definite limiting value, 
where U denotes the mean velocity of the fluid and I the diameter 
of the tube. It follows that for small values of I the dynamical 
equations represent the actual motion for a wide range of velo¬ 
cities, but if / is large then either U must be small or the viscosity 
large for otherwise the motion will be turbulent. 

The simpler problems of fluid motion which can be considered 
are divided into two classes according as the corresponding 
Reynolds number is small or large. In the former case viscosity 
is predominant and the inertia terms in the equations may be 
regarded as neghgible. In the latter case the frictional terms are 
small, and we shall see later that in the case of relative motion of a 
fluid and solid boundaries this means that at a distance from the 
boundaries the frictional terms in the equations are neghgible so 
that the conditions there approximate to the motion of a ‘ perfect ’ 
fluid, but near the boundaries there is a thin layer of fluid in 
which viscosity is effective and in which the velocity of the fluid 
varies from that of the solid in contact with it to that of the 
frictionless motion outside the layer, and the smaller the vis¬ 
cosity the thinner is this layerf. 

13*6. We shall next consider some problems of steady motion 
either of such a special kind that the inertia terms vanish identi¬ 
cally or such that the Reynolds number is so small that the inertia 
terms are negligible in comparison with the frictional terms. 

13*61. Steady Motion between Parallel Planes. Let 
viscous fluid of uniform density p fill the space between parallel 

* Loc. cit. p. 377. 

t L. Prandtl, Verb. d. 3. iiiteni. Math. Ver. Heidelberg, 1904. 
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plane boundaries 3 = 0 , z = h. Ut the former boundary have a 
velocity U m the x direction and the latter be at rest We assume 
that there is a steady motion with a velocity which at any point 
is denoted by u parallel to x, the comiionents p and w beinVzero 
From the equation of continuity we must therefore have dul?x = o ’ 
and as «IS clearly independent of y it must he a function of 3 alone ’ 
It is now apparent that the inertia terms in the equations of 
motion are all zero. At a distance 3 from the plane 3 = 0 , there^is a 

I z 


—1 -> 



U 

^ dz 


— 

U 


tractive force yduldz per unit area in the plane parallel to the 

e.e„.n. ,f .h. fluid with face. p^iL p, 

•Bd Of l,™» d.B„„s,„„s 8 x, I. St, the trective forcee on Cu 
parallel to the boundary plana, gi,e a romltantpin tho 

dz^ Hit 


, di.eot.on, and th. resultant of the .nean pressures on the faces 

parallel to yz Is -| 8 ,So in the .same direction. The.e being no 
acceleration these forces have a zero sum, so that 


d^u dp 

>^dz^=i 


( 1 ), 


y * y j 

which on the hypotheses stated might have been wrlitn i 
directly from 13*3 ( 1 ). wntten clown 

Since there is no motion save in fhA a' x* i 

dpjdy and dpjdz are zero, and since u is independent rJr f n'f 
that the pressure gradient dpjdx is a constLt 

Integrating (1) we get 


= iAp 


I^u = Iz^£ + Az + B 


»d since a . p when a and .. 0 when s= 8 , therefore 

/ t 


( 2 ) 




dp 

dx 


(•• 5 ) 
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The total flux per unit breadth across a plane perpendicular 
toxis 

I udz = \hU-~^ . m 

Jo " 12/xda: . 

The tangential stress at any point is 


du fxU ^ .dp 


dz 


dx 


(5) 


which gives 

ft dx 

as the drag per unit area on the boundaries; the drag of the 
boundaries on the fluid is represented by forces equal and op¬ 
posite to these acting in opposite senses, and their resultant 
h dpjdx is of course equal to the pressure difference on two planes 
at right angles to the stream at unit distance apart. 

The expression hUjv may be taken as a Rejmolds number in 

this problem, or a like expression with the mean velocity 
instead of V. 


13*611. Theory of Lubrication. It is a familiar fact that parallel 

or nearly parallel surfaces can slide over one another with great ease if a 

film of viscous fluid is maintained between them. The mathematical 

theory is due to O. Reynolds*. A necessary condition is that the opposing 

surfaces should be slightly inclined to one another and that the relative 

motion should tend to drag the fluid from the wider to the narrower part 

of the intervening space. The following discussion is based upon a paper 
by Lord Rayleighf. 



Consider a fixed block with a plane face AB nearly parallel to another 

plane z = 0, which has a uniform velocity Cf in the a: direction. Let the 

block be so wide in the y direction that the problem may be treated as two- 
dimensional. 

Let a, ; 6, A, and x, be the coordinates of A. R and any other point on 
AB. Since the inclination of the plane faces is small, the velocity u at any 

Theory of Lubrication, etc.’, Phil. TroTw. clxxvu, p. 167, 1886. or 
cctenfljic Papers^ n, p. 228. 

SclJlTt (6). XXXV. p. 1. 1918. or 

acxcntxfic Papers, vi, p. 623. 
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point may be determined as in 13-61; and a.s the addition of a constant 
pressure throughout the fluid will make no difference to the solution wo 
may for convenience assume that p = 0 beyond the ends of the block ’ 
The condition of continuity is that the total flux 


/ 


udz = \hU- 

0 \2p d.v. 


( 1 ) 


must be independent of x. 

Therefore = 

dx ^ . 

where is the value of h at points of maximum pressure. 

But 


( 2 ), 


so that 


1 


(3), 


where I is the length of the block. 


Hence, from (2), 


and, by integration. 


P = 


6 /iC// h-h^ 
dh h^-h^' 

— (Hq — 2h 


.(4), 




/t 2 


+ c 


(5); 


and we must now determine h„ and C so that p = 0 when h = h. and when 

/l = /ij . 

This gives 


Aq — 4 -/^ 2 ) .(6) 


and 


i v_/. 2 P- 


(7). 


It follows thatp cannot be positive unless 7i. > /,,. i.e. unless the stream 
contracts in the direction of f/. 

The total pressure is given by 




w>,.„i=, -'‘-Wvi ‘+1-) . '»'■ 

Again from 13-61 (5) the tangential stress on either surface is 

h ^ dx 

so that, using (2) and (3), we get for the total frictional force 


~ la ~ 

(^-1)^2 I ^ A+l I 


(9). 


ZS wS “1"' ’’I'’ of f™i“ to 

21 of both , .„d u, b„. .p, i, .k. 
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The position of the centre of pressure may be calculated from 

xP =jpx dxt 


leading to 


- _ ,, 2^(fc + 2)logfc^jt2 + 4/fc + 1 

^ l)logA: — 2 (ifc- 1)2 . 


It has been shewn by Reynolds and Rayleigh that the value of k which 
makes P a maximum is 2-2; that this makes P = 0-1602;xOT/Aj2 and 
F = 0'15fiUllh2 . 


Since the film of fluid is thin the above arguments would hold good if the 
surfaces were cylindrical instead of plane, provided h is everywhere small 
compared to the radii of curvature. 

Wtiore there is a flow in the direction of 1 / as weU as x, we shaU obtain as 
in 13*61 for the total flow in the y direction 



vdz = ihV — 


I2pdy 


and the equation of continuity is now 


( 11 ), 


or 



13*62. Steady Motion in a Tube of Circular Section. Let 

a be the internal radius of the tube and w the velocity along the 
tube at a distance r from the axis Oz, The other components of 
velocity are assumed to be zero so that by reference to the 
equation of continuity dwidz must be zero, therefore and by 
symmetry zi; is a function of r alone. It now appears, from the 
equations of motion in cyhndrical coordinates (13*32 (7)), that in 
steady motion the inertia terms are all zero, and the equations, in 
the absence of external forces reduce to 


and 




t 


V 


d^w 1 
cr^ r dr ) 



It follows that the pressure is a function of 2 alone and that the 
pressui'e gradient is constant, and equal to —(Pi—P 2 )^ where 
Pn p 2 <^lenote the values of p at the ends of a length I of 
the tube. 

We might also argue directly that since there is no motion at 
right angles to the axis p does not vary over a cross section, and 


• Michell, Zetts.f, Math, lui, 1905, p. 123. 
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taking the tangential stress along a plane perpendicular to r as 

frictional forces on the fluid between 


two cylinders of length 82 and radii r and r -t Sr are 

-/£2nrBz and ^ ^ 2 «-S 2 + ^ 2 ^ S^) 8 r 


I 

and in steady motion the sum of these must be balanced by the 
pressure difference on the plane ends of the fluid mass, viz. 


S2.27rrSr, 


so that 




nrV iLrr''liz> 


Integrating, we get 


d I dw 
dr dr 


_ Pi-Pz 

fxl 


( 2 ). 


= -\p^^ + Alogr+B 


(3). 


The velocity along the axis must be finite, so that ^ = 0, and since 
there is no slipping on the tube, w = 0 when r = a, therrfore 

..._(Pi-P 2 ) ,_2_ 2 - 


w = 


^fll 


r^) 


(4). 


The total flux across any section is 


* 

The drag on the cylinder is 27Tal ^ , which is easily shewn 

to be 7 ra 2 (pj-Pj), as is otherwise obvious. The result that 
the flux is proportional to the pressure gradient and to the 
fourth power of the radius of the tube was discovered experi¬ 
mentally by G. Hagen* and was rediscovered independently 
y Poiseuillet. It is a result .of fundamental importance in 
connection with the law of frictional resistance as it can be con¬ 
firmed by experiment with great accuracy. It also provides a 
method of measuring p. But as stated in 13-5 it is only in narrow 
tubes that the result is true for all such velocities as are likely to 

* Pogg. Ann. xLvi, 1839, p. 423. 

t Complex Jiendu,. xi, xii, 1840-1; Mem. des Savants ilrangers, ix. 1846. 
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occur in experiment. There is a definite Reynolds number which 
determines in every case a critical velocity in relation to the 
viscosity and the diameter of the tube. For smaller velocities the 
flow is ‘ stream line ’ or ‘ laminar ’ but when the critical velocity is 
exceeded the regular stream line character of the motion is 
destroyed, small eddies appear in the fluid and the motion be¬ 
comes ‘turbulent\ Then the relation (5) ceases to be true, and 
instead of the pressure gradient being proportional to the flux it 

is found to be approximately proportional to the square of the 
flux*. 


13*621. Steady Flow between Coaxial Circular Cylinders. With 
the same notation, let the flow take place between two coaxial cylinders 
of radii a, b. Let the inner boundary have a velocity W while the outer is at 
rest. Then in 13*62 (3), we have «;= W when r = o, andti; = 0 whenr = 6,80 
that 


... _ n/ P\-Pz La log (r/a) - a* log (r/6)) 

.I I 


log (a/ 6 ) ifxl 


log ( 6 /a) 


( 1 ) 


fb 

giving a flux relative to the fixed boundary of / w. 27 rrdr 

J a 


= 7tW^ 


:i( 6 ^)_ 

(log ( 6 /a) 


Pi^Pz 

■^ 8 /i* I 


1 log ( 6 /a)/ 


The drag on the cylinders can be calculated as in 13*62. 

13*63. Steady Flow in Tubes of cross section other than Circular, 
If we assume that w; is a function of x, y but not of z, and that w = v = 0, 
then in steady motion the inertia terms disappear and in the absence of 
external forces the equations 13*3 (1) reduce to 


and 


1 = 0, ^ = 0 

dx dy 

/dHo 


( 1 ). 


It follows that in steady flow along a tube the pressure gradient 6p/0z 
is constant, and denoting this by — F, the velocity w has to satisfy the 


equation 


dhv P 

dx^ ^ dy^ ~~ 11 


( 2 ) 


with a boundary condition ii; = 0 on the surface of the tube. If we write 

p 

w — ijj — ~ {x^ 2 /“), then iji has to satisfy the equation 

av. 

dx^ dy^~ * 

P 

with a boundary condition ^ ^ (x* + y*) on the surface of the tube. But 
from 5*1 (3) these ore the conditions which have to be satisfied by the 


• The Physics of Solids and FluidSt Ewald, Pdsolil and Prandtl, 1930, p. 277. 
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stream funcUon wimn a like tube contamu.g fnctionless IIukI rotates 

about Its length With angular velocity Pi2ix. 

This analogy was pointed out by Greenhiil * 

For example in the case of a tube whose cros^ sectmu is an equilateral 
triangle, by analogy from 5*5 {3J we write ^ ‘‘lerai 

w = A (.c3 - Zxif) + B - ^ if) . 


+ .(3^^ 

where this expression is to vanish at all points of the bmmdary If wo 
determme A and B so as to make a- = a part of the boundary, we fmd timt 

~ 120^1 ~ + 3a (x2 + yS) _ 4a3j 

“ “'=-l£^('^-“H.r-v'3>/ + 2 a)(x + v'3y + 2 a) .( 4 ,. 

from which we see that w vanishes on the three sides of an equilateral 
tnangle, and smce d also satisfies (2), it represents the required veioeltyl 

By evaluating jjwdxdy over the cross section we find that the flux of 
, . 27 Pa* 

For an elliptic section by analogy from 5*5 (2) we write 




(5), 


from which wo find that 

P / x- ?/2 

«^~ 6 V .( 6 ). 


//' 


of fluid is f. f 

+ if 

ro/have a .steady 

tTon ofTh d°“f being a fnnc 

tion of thedistance r from the axis. Then in tlie notation of 13-32 

Vr -0,vg = mr and = 0, and, in the absence of external forces b J 
symmetry the mean pressure p is independent of /I that the 
equations of motion 13-32 (7) reduce to 


a)^r = 


^ 00 , Sp 

pdr’ + = b and ^=0 


(1). 


or Channel-. Fmc. ^..1/.,^. 


RH 


25 
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We might also obtain the equation for to from the considera¬ 
tion that the only stress in the fluid is the tangential force 


doj 

Pro = pr 


(13-33 (1)) 


and the moment about the axis of the tangential force on a 
cylinder of radius r is therefore 27Tfxr^dto/dr per unit length of 
cylinder. Then since, in the steady motion, the moments on the 
inner and outer surfaces of an annulus must be eq^ual and op¬ 
posite, it follows that the last expression must be eonstant; i.e. 




this being the integral of the second of equations (1) 


Hence 


'2r‘‘ 


(3) 


If the fluid has no internal boundary we must have ^ = 0, since 
the angular velocity cannot become infinite as r -> 0, and therefore 

u) is constant and there is no relative motion. 

But if the fluid is bounded by coaxial cylinders of radii a and b, 
the second of which, the outer, rotates with angular velocity Q 
while the inner is at rest, we have a) = 0 when r = a, and to = H 
w hen r = b, so that 


CO 




r^-a- 

„2 


(4). 


The couple per unit length on either cylinder is 'IrrixA or 

.(5). 

Experimental work has been done on this basis, the couple on 
the inner cylinder being measured by the torsion of a suspending 

wire. 

We luive not imposed any limitations on the angular velocity, 
and it has been shewn by 'faylor* that the above steady motion 
of a li(iuid is stable for all speeds of the outer cylinder; and also 
that when the outer cylinder is fixed there is stability for suffi¬ 
ciently small angular velocities of the inner. 

• Stftliility of 11 Viscous I.iciui.l contained between two Rotating CyUndere’, 
PhiL Triin^, A, ccxxm, 11)22, p. 280. 







13*65 


SLOWLY ROTATING SPHERE 


387 


13*65. Steady Motion of a Viscous Fluid due to a slowly Rotating 
Sphere. Writing 

^ u——u)yt v=wx and w = 0, 

where w is a function of r alone (r* = x^-hy^ + and neglecting squares of 
velocities, for steady motion equations 13*3 (1) become 


0 = 


0 = 


dx 


^d<jj 


\dr^r dr 


dp 


d“oj 4 d(o 


) 

4 dw\ I 

r dr J f 


0 = - 


dz 


( 1 ) 


These are satisfied by p — const, and 

d^oj . 4 doj 


or 


i.e. 


, j + - -j- = 0 , 

or* r dr * 
.d(o 

r* = const. 
dr 


( 2 ) 


If the motion is produced by a solid sphere of radius a rotating with 
angular velocity Q and the fluid extends to infinity and is at rest there, we 
have 


" n 

ct)= «12 

r* 


(3). 


And if there is an outer fixed concentric spherical boundary of radius 6, 
then * 


a 


* 6*-r3 


a> = 


n 


(4). 


r® * 6* — a® 

The couple on the sphere may be found from the formulae for the stresses 

in 13*33 (5). Here qr = 0,gg = 0 and = air sin 0 and the only stress which 

has a moment about the axis is 

Pri> = prsmO^-, 

and its moment is ar*sin* 0 

dr 

Hence the couple on the sphere of radius a is 


/ 


.27TaHmddd= - , _ 

0 \®^/r=a 6®-a® 


__ ^TTfjSla^b^ 


(5). 


The same result might be found from the consideration that if N is the 

roT£n"“n the 

NCl rate of dissipation of energy. 

It should be noted that the results of this article are of little value for 

* Stokes, Uk. cit. p. 370. 


25-2 
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13*7. Vorticity in Viscous Fluids. The equations of 
motion 13*3 ( 1 ) may be written 


Du dQ . de X 
~= + 1 


Dt 

Dv 

T)t 

Dw 

m 


dx 


dx 


where 


Q 


-V.J 


dp 

P 


1 V79 

dy By 

1 r79 

dz oz 


_ . du dv dw 

and y = ^ + ^ + --~ 

dx dy dz 


( 1 ). 


Proceeding exactly as in 2*6 these equations take the form 




( 2 ). 


JJ‘+5|f+L^+-v>{ 

pdx p oy p oz p 

Pdv 71 dv V—,. 

pdx pdy poz p 

p dx p dy p dz p 

In the case of an incompressible fluid the equations take the 
simpler form 



du 


du 

+c 

du 

w 

" ^ dx 

+1 

dy 

dz 

Drt 



dv 


dv 

Dt 

t 

^^'dx 

+ 1 


dz 

Dt 

. dw 


dw 

+^ 

dw 

Di 

H 

CO 

11 


hj 

dz 


(3) 


As in 9*21 tlic first three terms on the right of these equations 
represent the rates at ^\ Inch 17 , ^ vary for a given particle, when 
the vortex lines move with the fluid and the strengths oi the 
vortices remain constant. 

In any case of slow motion the fii-st three terms on the right of 
each of the equations are neghgible and the remaining terms 
exhibit the variations of the vorticity, and the equations are the 
same in form as the equations of the conduction of heat, so by 
analogy vorticity cannot originate in the interior of a viscous 
fluid but must be transmitted from the surface. 
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13*71. Circulation in Viscous Fluids. The conclusion of 
the preceding article may also be reached from considerations 
of the circulation in a circuit moving with the fluid. Thus if I 
denote the circulation, then as in 4*23 


DI 

Dt 


i 



Du 

~Dt 


/ 


The last integral vanishes for a closed circuit, and therefore 
from 13*22 (1) 


DI 

Dt 


= (Xdxi-Ydy + Zdz) 


c 


+ 



^ I ^Pxx , ^Pyx , ^Pzx 
dx dy dz 


dx+ + 


For a conservative field of force the first integral vanishes and 
from 13*23 (8) and (9) 




This result was obtained by Jeffreys by the shorter process of 
the tensor calculus. He remarks on the different terms that the 
fire vamshes ,f p is a ftinction ofp alone, as in many cases; but if 
there are variations of density not due to pressure, but to tem¬ 
peratures or composition this term will not vanish. The second 
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and fifth terms involve products of the viscosity and the 
divergence, and are probably unimportant in most cases. The 
fourth shews that circulation may arise in a moving fluid in 
which the viscosity varies from place to place. The third term is 
the only one which survives in a uniform incompressible fluid, 
and it shews that in such a fluid changes in circulation depend 
only on the vorticity in the neighbourhood of the contour*. 

In fact when /x and p are constant, the equation reduces to 

DT r 

— =v (Vhidx+VHdy+Vhvdz) 

J c 

= .( 2 ). 

shewing the same law of conduction of heat for variations in 
the circulation in a moving circuit. 


13*72. Further Special Cases. Diffusion of Vorticity. 

(i) Laminar Motion or flow in parallel planes. When the motion is not 
steady but uniform in a set of parallel planes, so that we may take v = w = 0 
and u a function of z only, then the equations of motion 13*3 (1) are 
satisfied by taking p = const, and 

du d^u . I. 

= . 


This is also the equation for the linear conduction of heat and the appro¬ 
priate solution depends on the initial and boundary conditions. 

Thus, when the fluid extends to infinity on both sides of the plane z = 0 
and the initial velocity throughout the fluid is given hyu= ±U according 
as z is positive or negative, the solution of (1) is 


2U (=1' 


/2 */(»'/) 


e-6'de .{2)t. 


For it can bo shewn that the solution of (1) which fits given boundary 
conditions is uniquef, and it is easy to verify that (2) satisfies (1), and that 
asz->0, u^±f7 according as z is positive or negative. 

The vorticity is given by 

= .(3). 

' OZ \\7Tvt) 


The initial conditions imply the existence of a vortex sheet in the plane 
z = 0. Equation (3) represents the manner in which the vorticity is diffused 
into the fluid on both sides of the sheet, and (2) enables us to measure the 
decay of velocity, throughout the fluid. 


* H. Jeffreys, 'The Equations of Viscous Motion and the Circulation Theorem’, 

ProC; Cand). Phil. <S'oc. xxiv, 1928, p. 477, 

t Carslaw, Conduction of Heat. 1921, p. 34, where notes will be found on the 

tabular value of the integral (2). 

X Ibid. p. 14. 
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(ii) Periodic Laminar Motion. With the same notation let us suppose 
that the fluid lies on the positive side only of tlie plane z = 0 and tliat its 
motion is due to the motion of a plane rigid boundary oscillating in the 

plane 3 = 0 with velocity w = acos(n^ + e) .(4). 

Taking this as the real part of ae^^"‘+*Hhe general velocity will now have 
the time factor so that (1) becomes 


in 

dz^ V 


(5). 


The solution of this equation is 

u = Ae vV2t'/ ^Be ^\2y/ .(6), 

If the fluid extends to infinity in the positive direction of we must have 

^ = 0, and, introducing the time factor in (6) and using (4) to determine 

the value of B, we get . 

t(n/+0-(l+i)7(”)2 

U = ae ^ \2y/ . 


and the real part corresponding to (4) is 

u — ae ^ ^ cos \nt — 


A 


2 + € 


( 8 ). 




• 9 

2 direction with velocity ■\/(2m), but with a rapidly decreasing amplitude, 
in consequence of the exponential factor, the decrease in amplitude in a 
wave length being in the ratio ; 1 or os 1 :535, so that the motion is 
propagated only a short distance into the fluid. 

The drag of the fluid on the boundary per unit area is measiin^d by 

{cos(n<-f e)-sin(n^ + e)} 

-pay/{nv) cos (n/ + e +177) .( 9 j*. 

The foregoing represents the forced oscillations on wliich any normal 
modes of free oscillations may be superposed. 

If the fluid were bounded by a rigid plane 2 = A, both terms in (G) would 

be required in the solution, with the further condition that w = 0 when 

z = h. 

(iii) Diffusion of vorticity from a line vortex. Let there bo initially a 

vortex filament optrength k along the axis ofz in an infinite mass of fluid 

The motion Will be in circles about the z axis, tlie velocity at distance ^ 
from the axis being a function of r. 

We have therefore w = 0, f = , = 0, and it is easy to verify by putting 
“ - - (<//'•) / {r) and ti = {x/r)f{r}, (r“ = + y^) that in this case ^ 

D^IDt = d^ldt, 

so that equations 13-7 (3) reduce to 


. (^3 + 


(10), 


• Stokes, loc. oil. p. 376, see also Lamb, Hydrodynamics, 1932. p. GOO. 
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or, in terms of r. 


This corresponds to tho radial flow of heat from a line source and the 
solution is 

.(^ 2 )* 

OTTvt 

for it is easy to verify that this satisfies (11), and it makes the circulation 

in a circle of radius r r^. 

= I 2^27rrdr = /c(l-c-^/«‘'‘) 

and this k as ( 0. 

Regarded as a function of t the vorticity ^ at a distance r from the axis 
increases to a maximum kI2‘tttH and then decreases asymptotically to zero. 
The velocity is found by dividing the circulation by 277T and 

= ,c(l-e-^/^*")/27ir; 

and as t increases from 0 to oo the velocity decreases from Kl2vr to zero. 

13*8. Motion the same in all Planes through an Axis. 

Here it is convenient to use Stokes’s Stream Function tp as 
defined in 7*3. Since the resultant velocity and vorticity at a 
point are independent of the azimuthal angle (p, the former lies 
in the meridian plane and the latter is at right angles to the same 
plane (4’25). 

Hence, taking the z axis as the given axis, we may denote the 
components of velocity by 

u, v=Vcos(l), wJ = Fsin<^ .( 1 ) 

and the components of vorticity by 

0 , rj — — w sin <f} y ^~wcos<j> .( 2 ), 


1 id^ip d^ih 1 dip 
where, as in 9-82, 2a. = ^ 10:^2+ ^ 


(3). 


wnere, as .n v o^, -a. - ^ 0^,2 n, dw\ . 

For a motion which is so slow that the squares of velocities 
can be neglected, equations 13*7 (3) reduce to 




(4). 


Now 


v^=-( 


1 a 1 02 


CX^'^ TDdw w 




or, since oj is independent of (py 


= — sin (p I 


02 02 1 a 

0 X“^ TO dw 


-a 


sin ^/?2 02 

m \0.i;“^?c5 


‘ _L 

^ TO 0TO/ 


— I TDca 


( 6 ). 


* Curshv.v, Conduction of IlecUy 1921, p. 152. 
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Similarly 

Now if we put D = 
we get 


cos <!> I Id 


ZD 


I 'N ft 


\dx^ ' dzD^ ZD dzD 


~ I ZDW 




02 02 1 0 


. <’»■ 


But, from ( 3 ), 2 zDaj = DJf, 

therefore the equation for the stream function is 



. 

.(8)-* 

The operator D may be expressed in polar coordinates r, 
where x = r cos d and w = r sin 6 by writing 


02 02 _ 02 10 1 32 

03:2 0jg2 ~ 0^2 * r 0r ^ r2 36 ^ ’ 


and 

1 0 _ 1 0 cot 0 0 

ZD d ZD r drd 6 * 


so that 

02 1 02 cot^ 0 

dr'i^r^de^ r2 9^ . 

. (9; 

or 

where p = cos 6 . 

l-p2 92 

ar2 ' r2 0p2 . 

.(10), 

In a case of steady motion (8) becomes 



= ^ . 

n n 

This has a solution 

. 

.(12), 

provided that 

/d2 2\2^ 

(d/-2 ,.2) /(’■) = 0. 

.( 13 ). 


The solution of this equation is 


A 

f{r) = - + Br+Cr^ + Er* . 

so that ^ + 5,. + (7,.2 + Q .^ j 

In the notation of 13-32 the velocity components ( 7 - 31 ) are 

It — ~ ^ and qa = —n R ^ 

’ Sin 61 30 rsinOdr . 

* Stokes, loc. cit. p. 370. 
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along and perpendicular to the radius vector; so that a finite 
velocity at infinity requires that the constant ^ = 0, and a steady 
flow U at infinity requires that — ^IJr^sin^^, so that 
G=-\U. 

If the liquid is streaming past a fixed sphere of radius o, the boundary 
conditions require that = 0 and ?« = 0 when r = a, i.e. 


- + Ba + Ca* = 0 and -4 + B + 2Co = 0, 

- a* 


a 


givmg 

and 


A=^\Ua^t B = iUa 


(17), 


+ .(18). 


For a sphere moving with velocity U through a liquid at rest, we reverse 
the velocity U by adding sin* 6 to tp and have 

i/( = —J^^sin*0 .(19). 

Hence from (16) ^ 

—:]17cos0^^ —and Qe—iGs\nd(^-\-i^ ...(20). 

To determine the force exerted on the sphere we might find the components 
of stress from 13* 33 (5) and integrate over the surface of the sphere, but this 
woxild involve finding an expression for the variable pressure p*, and it is 
simpler to use the expressions for the velocity gradients in 13'33 (4) and 
evaluate the rate of dissipation of energy (13*4 (7)). 

Thus substituting from (20) in 13*33 (4) and putting 9 ^ = 0, the relevant 

terms are 

f 

dw' du' 3 ,., . .a* 
dx dz 

80 that the dissipation fimction 13*4 (7) 


(TT foo ( / rt /jS\2 a* 


27rr* sin 0d0dr= 

.( 22 ). 

This represents the rate at which the retarding forces are doing work, 
but the body is moving with velocity 17, so that the resultant retarding 

force =67rpaC7 .(23). 

This is Stokes’s formulaf for the resistance to the motion of a sphere 
in viscous liquid. It must not be overlooked however that the squares of 
velocities have been neglected. Attempts liave been made to obtain a 
more complete solution. In particular it has been pointed out by OseenJ 

that if we write „=_[/ + w', v = w = 

then the term pu ^ which we neglected contains a term pU ^ which may 

* Evaluated by Stokes, loc. cit. p. 376. t Stokes, ioc. ci(. 

X ‘ Ueber die Slokes'acho Formel, und..Arlriv for matematik, vi, 1910, p. 29. 
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bo comparable 
the result 


with terms retained. Proceeding in tliis way he obtained 


GnfiaU ^ 





The formula (23) was employed by StokevS to determine the terminal 
velocity of a sphere falling vertically in a (luid, by equating the resistance 
to the excess of the weight of the sphere over the force of buoyancy; thus 

GnyxiU =^7 t{o — p) a^gy 

where a is the density of the sphere, so that 



but the result is subject to the limitation stated above. 


(25)t, 


13-9. Prandtl’s Boundary Layer. We now return to the 
case mentioned in 13'5 of fluids of small viscosity such as water 
or air, in which motion is approximately that of a perfect fluid 
save in the immediate neighbourhood of solid boundaries, wheie it 
is affected by the boundary condition that the fluid clings to the 
boundary. In the case of flow past a solid obstacle there is a 
thin layer of fluid in the immediate neighbourhood of the solid 
in which friction is effective and in which, as explained below, 
vortices are produced; there is also the region containing vortices 
which are thrown off from such a body and constitute its ‘ wake ’; 
and there is a region which contains all the remaining fluid and 
in this the motion may be regarded as irrotational. 

It must not be assumed however that the solution for a 
‘perfect fluid’ is the hmiting form of the solution for a viscous 
fluid when the viscosity tends to zero or R->oo. The differential 
equations for viscous fluid are of a higher order than for perfect 
fluid and so require more definition in the way of boundary con¬ 
ditions for a complete solution of a particular problem; and there 
IS the essential difference in the boundary conditions in the two 
cases, that a perfect fluid slips freely over a solid boundary while 
a viscous fluid clings to the boundary and has no velocity 
relative to it. It has indeed been shewn by JeffreysJ that if we 
^surae the existence of a velocity potential and that a fluid has 

DosJhI " the only 

taTnW v? the con- 

rotat ^ ^ velocity of translation, no solid can 

rotate and a classical fluid ’ is more rigid than any solid. 


1 1932, §340. 

+ ^roc. Koy. iioc. A, cxxviii, 1930, p. 370. 


t Stokes, loc. ctl. p. 376. 
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Prandtl’s theory* simplifies problems by considering the 
effects of friction only in a thin layer round solid boundaries and 
treating the rest of the fluid as frictionless, but it assumes that 
the distribution of pressure outside the layer can be ascertained. 
If the layer does not separate from the surface the distribution 
of pressure can be found with fair approximation from the 
assumption of irrotational motion; but otherwise the distribu¬ 
tion of pressure is affected by the ‘wake’, and it cannot be 
found save by experiment. 


13-91. Differential Equations for the Boundary Layer. 

Consider a two-dimensional case, take the x axis along the 
surface, assuming at first that the boundary is rectilinear, 
and let the layer have a small thickness 8. Then if we suppose the 
velocity u and its derivative du/dx to be of order 1 within the 
layer, dujdy is large being of order 1/8, u decreasing from a finite 
value at the outer boundary of the layer to zero at the solid 
surface. 

From the equation of continuity 


du dv 
dx ^ dy 


( 1 ), 


since dujdx is of order 1 so is dvjdy; but = 0 at the surface of the 
solid, therefore v will only be of order 8 at the outer boundary of 
the layer. 

Then considering the equations of motion 


dll du du 1 dp (dhi 0^\ 
di dx^^ dy pdx~^^ ^ dy^J 


( 2 ) 


and 


dv dv dv 1 dp 

+ -- ^ + V 

di dx dy p oy 


dhj d^v 
dx^ ^ dy'^ 


( 3 ), 


in the bracket on the right of (2) dhijdx^^ is of order 1 and dhijdy^ 
is of order 1/8^, so the former is negligible compared with the 
latter and the frictional terms in (2) are of order v/8^. If is 
large the frictional terms preponderate and the terms involving 
squares of velocities are negligible—the case of slow motion. If 
r/8^ is small, the frictional terms are negligible and we have the 
equation for a perfect fluid. It is only when v is of the same order 
as 8^ that the conditions apply to the case under consideration. 
We therefore conclude that the thickness of the layer is pro¬ 
portional to \/v. 

• Loc. cil. p. 378. 
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Equation (3) then reduces to dpjdy= 0, so that the pressure in 
the boundary layer is a function of x alone. 

Hence we have two equations for u and v in the layer, viz. 



du 

dx 



1 dp 
p dx 



du dv 
dx dy 





> 


and the pressure has the same value through the layer as on its 
external surface and is continuous with its value in the frictionless 
motion outside the layer, so that it may be regarded as a known 
externally applied force in the layer, determined in a case of 
steady motion by Bernoulli’s Equation 


= const. 



where U is the velocity in the irrotational motion, so that 



Similar conditions apply in steady motion when the boundary 

is not rectilinear, provided that its radius of curvature is large 
compared with 8. 

Equations ( 4 ) and ( 5 ) may then be written 


dq dq I dp d^q 

ds dti p ds 


d'n? 


dq dw 


) 


( 8 ), 


where 5 denotes arc measured along the surface and « distance 
measured m the normal direction, and g. are the components of 
velocity m the directions s and n*. Instead of equation ( 3 ) we 
now have an equation connecting the centrifugal force with the 
norma gradient of p, i.e. dpjdn, which in this case is of order 1 

oir 8 t being of 

order Sf. The solution must be sueh that g = «, = 0 for « = 0 

and g, must take their values in the given stream outside the 


♦ Sec Bair^tow on ‘Skin Friction’, Journal 
t This remark is due to Dr Goldstein. 


0 / the Royal 


Aero. Soc. 


XXIX, 
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13 - 92 . K^rmdn’s Integral Condition. On the hypothesis 
that the effects of friction are confined to a thin layer of fluid 
whose thickness S is some function of x, and that in this layer we 
abandon the attempt to determine the actual value of u but 
assume that is a definite function of y which vanishes at the 
rigid boundary and takes the value which belongs to the external 
irrotational motion at the surface 2/= 8, we can integrate the 
equation 13-91 ( 4 ) with regard to y between the limits 0 and 8, 
and by substituting from the equation of continuity we obtain 

^ du . 




j^pulldy + lpvui+j^pu-^Jy 


Then 


^ du^ 
dx 


/ 



( 1 ). 


dx^ 


where U is the value of u in the irrotational motion. The term 

[pvu]^ vanishes at the lower limit and is therefore equal to 

dv . „ du 

P 


U 


= -U 


= -U 



+ f' I 


Substituting in (i) and observing also that the tangential stress 
ft dujdy vanishes at the outer boundary of the layer, the equation 
takes the form 

0 . 0 0 r® , idu 


dt 


J, 


dx 


dp 



>Wi/=o 

.( 2 ). 

If when considering a stationary state we make any plausible 
hypothesis as to a functional form for u satisfying the boundary 
conditions, then 8 is the only unknown quantity in the equation 
and so a corresponding form for the thickness of the layer as a 
function of x is determined. 

Equation (2) has also boon obtained by KarmAn* from considerations of 
momentum, thus: let NP, N'P' be two ordinates to the curve y = h{x) at 
a small distance dx apart, and consider the change of moraent\un which 
takes place in unit time in the area NPP'N\ 

* ZcilJi.f. atigew. Math. u. Mech. I, 1921, p. 233. 
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The time increase of x momentum 


is l-Jlpudy. 


dx and this must be 


equal to the .r component of applied force plus the gain of momentum by 
flux across the boimdaries. Now the amount by which the momentum 

d 

crossing NP exceeds that crossing N'P' is — — / pu^dy . dx; and the mass 

OX J 0 

d /’S 

of fluid crossing N'P' exceeds that which crosses NP by I pudy .dx, 

OX J 0 

and this must represent the fluid crossing PP' where the velocity parallel 
to X is sensibly U, so that the momentum entering across PP' is 

a /*5 


U 


dx 


rs 

/ pudy .dx. 


dp 


The applied forces are the pressure excess ~^dx.h and the tangential 

( ^\C\ 

-0* terms as stated and 

dividing by dx we get equation (2). 



13 93. One of the simplest applications of the boundary layer theory 
is to the case of a plane plate of finite length immersed in a steady uniform 
stream of velocity V in the direction of the length of the plate. The 
problem was solved by Blasius* who found that tlie thickness of the 
sheet IS proportional to ./x, where x is measured from the loading edge, and 
that the tangential drag on either .side of tho lamina per unit area is’ 


y( 


It was shewn by Lambf that if in 13-92 (2) in steady motion we 
assume that 

w= t/sin ^ 

we get for tho drag per unit area 
a result differing but little from that of Blasius. 

.mml'd a body 

mersed in a stream of fluid of small viscosity affords an 

explanation of the generation of vortices in the fluid. According 

* Zetrs./. Math. u. Phys. lvi, 1908, p. 13. 

T Uydrodynamica, 1932, § 087. 
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to the Helraholtz-Kelvin laws of vortex motion, if an element of 
a perfect fluid is once at rest it can never acquire rotation nor can 
a rotating element ever cease to rotate, but, as we remarked in 
13 ‘ 9 , we cannot regard the perfect fluid solution of problems as 
the limiting case of a real fluid solution in which the viscosity 
tends to zero because of the essential difference in the boundary 
conditions. And we saw, without considerations of viscosity, in 
9 * 72 , that a trail of vortices may arise in the wake of a sohd with a 
compensating circulation round the solid. But the theory of the 
boundary layer in fluid of small viscosity such as water or air 
greatly simplifies the considerations. The layer is thin and its 
thickness decreases with the viscosity; outside it the motion is 
irrotational and, in a steady state, we have Bernoulli’s Equation 

p + hpU^ = const .(1)^ 

so that . 

and we have seen in 13-91 that these equations govern the 
distribution of pressure in the layer itself, and that in the layer 
the velocity increases normally from zero at the surface of the 
solid to the external value U at the boundary of the layer. 

Again, in the boundary layer, in the notation of 13'91 the 
vorticity is given by ^ .3^ 3^. 

^ 2\0a: dy}' 

where v = 0 at the boundary of the solid and is only of order 8 at 
the boundary of the layer, while dujdy is large being of order 1/8 
in the layer. Consequently in such a layer friction is active in 
producing vorticity. Such fluid elements as do not enter the 
layer remain without rotation and those which enter the layer 
acquire vorticity. Moreover the manner in which the tangential 
velocity u iTicreases along the normal from 0 at the solid face 
to U at the outside of the layer depends on the fall of pressure 
only. Assuming U to depend in a definite way upon s, then in 
a case in which U increase.s with *■. we see from (2) that dpjds 
is negative and the fluid in the boundary layer is therefore 
accelerated owing to the falling pressure in the direction of 
motion. The velocity graphs at successive sections of the layer 
will be as in fig. (i), and the particles in the layer will all con¬ 
tinue to move along the surface of the body. On the other 
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hand if V decreases as s increases, then, from (2), dpjds is 
positive and the particles in the layer are retarded by the 
pressure gradient as well as by friction. When their kinetic 
energy is destroyed their direction of motion is reversed and 
the velocity graphs at successive sections of the layer in this 




abed 


case are as in fig. (ii), the flow being forwards near the points 
a and b and backwards near d, with an intermediate point c 
at which = 0, and at such a point the advancing and reced¬ 
ing streams meet and break away from the body throwing off 
vortices. 

To take a concrete case: consider a steady streaming about a 
long circular cylinder. 



In the perfect fluid solution the stream divides at A and unites 
again at C and the stream lines are symmetrical about the 
diametral plane at right angles to AC. The velocity is zero at A 
and G and the pressure there is greatest. The velocity is greatest 

R H 
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at B and D and the pressure there is least. There being no friction 
the kinetic energy acquired by particles moving along AB \b 
sufficient to carry them from B io C against the increasing 
pressure. When the upper and lower streams unite again at C 
they have the same velocity and there is no vortex slieet. 

But in the case of real fluid such as water, the layer in which 
friction is effective is very thin, the part of the layer in which 
the pressure distribution is the same as in irrotational motion 
extends at most up to 30° from A on either side and round the 
rest of the cylinder the pressure is affected by the wake ; owing 
to friction and tlie pressure gradient the kinetic energy ac¬ 
quired by tlic particles after passing A is insufficient to carry 
them round the cylinder, back currents set in from C towards 
B and D, and at the points on the surface where the oncoming 
current meets the back currents the layer of vorticity breaks 
away from the surface. The exact position of the break away 
depends on the Reynolds number; for numbers below the 
critical number the points of separation are about 80° from A^ 
and for Reynolds numbei’s above the critical number (turbulent 
or partly turbulent layers) the points of separation lie between 
120° and 130° from ^1^\ 

13*95. Turbulence. We have several times made reference 
to the fact that the solutions of certain problems only hold good 
for detinitc ranges of values of the Reynolds number. Thus in the 
case of the flow of viscous fluid through a tube the motion is only 
regular laminar motion provided a certain value of the Reynolds 
nmnher is not exceeded. When the critical value is passed the 
regular motion breaks down and an irregular or turbulent motion 
ensues. Eddies are formed, rapid interchanges of momentum 
take place and a new theory has to be established. Lack of 
space prevents us from pursuing this branch of the subject. 

13*96. Special Problems. \\V shall ooiichido by shewing how an 
t'xaet solution iuis been obtained in one or two special problems. 

I'wo-Dimensional Flow between Non-Parallel Wallsf- Using polar 

* For tlioso data I aiu indebted to Dr (Joldstcin. See also Prandtl, Journal of 
the Itojful Afro. Sor. xxxi. Hl27. p. 7JU, eontaining many photographic reproduc¬ 
tions of experiments, some of whieli may also be found in The Phijfiic^^ of Solids and 
Fluids, lor, cii. p. 384. 

t (1. Hamel, Jahresh. der deutsch. Math. Vereiu. x.w, 1910, p. 34. See also 
K. I’oldhansen, Zeits. f. amjew. Math, a. Mcch. i, 1921, p. 260, and v. KArmAn, 
yorirdijc aus dem (JebicU der Hydro, u. Aerodyu. p. 14C, Innsbruck, 1920. 
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coordinates in two dimensions, the only component of velocity is the 
radial component Vf, and, in steady motion, we have from 13*32 (7) 



p &r • ^ r dr ^ r'^ 39^ ry 




and the equation of continuity ^ = 0 



The last equation is clearly satisfied by 

rVr=/(0) .(4), 

and substituting in (1) and (2) and eliminating p by differentiating the 
equations we get 2//'+v(/'" + 4/') = 0 .(5), 

or, on integration, /^ + (/"' + 4/) = .(0}. 

The solution of this equation must be subject to the condition that the 


velocity vanishes along the boundary walls, so that/= 0 when 9= ± a say. 

An exact solution can be obtained by the help of elliptic integrals. For 
Reynolds number we may take the moan flux over a circular cross section 


multiplied by the length of that section divided by —this will be the same 

for all sections. Then for small i? the velocity distribution is analogou.s to 

that between parallel walls. But for large there are two cases to bo 

considered, according as the stream is converging to a sink or diverging 

from a source. In the former case there is a uniform distribution of 

velocity the only defect being close to the walls, i.e. within an angular 

distance proportional to In the latter cose the differences of# 

velocity are more marked, most of the flow is concentrated in the centre, 

and there is a critical value of Ji for which dv^/dO vanishes at the walls* 

beyond which value of Ji there is a backflow along the walls and as Ji 

increases so does the number of angular regions in which backflow is 
possible. 


13*97. Motion of a Viscous Fluid produced by the Uniform 
Rotation of a Disc, Let the disc lie in the plane z=0 and rotate with 
uniform angular velocity ai about the 2 axis. Neglecting edge effects and 
taking theequations of motion incylindrical coordinates (13* 32 (7)), we put 

Vr = ?'/(2), Ve = rg{z) and v^-h{z) .(1). 

Substituting in the equations of motion and taking account of the fact 
thatp is clearly a function of z alone, we get 





dy 

dz^ 



yg + h 


dg^ d^g 
dz "'dz^- 




and the equation of continuity is 


Idp dyi 
p dz ^ dz^ 


dh 

dz 


+ 2/=0 


(4), 

( 6 ). 
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Equations (2), (3) and (5) determine/, gr, /iand (4) determines the pressure. 
The boundary conditions are 


/(0) = 0. g{0) = oj, h{0) = 0 
/(oo) = 0, g{co)~0 



Asz^co,k{z) tends to a finite limit. In the immediate neighbourhood of 
the disc there will bo a radial flow of fluid and this will be compensated by 
an axial flow towards the disc. 

If we change the independent variable to z^ = z\/(a>lv) and write 
f{z) = wfi{z^l g{z)~ojg^{z{) and h{z)=^{vm)h^{z^) equations (2)* (3) and 
(5) become ^ 2 / 

h -9i +'^Uz-dz^ . 


and 

with boundary conditions 




dzx 


dz^ 

+ 2A = 0 . 


(3'), 


/i(0) = 0, sri(0) = l, ;ii{0) = 0 
/i(co) = 0, firi(oo) = 0 


so that the equations are now independent of the data of any special 
problem. Since j/i (sj is the ratio of the angular velocity at a distance 
Zy\/{vlu)) from the disc to the angular velocity of the disc, it is clear that 
with increasing angular velocity of the disc and decreasing viscosity 
angular velocity will only exist within a short distance of the disc. And 
the relation h = \/(vw)hi shews that the axial velocity at an infinite 
distance increases with \/(i^co). 

If _c as 2 i “>oo, expansions have been obtained for A, in 

powers of satisfying the differential equations and the conditions at 
infinity, and there are also expansions for A» ffi. powers of which 
satisfy the differential equations and the conditions at Zi = 0. And the 
constants in the tw'o sets of expansions can be determined so as to make 
A. ffi'continuous*. 

The couple on a rotating disc of radius a can be deduced if the effect of 
the finite boundary can be neglected, which will probably be the case if a 
is large compared with the thickness of the boundary layer. 

The tangential stress is by 13-33 (1) 


Pc$ = H- 





and the couple on one side of the disc 


= 2Trr^p,ffdr = Inpa* {vu}^)^ gi (0) 


• SCO W. G. Cochran. Proc. Camb. Phil, Soc, xxx (1934), p. 365, for the complete 
solution. 
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Or, if we put R = aUlv = a^wlv as the Reynolds number, where (/ is the 
velocity at the edge of the disc, the couple is 

The value obtained by Cochran for is —0-616. In the paper to 
which reference is given on the opposite page he indicates an error in an 
earlier solution by v. Karman. 


EXAMPLES 


1. Prove that, for liquid filling a closed vessel which is at rest, the rate 
of dissipation of energy due to viscosity is 


///' 


, .1 /dw dv\ y • i. 

where ^ = is the vorticity. 

If the vessel has the form of a surface of revolution and is rotating about 
its axis (the axis of z) with angular velocity at, prove that the rate of 
dissipation of energy has an additional terra 


//' 


d 3 

where = 2/ ^ ^ ^» and {I, m, n) are the direction cosines of the inward 
drawn normal at the element dS of the surface of the vessel. 

(M.T. 1926.) 

2. A circular disc of radius a is at a small distance from a fixed 
parallel plane and can rotate about an axis perpendicular to its plane 
through its centre O. The space between the disc and the plane is filled 
with viscous liquid. Shew that the traction on the disc gives rise to a 

where tu is the angular velocity of the disc. 

If the plane of the disc is inclined at a small angle a to the fixed plane, 

and It IS assumed that the pressure in the film of liquid round the boundary’ 

of the disc is the atmospheric pressure H, shew that, to the order a» the 
pressure in the film is 

n + ^3 gaco {a= - ) y - -x^-y^) xy, 

where 0^, Oy are axes in the plane of the disc such that the thickness of the 
Dim at the pomt (a;, y) is Hq + olx. 

Obtain a formula for the value of the couple to this order of approxima- 

(M.T. 1926.) 

S contained between two long plane 

stnps of breadth 2d. One strip is fixed and the other can turn about its 

position in which they are parallel is A,. Examine the nature of a slow 
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steady motion of the liquid produced by displacing the movable strip 
and sliew that, if $ be the small angle between the strips at any time, the 
pressure in the film at a point where the distance between the strips is h, is 

GfjL dd 

dt 


1 r 

logA + -^- 


2 h^ 




where A , B are constants determined by the condition that at the edges of 
the film the pressure is atmospheric. (M.T. 1924.) 


4. One surface (nearly plane) is fixed and another near surface (plane) 
rotates with angular velocity ci> about an axis perpendicular to its plane 
and there is a film of viscous fluid between them. Prove that the pressure p 
in tho film satisfies the equation 

,, /d^p \ dp 1 52p\ Op \ 0/^3 dp dh 

’‘ W +r ar ee 

where (r, 6) are polar coordinates in the plane of the film, the origin being 
in the axis of rotation, and h is the thickness of the film. (M.T. 1927.) 


5. A cylindrical shaft with a plane end is made to rotate about its axis 
with angular velocity oj, the end of the shaft standing on a fixed plane 
plate from which it is separated by a film of viscous liquid of thickness h, 
and a uniform flow U of fluid is supplied through a perforation in the plate 
in line with the axis of tlie shaft. Prove that the rate of working necessary 
to maintain tho rotation and the supply of lubricant is 

a 


TTpiO 


, . . r, 


2/j ' ‘ ■ 3Tr/xri ,0 

where are the radii of tho perforation and the shaft and P is the load 
on tho shaft. (Rayleigh.) 


6 . .A. circular disc of radius c is suspended in a horizontal position 
midway between two fixed horizontal planes by a wire passing through a 
small hole in the upper plane and having its upper end fixed. The space 
between the planes contains viscous fluid. The disc is given a slow oscil¬ 
latory motion and it is nssvimed that the motion of the fluid is laminar and 
that variations in pressure are negligible. Neglecting the effects at the 
edge of the disc, shew that it-s equation of motion is of the form 



/d'B „ dd , d^e 



Give tho physical meaning of the constants in the equation. 

Find also the equation of motion of the fluid and the solution which fits 
the boundaiy conditions; and assuming that the motion of tho disc is 
represented by 0 = ac“*'cos(af + c), shew that the constants are connected 
by the relations 

r, , o 7^ .4 (Za + CT/3)sinh2a;i + (<7a-?^)sin2^/i 

i (cu’* 4- — = ttC*u --» 

' ' r cosh 2aA —COS 2j3a 


2/(7 (k — 0 = TTC*P 


(/a-f (7)9) sin 2)3/* — (ga —Z)3)sinh 2oJi 
cosh 2aJi — cos 2j8/i 


where )3 ®-a“ = p//g. 2x^=palp, 2h is the disttmee between the fixed planes 
and p is tho density of tho fluid. 

What practical use has been made of these resulta? (Maxwell.) 
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7. Incompressible liquid is flowing steadily through a circular pipe. 
Prove that the mean pressure is constant over the cross section and that 
the rate of flow is ^4 -p^)/8f^l, 

where pj, Pz are the pressures over sections at distance I apart. 

In the case of steady flow of compressible fluid, shew that the mass 
which crosses any section per unit time is 

7ra* (pj -pg) (pi + p2)/I6p/. 

where pi and pz are the densities at the two sections at distance I apart. It 
is assumed that the temperature is constant, and that the grivdiont of the 
velocity in the direction of the axis may be neglected in comparison with 
its gradient in the direction of a radius. (M.T. 1924.) 


8. Viscous liquid is flowing steadily under pressure through an in¬ 
finitely long rectangular tube whose axis is parallel to the axis of 2 . The 
sides r=0, r = a are smooth, and the sides y = 0, y = a do not permit of 
slipping of the liquid in contact with them. The pressure gradient main¬ 
taining the motion is suddenly annulled, shew that the total flux across 
any section is Qa^llOv, where Q is the flux per unit time across a section in 
the initial steady motion. 

In obtaining the above result it may be assumed that S-?- - — . 1 

L o( 2 n-fI )6 960 'J 

(M.T. 1925.) 


9. Incompressible viscous liquid is moving steadily under pressure 
between planes y = 0, y = h. The plane y = 0 has a constant velocity U in 
the direction of the axis of rr, and the piano 7j-h is fixed. The planes are 
porous, and liquid is sucked in uniformly over one and ejected uniformly 
over the others. Shew that a possible solution is given by 

^ v=vla. 


where v is the coeflBcient of viscosity. 

Determine the meanings of the constants A and a. (M.T. 1923 ) 


10. A liquid occupying the space between two coaxial circular cylinders 
18 acted upon by a force O/r per unit mass, where r is the distance from the 
axis, the lines of force being circles round the axis. Prove that in the 
steady motion the velocity at any point is given by the formula 

where p is the coefficient of viscosity, and a, b are the two radii, 
ow could this state of motion bo realised experimentally? 

(M.T. 1895.) 


with'vi^!?® coaxial cylinders of radii a and b is filled 

vrWV cylinders are made to rotate with angular 

Ss l^n bv ■ ® ^ the 

^ ^ a^(b^-r^)u>, - 62 (r2 - a*) 


r^b^-a^) 
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1 2. Two rigid circular discs of radius a are separated by a thin layer of 
liquid of viscosity fi and initial thickness At time zero a weight W is 
placed on the upper disc so that the liquid is squeezed out at the edges, the 
discs remaining horizontal. Prove that at any instant the pressure in the 
liquid is proportional to a* — r^, and that the thickness of the layer is given 


by 


1 _ 1_ 4 Wt 

>0 




(M.T. 1931.) 


13. Prove that — = where ih is the stream 

\ dtj ^ d{x,y) ^ 

function for a two-dimensional motion of a viscous liquid. 

A circular cylinder of internal radius a can rotate freely without friction 
about its axis. It is filled with viscous liquid and the whole system is 
rotating as if solid about the axis of the cylinder with angular velocity 
coq . The cylinder is instantaneously brought to rest at time t = 0, and then 
immediately released. Shew that the angular velocity of the cylinder at 
tirnotis o^x + (Axi) 

where coi is the final angular velocity of the system when it is again rotating 
as if solid, and the values of k are the roots of 

{k^a^ (wo — aji)/4a>i + 2} {ka) + kaJo {ka) = 0. 

State other necessary conditions. 

It may be assumed that the cylinder is so long that the disturbing effect 
of the plane ends may be neglected. (M.T. 1926.) 

14. Prove that, in the slow steady motion of a viscous liquid in two 

dimensions, qy dX 

where (X, F) is the impressed force per unit area. 

If the fluid is boimded by the circle r = a, and a concentrated force P 
acts at the origin in the positive direction of x, prove that 


477 /1^= Prsin B + 2 ( ^ 


a 


(Lamb.) 


15. Find the stream function of the motion due to a sphere of radius a 
performing rectilinear oscillations in a viscous liquid, the period of an 
oscillation being 2nln, and prove that the resultant force at any time on 


the sphere is 


Mll + 




1 


1 


ti;+V.I/n -TT+ 


2 ‘ 4/Sa/~ ■ 


where v> is the \’elocity at that time, M the mass of liquid displaced and 
j9 = (n/2i.)i. (M.T. 1900.) 

16. A sphere of radius a, surrounded by viscous fluid, is oscillating by 
the torsion of a suspending wire, the angular velocity being 

(jj— (jjqCos (pt + c); 

investigate the motion of the fluid. 

Provo that energy is being dissipated by viscosity at the mean rate 

1 + + 2j32a* 

where a is the radius of the sphere, and P = 


(M.T. 1902.) 
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17. Shew that, for a plane plate of length I placed lengthwise in a uni 
form stream, the assumption 

u=Uy{2h-y)lh^ 

in Karman’s Integral Condition 13*92 leads to 

S = ■\/{30/ix/p TJ ). 

with a frictional resistance 8 ^{ypl . (Karman.) 

18. A plane solid surface is wetted with viscous liquid and set up 
vertically to drain. If h is the thickness of the liquid layer adhering to it 
at any point, prove that h satisfies the equation 

dh gh^ _ 0 

where the coordinate z is measured vertically from the upper edge. The 
motion is slow and inertia is neglected. Find a solution of the form 

h = Az^t^t 

where A, ol, p are constants. 

If the original thickness is prove that this solution is approximat jly 
correct at depth z when a time exceeding ^vzjgH^ has elapsed from the 
start. (M.T. 1929.) 

19. Shew that, at a distance x from the leading edge of a flat plate 
parallel to a stream of unbounded fluid moving outside the boundary 
layer with velocity U, the tangential stress on the plate is ^{ypU^jx)^ 

2a-i= 

and F(^) is the solution of the equation 
for which F (0) = F' (0) = 0, F" (0) = 1. 


(iM.T. 1934.) 
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77 etseq.; Kelvin’s modification of for 
cyclic space, 85 
Group velocity, 281, 285, 289 

Helicoidal solid moving in infinite 
liquid, 202 

Hydrokinetic symmetry', 195 

Images, 47; examples of, 47-51 
Impact of a stream on a lamina, 142-7; 
of plane air waves on a flexible 
membrane, 348 

Impulse, 187; in terms of velocities, 192; 
rate of change of, 188; string set in 
motion by an, 316 
Impulsive action, equations for, 29 
Initial motion of coaxial cylinders, 95; 

of concentric spheres, 163 
Intensity of sound. 338, 353 
Irreducible circuit, 70 
Irrotational motion, defined, 10; per¬ 
manence of. 26, 28, 71; impossible in a 
liquid whose boundaries arc all at 
rest, 78. 83; in multiply-connected 
space, 85 

Isotropic helicoid, motion of. 2t)2 

Jet of liquid, through Bonla's mouth¬ 
piece. 141; through a slit in a plane. 
139 

Joukowski's condition. 149; theorem, 
111; its extension, 241; transforma¬ 
tion, 149 

Karnuin’s, von, integral comlilion, 398 
Kelvin’s theorem of nnnimum energy, 
83 

Kinetic energy, of cyclic irrotational 
midion, 86; of an infinite mass of 
liquid moving irrotationally, 84; of a 
soli<l moving in an infinite mass of 
li«iuid, 182; of a system of vorliees, 
243 

Kutta’s theorem. Ill: extension of. 241 

I/igrange's hydrodynaraieal equations. 
24 

I.^igrangian method, 2 
Lamina, impact of a .stream on a. 142 
ei 

Loaded string, 319 


Longitudinal vibrations of a string, 322 
Loops, 312, 342 

Love’s method for problems on free 
stream lines, 135 
Lubrication, theory of, 380 

Wean potential over a spherical surface 
79 

Membrane, transverse vibrations of, 
325; impact of air waves on, 348 
Mersenne's Laws, 312 
Minimum kinetic energy, 83 
Modulus of decay, 321 
Momentum and moment of momentum 
118 

Moving axes, equations of motion 
referred to, 18; motion of a solid 
referred to, 196 
Multiply-connected space, 72 
Musical sounds, 352 

Nodes, 312, 342 
Normal coordinates, 314, 316 
Normal modes of vibration, 272, 309; of 
a finite string, 311; of air in a uniform 
tube, 342 

Orthogonal curvilinear coonlinates, 177 

I'eriphractic regions, 79 
I’ennanencc of irrotational motion, 26, 
28, 71 

Permanent translation, 195 
Permanent type, waves of, on water, 
264; in air, 341 
Pitch of a note, 352 
Plucked string. 308, 313, 310 
Pressure equation, in irrotational motion 
19; referred to moving axes, 24 
Progressive waves, 257, 207; in deep 
water, 270: the energj' of, 273; re¬ 
duced to a state of steady motion, 274 
Pure strain, 66 

Quadrantal pendulum, 198 

Hedueible circuit, 78 
Refiei'tion and transmission of waves, 
along a string, 321; of sound. 345 
Residues, applications of theory of, 
109 ct scq. 

Reynolds number, the, 377, 402 
Ripples, 288 

Rotation of a fluid clement. 67 
Rotational motion, 215 

Schwarz’s theorem, 135 
Simply-conncctod region, 72 
Sinks, 44 
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Solid of revolution, motion of, 168, 197, 
198; stability of, 200; stability in¬ 
creased by rotation, 201; steady 
motion of, 202 

Solids, motion of, in liquid, 187 
Sound, general equations, 334; velocity 
of, 336; intensity of, 338; energy of a 
plane wave, 337; exact equation for 
plane waves, 339; condition for 
permanence of type of wave, 341; 
reflection and refraction of, 345; 
spherical waves, 349; doublets, 351; 
waves in a branching pipe, 345 
Sources, 44; in two dimensions, 45, 129; 


damped oscillations of, 320; longi¬ 
tudinal vibrations of, 322 
Surface waves, 267; due to a given 
local disturbance. 289 
Symmetry, hydrokinetic, 195 

Timbre of a note, 352 
Torricelli’s theorem. 55 
'I’ransverse vibrations, of a stretched 
string, .302; of a membrane. 325 
Trocboidal waves, 292 
Tubes, vibrations in, 341 
Turbulence, 402 


irrotational motion regarded as due to Uniqueness theorems, 79,83, 86,232,390 
a distribution of, 88 


Space, multiply-connected, 72, 85, 86 
Sphere, motion of, 159, 196; under 
gravity, 163; in pressure of a doublet, 
170; of a plane boundary, 208; in 
viscous fluid, 394 

Spheres, concentric, initia.’ motion of 
163; motion of two, 203 
Spherical, vortex, 250; air waves, 349 
Spheroids, motion of, 175 
Spin, 27; components of, in cylindrical 
and polar coordinates, 71; velocity 
deduced from, 233 

Stability, of wave motion, 280; of solid 
of revolution, 201 


Standing waves, 258, 271; 
274 


energy 



Steady motion, 54; of solid of revolution, 
202; of isotropic helicoid, 202; general 
conditions of, 248; between parallel 
planes, 378; in a tube of circular sec¬ 
tion, 382; between circular cylinders, 
384: in cylinders other than circular, 
384; rotatory motion, 385; due to 
slowly rotating sphere, 387 
Stokes's formula for resistance to 
motion of a sphere, 394 
Stokes’s stream function, 164; applica¬ 
tions of. 168; in viscous fluid, 392 
Stokes’s theorem, 68 
Strain, pure, 66 

Stream function, 40; for motion of a 
rectilinear vortex, 224; Stoke.s’s, 164 
Stream lines, defined, 14 

Stresses, in a fluid in motion, 364; 
rectangular components of, 365; con¬ 
nection between and gradients of 

velocity, 367; principal, 367; com¬ 
ponents in cylindrical and polar co¬ 
ordinates, 373 

String, transverse vibrations of, 302- 
plucked, 308, 313, 316; set in motion 
by an impulse, 316; forced vibration 
01, 317; carrying a load, 319; with 
ends not rigidly fastened, 319 ; 


Vein, contracted, 55. 139 
Velocity of sound. 336 
Velocity potential, 15; physical mean¬ 
ing of, 30; persistence of, 26, 28, 71; 
mean value over a spherical surface] 
79; due to a vortex, 237 
Vibration, normal modes of, 309 
Vibrations, of a stretched string, 
transverse, 302; longitudinal, 322; of 

a stretched membrane, .325; of air in 
tubes, 341 

V'iscosity, 363; measurement of. 36.3 

Viscous fluids, equations of motion of, 

370; vorticity in, 388; circulation in, 389 

Vortex, filaments, 215; lines, 215 ei sen • 

motion of a, 224; pair, 222; Rankine’s 

combined. 230; rings. 244 et sen.; 

sheets, 239; splierical, 250; strength of 

a, 216; tube, 215; velocity due to 

element of, 235; velocity potential 
^ due to, 237 

Vortices, effect of on thrust, 241; 
generation of in fluid of small 
viscosity, 399; infinite row of, 227; 
Karman street, 228; kinetic energy of 
system of, 243; permanence of, 216 
ef se^.; rectUinear, 219 cf se^.; with 
circular section, 229; with elliptic 
section, 231 

Vorticity, in viscous fluids, 388; diffu¬ 
sion of, 390; production of, 240 

Uavemotion,255d.vey.; stability of ,280 

Waves on water, simple harmonic, 257- 
stationary. 258. 271; long, 259; 
general equation for, 263; oscillatory 
on surface, 267; in deep water, 270; 
progressive, reduced to a case of 
steady motion, 274; at the common 
surface of two liquids, 276; capillary, 
^85; due to a given local disturbance, 
289; stationary in running W’ater, 294; 
Gerstner’s trocboidal, 292 
Wind on water, 287 
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